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Abstract

In 2001 a series of experiments has been performed at
the SPS at an energy of 26 GeV to measure resonance driv-
ing terms. Theory predicts that these terms can be deter-
mined by harmonic analysis of BPM data recorded after
applying single kicks. This analysis works equally well for
linear and non–linear diagnostics of accelerators. Results
of the experiments are presented, including a direct mea-
surement of resonance driving terms and a comparison to
the theory.

1 INTRODUCTION
Since many years perturbation theory [1] and more re-

cently the Normal Form [2, 3] techniques have been used
to understand nonlinear motion of single particles in hadron
accelerators. This has proven to be very useful in the de-
sign phase of an accelerator. When it comes to existing
machines these sophisticated tools have been rarely in use
up to now. In part this is due to the complexity of the the-
ory but also due to the fact that a nonlinear model of the
accelerator cannot be easily anticipated. Checking such a
model experimentally [4] may prove even more difficult.

One well documented attempt to overcome this problem
has been made by Bengtsson [5]. In the framework of the
first order perturbation theory he has studied how the real
spectra from tracking or experimental turn–by–turn data
can be related to resonances. This study has stopped short
of a complete solution. An important prerequisite to his
analysis was a tune measurement technique superior to the
standard FFT [6]. Similar attempts were performed in the
field of celestial mechanics [7].

Recently, new techniques were developed [8], allowing
an even more precise determination of the tunes. It seems
therefore appropriate to review the link between experi-
mental data and theoretical models. The frequency map
analysis by Laskar [8] can be used not only to derive the
tune, but also to find spectral lines in descending order of
magnitude. It has already been shown how these spectra
can be applied to remove from a sequence of tracking data
unwanted regular complexity. Moreover, this method has
been successfully used, again in tracking simulations, to
correct resonances excited by sextupoles [9].

In this article we summarise our SPS experiments in
2001 which were done in the quest to establish this method
as a tool for routine use in the control room.

2 THEORY
The turn–by–turn single particle motion in normalised

coordinates to first order in the non–linearities is given
by [10]

x̂(N) − ip̂x(N) =
√

2Ixei(2πνxN+ψx0 )

−2i
∑

jklm

jfjklm(2Ix)
j+k−1

2 (2Iy)
l+m

2 (1)

×ei[(1−j+k)(2πνxN+ψx0)+(m−l)(2πνyN+ψy0 )]

whereIx andIy are the horizontal and vertical actions,ψx0

andψy0 are the horizontal and vertical initial phases,νx and
νy are the horizontal and vertical tunes including the am-
plitude dependent detuning and the factorsf jklm are the
generating function terms. These are related to the Hamil-
tonian termshjklm by the following expression,

fjklm =
hjklm

1 − e−i2π[(j−k)νx+(l−m)νy ]
. (2)

Note that the termfjklm drives the resonance (j−k, l−
m). The Hamiltonian terms are defined by the following
expansion of the non–linear Hamiltonian,

H =
∑

jklm

hjklm(2Ix)
j+k
2 (2Iy)

l+m
2

×e−i[(j−k)(ψx+ψx0)+(l−m)(ψy+ψy0 )] , (3)

whereψx and ψy are the horizontal and vertical angle
variables. Eqs. 1 and 2 suggest that a FFT of the turn–
by–turn complex signal can be used to measure the gen-
erating function and the Hamiltonian terms. The spec-
tral line (1−j+k,m−l) depends only on the termfjklm.
By line (m,n) we mean the spectral line with frequency
mνx + nνy. In a real machine the complex signal is con-
structed from two pick-ups with 90◦ phase advance.

The Hamiltonian and the generating function terms de-
pend on the longitudinal location where they are calculated.
To understand how they vary along the ring the values of a
Hamiltonian term at both sides of a source of non–linearity
are compared. Prior to this element the term ish1

jklm and
after it ish2

jklm. The non–linearity contributes to the first
case with the quantitykjklm and to the second case with the
quantitye−i2π[(j−k)νx+(l−m)νy ]kjklm because the element
has moved to the end of the lattice. Therefore the relation
between the two Hamiltonian terms is expressed as

h2
jklm = h1

jklm+(e−i2π[(j−k)νx+(l−m)νy ]−1)kjklm , (4)

the equivalent relation between the generating function
terms is given by

f2
jklm = f1

jklm − kjklm . (5)

These relations state that the amplitude of these terms
changes abruptly at the location of the sources. Their am-
plitudes remain constant along sections free of sources.
This feature is very important since it allows the localisa-
tion of multipolar kicks.
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In a real machine the beam is not a single particle but
a particle distribution and processes like the beam deco-
herence change the Fourier spectrum of the turn–by–turn
motion. The effect of the decoherence due to amplitude
detuning has been described in [11]. The relevant conclu-
sion is that the spectral line (m,0) of a decohered signal is
reduced by a factor of|m| compared to the single particle
case.

3 MEASUREMENT OF COUPLING

The technique of coupling correction involves measuring
the amplitudes of the coupling lines, normalised to the am-
plitude of the fundamental line, as a function of the strength
of the skew quadrupoles. The optimum setting of the skew
quadrupoles is then inferred by finding the minimum cou-
pling line amplitude. Previously a different slope at either
side of the minimum was found [11]. The theory is now
revised to explain this puzzle and a better observable has
been found. The turn–by–turn horizontal and vertical coor-
dinates in first order in the coupling resonance termf1001

are given by

x̂(N) − ip̂x(N) =
√

2Ixei(2πνxN+ψx0)

−2if1001
√

2Iyei(2πνyN+ψy0) ,

ŷ(N) − ip̂y(N) =
√

2Iyei(2πνyN+ψy0) (6)

−2if∗
1001

√
2Ixei(2πνxN+ψx0) .

From these equations it can be seen that the normalised am-
plitude of the vertical tune line from the horizontal plane is
2
√
Iy/Ix|f1001| and the normalised amplitude of the hori-

zontal tune line from the vertical plane is2
√
Ix/Iy|f1001|.

Therefore the best way to measure|f1001| independently
of the actions is multiplying the former two observables.
Thus,

2|f1010| =

√
line(0, 1)H
line(1, 0)H

line(1, 0)V
line(0, 1)V

. (7)

In fig. 1 this new observable is plotted versus the strength
of the skew quadrupoles together with the prediction from
the model and two linear fits. The fitted slopes are indicated
in the figure as well. The agreement between measurement
and prediction is excellent and the slopes of the tangents
are the same on both sides of the minimum.

4 MEASUREMENT OF SEXTUPOLAR
RESONANCE TERMS

To measure sextupolar resonance driving terms the beam
is kicked to different amplitudes and the turn–by–turn com-
plex signal is Fourier analysed to obtain the amplitudes
of the different spectral lines. For every pick-up the nor-
malised amplitudes of the sextupolar spectral lines are plot-
ted versus kick strength and a line is fitted constrained to go
through the origin. As an illustration a plot from this pro-
cedure is shown in fig. 2 for a particular pick-up and for
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Figure 1: Coupling resonance term versus skew quadrupole
strength. Results from experiment and tracking.
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Figure 2: Normalised amplitude of the spectral line (-2,0)
versus horizontal kick amplitude for one pick-up.

the spectral line (-2,0). Three measurements for every kick
strength were done to assess random errors. The slope of
the fitted line is related to the corresponding resonance term
in the following way,

|f3000| =
1
6
m(−2,0)

0.094
[mm−1/2] ,

|f1200| =
1
2
m(2,0)

0.094
[mm−1/2] . (8)

where them is the measured slope and its subscript denotes
the spectral line from which this slope originates. The fac-
tor 0.094 is the calibration of the horizontal kicker in units
of mm1/2/KV . These relations hold as far as the beam
does not experience any decoherence. When the centroid
oscillations are completely damped due to decoherence
caused by amplitude detuning the spectral lines (±2,0) are
reduced by a decoherence factor of 2 [11]. The sextupolar
resonance terms are measured for different machine set-
ups. The first set–up was the baseline machine with the
nominal tunesQx = 26.62 andQy = 26.58. The am-
plitude detuning was compensated with octupoles to avoid
additional decoherence of the signal. In fig. 3 the mea-
sured amplitude of the sextupolar resonance termsf3000 is
plotted versus the longitudinal position together with the
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Figure 3: Amplitude of the termf3000 versus longitudinal
position along the SPS ring from experiment and tracking
for the baseline machine.

tracking prediction. The error bars correspond to the errors
given by the linear fit. On average, experiment and model
agree and the location of the jumps (which correspond to
sextupole locations) are the same in both curves. Neverthe-
less in some regions the curves differ in amplitude.

In another set–up the first four extraction sextupoles
were powered to+30 A and the following four extraction
sextupoles were powered to−30 A. The horizontal tune
was moved to 26.69. The beam oscillations were damped
due to decoherence, therefore the decoherence factor is ap-
plied to compare experiment and model. In fig. 4 (top) the
measured amplitude of the sextupolar resonance termf 3000

is plotted versus the longitudinal position together with a
tracking model. The disagreements in this plot requires an
improvement of our model. The displacements of the sex-
tupoles with respect to the closed orbit were measured from
pick–ups and added to the model. The agreement between
the experiment and the new model improved considerably
as shown in fig. 4 (bottom). A similar agreement is ob-
served for the other sextupolar resonances. For example
the amplitude of the termf1200 is shown in fig. 5.

5 CONCLUSIONS
The measurement of linear coupling with the proposed

method is now better understood and a new observable has
been constructed to obtain more accurate results. For the
first time sextupolar resonance terms have been measured
at SPS at 26 GeV around the ring. The predicted effects of
decoherence on the spectral lines have been confirmed. The
beta–beating caused by the closed orbit at the sextupoles
has a relevant effect on the resonance terms. The overall
agreement between measurement and model is good. Nev-
ertheless some local discrepancies still exist which may in-
dicate the existence of small unknown lattice errors.
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Figure 4: Amplitude of the termf3000 versus longitudi-
nal position. Top: Experiment and nominal model with
decoherence factor. Bottom: Experiment and model with
displaced sextupoles and decoherence factor. The vertical
lines show the position of the extraction sextupoles.
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Figure 5: Amplitude of the termf1200 versus longitudinal
position from experiment and tracking with displaced sex-
tupoles and decoherence factors. The vertical lines show
the position of the extraction sextupoles.
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