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Abstract % Il ]
The determination of the number of degrees of freedom ofg 800 11 |

a system is a common problem in physics. It is straight-g
forward for the case of unbounded parameters. For global®
constraints cutting into the parameter space however, the
determination is difficult. This problem occurs, for exam-

ple, in the matching of beam lines where global constraints 14, ||

like aperture or maximum bend angle have to be respected. ,

It is also relevant for fits of complex models to experimen- | |
tal data, where external information (e.g. positivity, max- ol Ll Ml e
imum energy loss or measured momentum spread) is in- t 2 3 4 5 6 7 8 9

singular value
e@igure 1: Spectrum of singular values (components of the
liagonal matrix) for the response matrix of the extented
9 beam line of the CERN PS East Hall facility.

2 BEAM LINE MATCHING

1 INTRODUCTION In the matching of beam lines, the parameters to be ad-
The counting of degrees of freedom (“DoF”) is a prob_justed are typically the normalised gradients of thavail-

lem encountered frequently throughout various regions gble quadrupole magnets. Positions of the elements or gra-

physics though the meaning of the term “degrees of fre ients of higher order elements are also possible, but for
gimplicity we will confine ourselves to the example of lin-

dom” may vary from case to case. In classical mechanicear optics. Instead of observablesfunctions at a point of
the DoF of a system denote its possible independent direc- pucs. P

tions of motion. In fitting problems, the number of DoF iSmterest in the line (e.g. focal point, stripping foil) are used

defined by the number of observations and free parametépglt depend on all parameters or cqmbmaﬂong of them (e.g.
and is used as a quality measure for the fig?DoF 2 1 group of magnets used for dispersion correction). The op-

. L tical parameters constitute a vector of dimension- 8:
usually denotes a consistent fit with well adapted mea-
y P -vkn):{ahvavyﬂhvﬂvathmD;LvD:)}'

surement errors and an appropriate model function. If thé(kl’ N

x2/DoF 2 1 for a well known model function, its square heThgr;:;aertlgre (io(]; t?ﬁefu?;g?enm\sl?cézrn V\t')';h dr:Ssg?gé dtoas
root yields an estimator for the true uncertainty. In thé - P N 9

matching of a beam line, the number of DoF means thAf = A Ak, g\}here the elements of 'the response matrix
red;; = ol An evaluation ofA is done by Monte

number of independent combinations of quadrupole mag- are g , )
nets available to achieve a certain set of Twiss paramet rlo: all free parameters:) are varied and1AD [1] is

at a given place. The last two examples belong to the widised to cqlculatéi at the point of _mterest. Only solutions
field of optimisation problems: for both, the task consisté'® Permitted that respect the |mplementecd‘ global con-
in finding the best sets of parameters for the given situatioftraints. The correlations are given by = \/CJ—C“ with
Usually, the parameters involved in the optimisation are une;; = (v;v;) — (v;)(v;) ands = {ky, ..., kn, f1, -+, fin}-
bounded and it is straightforward to determine the numbethe correlation matrix is related té by

of DoF. For global constraints cutting into the parameter

space by bounding the parameter value to a specified re- _9fi 1G5 A 1Cj 1)
gion with a given precision, the procedure of counting is no Pis Ok; V Cy TV Oy

longer well defined. In the matching of beam lines, sucfio extract the effective number of degrees of freedom of
global constraints can be imposed by the vacuum charthe problem, a singular value decomposition (SVD) is ap-
ber’'s aperture or a maximum bend angle. For fits of conplied to the response matrik, normalised with the optimal
plex models to experimental data, constraints are used &g f in order to get rid of absolute scales. A measure for
include external information (e.g. positivity, maximum en-+he effective number of DoF i = (37| s;)?/ > i s?

ergy loss or measured momentum spread). wheres; are the singular values. The example in Fig. 1

already indicates that although there are nine quadrupoles

cluded in the form of constraints. This paper proposes
method to extract the effective number of degrees of fre
dom for a given system. Examples are discussed to illu
trate the method.
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present, the problem possesses dilly= 1.9 effective de- be free (V — p) or fixed (N — p + 1) or something in be-
grees of freedom. An other example for a drastic reductiomveen. In the latter case it is not obvious to count the num-

of the DoF can be found in [2]. ber of DoF and we will have to introduce non-integer DoF
to account for the constrained parameter variation. For this
3 MULTI PARAMETER FIT we can use the interesting properties of {Radistribution,

that both mean and variance reflect the number of degrees

Very often, physical quantities of interest can only be detepf freedom:

mined in an indirect way. In this case, some observghle

depending on the parameter or parameters of intefgss(

measured as a function of one of the parameters it dependéth the PDF being defined for all real numbers, the mean

on (x;). A model g(z;,d) describing this dependence iscan therefore be used to determine the effective number

then fitted to the set of individual observatiofis;,v;}  of DoF of a constrained problem. For parameters con-

which means finding the set of estimators that brings th&traint, the extende@?) (usually the one for the best set

model as close as possible to the average of the obsered-estimatorgx?,; )) is

tions. The “distance” between model and observations is

defined by a weight function. The best set of estimators 2 1

for the true parameters is obtained for the minimum of this Nninp = N =p + Z 1+ K2~

weight function. A commonly used weight function,g =1

which for the general case, where both measuremgnts As an illustration, the expression for the evolution of the

and the model functiop can be vector quantities, is given averagex” with the constraint of one parameter is derived

by for the case of a fluctuation around a constant= 1).
T . Without loss of generality we can assume this constant to

X = D (i - 9w @) 7 (i — glwi @) () be zero. The? function for this case is given by

i

(x*) = n and V(x?) = 2n.

m<p

(4)

with covariance matrix_. a2 N —a\?
The distribution ofy? follows the probability density func- x> = ot > ( ) (5)
. - g;
tion (PDF) i=1
1 whereg; is the error of the individual observatior, a
FO63) = == ()" e 2 () (3) the single component of the vect@in Eq.(2) ands is its
22T(3) constraint. From the first derivative gf with respect to

. , __.parameten, the estimator of, at the minimumy? is
wheren is the number of degrees of freedom in the optlml-p m

sation problem. For a completely unconstrained fit, where 1M 1 N o

. . . . ® 1
all fit parameters can vary without limits,corresponds to do = o E ) with  w = 52 + E poR (6)
the number of individual observations minus the number of =1t =1t

fit parameters (or dimension @): n = N — p. For opti-  ysing this, the expression fqf at its minimum becomes
misation problems where parameters are fixed, the number

of DoF n increases by one for each fixed parameter. Since 9 al z?  aow;
the Gamma function is defined for all real numbers 0, Xmin = Z <_,2 52 )
the number of degrees of freedom need not necessarily be '

integer from a technical point of view. The PDF of thewith (z;) = 0 and(x?) = o2 the expectation value for
x? distribution is therefore also defined for non-integer dex? . is

grees of freedom. This becomes of practical use, when ex- N
ternal knowledge has to be included in the fit in the form (2 ) — n _ <Z QL; Z
of parameter constraints with a certain precision. For ex- -1 % i

ample, if one of the parameters is known to be positive or

has been measured independently, a term can be added f§ sum over the inverse squares of the observation uncer-
the y2 function to account for this. The exact form of thetainties is exactly the error of the parameter of a weighted

constraint will vary with the special case. For Gaussiaf'€an and is therefore interpreted as the uncertainty of the
uncertainties of the independently determined parametéiconstrained parameter in the fit:
a constraint of the fornf(a; — ainom)/Sa;)? is the natu- < N >—1

= 0'0

z ™
i=1

bi*i
| —

i 1
y=N——
, w 4 o
=1

S

Q
S
=N

ral choice, where; ., is the value the parameter is con- Z LQ
strained to, and,, is its uncertainty. A variation of this =1 i

“uncertainty” modifies the impact of the constraint on the ] o

2 function and can therefore be used to define the strenglit® mean of the extendegt function for this simple ex-
of the constraintk,, = S/og, with oy being the uncer- ample is finally

tainty of the unconstrained parameter derived from the fit. 9

To summarise: depending dt, the parameter will either Mmin)e = N =1 + W (8)
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Figure 2: Model function used for numerical cross-checkFigure 4: Evolution of the mean of thg? distribution
of relation Eq.(4). The curve represents Eq.(9), and thith the constraint in units of the uncertainty of the uncon-
100 points are Gaussian variations around it, simulatingtrained parametds, = S/oy. To clearly show the func-
the observation$z;, y; }. tional dependencén kK, is plotted. Each data point is de-

rived from a distribution like the one shown in Fig. 3. The
With K, = S/ this is precisely Eq.(4) for one parame- errors represent the statistical uncertainty and are%00
ter. correlated. The curve is a fit of the extended ;) = de-
A numerical cross-check of the validity of the relationfined in Eq.(4).
Eq.(4) is done with a polynomial as model function:

ted. The curve is a fit of the extendég? . ) defined in

min

5
. k-1 Eq.(4). An example of an analysis with external knowledge
9(w,@) = ; e ©) included as constraints in the described way can be found
B in [3].

with a1 = 5, as = —0.04, a3 = 0.003, a4, = —0.002 and

as = 0.0001. This function is shown in Fig. 2, represented 4 SUMMARY

by a curve. The 100 points in Fig. 2 are Gaussian variations

around the model function, simulating the individual obserThe counting of degrees of freedom is a common problem
vations{z;, y;}. A series of10° fits with different random in physics. In the presence of global constraints, the num-
variations to simulate the observations is done with diffedoer of DoF will be modified and take on a value depending
ent strengths of a constraint of parameter From the re- on the strength of the constraint. This number need not
sulting x2,;,, the mean is calculated to extract a number ofecessarily be an integer. In this paper, a measure was pro-
degrees of freedom. This result is displayed as a function gpsed for the effective number of DoF in the matching of
the strengthi,, of the constraint of parametes in Fig. 4. @ beam line. Furthermore, a method was presented to nat-

To clearly show the functional dependenbek, is plot- urally include the modification in the number of DoF in a
least squares fit, based on the mean of aistribution.

i ] 5 ACKNOWLEDGEMENTS
5000 |- — . .

g ] Sincere thanks to all who have contributed to the presented
4000 [ b work in stimulating discussions and in particular to M.

: ] Martini and M. Schmelling for their interest and support.
3000 | §

i 6 REFERENCES
2000 | E

; ] [1] H. Grote and F. C. Iselin. The MAD Program, User's Refer-
1000 |- ] ence Manual. SL Note 90-13 (AP) (Rev. 4), CERN, March

s : 1995.

Lo vy Ll b T TR IR BRI

0 0 20 40 60 80 100 120 140 160 180 200 [2] M. Martini M. Giovannozziand A.-S. Nlller. A Low-3 Strip-
X2 ping Insertion in the CERN PS to SPS Transfer Line for the

LHC lon Programme. IrProceedings of the 19th Particle

. o g 5 & i
Figure 3: x* distribution of 10° fits of the model func Accelerator Conference, 2001

tion Eq.(9) to datasets of 100 “observation” points with
Gaussian variation around the model function. Since thi
fit has five parameters, the mean of the distribution is
n =100 — 5 = 95.

E%] A.-S. Miller and J. Wenninger. Observation of Non-Linear
Effects in the Synchrotron Tune at LEP. Rnoceedings of
the 9th European Particle Accelerator Conference, 2002.

1162



