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Abstract

For the purpose of energy calibration of LEP 2, the syn-
chrotron tune was measured as a function of total accel-
erating voltage. Since the synchrotron tune also depends
on energy loss, this method can be used to extract the
beam energy with a very good precision. In the last year
of LEP running, the synchrotron oscillations were excited
with RF phase noise during the measurements, and a fre-
quency shift was observed. The generic description of the
oscillation does not account for large amplitudes. A higher-
order approximation reveals a frequency correction to be
added to the model if the oscillation enters the nonlinear
regime. This paper presents the observations and compares
the measurements with the extended model.

1 INTRODUCTION

The precise measurements of the� and the� boson
masses require the knowledge of the centre-of-mass energy
at the interaction points. The most precise average beam
energy measurement is based on the technique of resonant
depolarisation. However, this technique works only in the
low energy region (40 – 60 GeV). For the LEP 2 phase
extrapolation methods have to be used to obtain the beam
energy [1]. The study and analysis of the dependence of the
synchrotron tune�� on the total accelerating voltage pro-
vides a powerful way to extract the beam energy. Details
on method and measurements can be found in [2].
In the last year of LEP running, the synchrotron oscilla-
tions were excited with RF phase noise during the measure-
ments, and a frequency shift was observed. The generic de-
scription of the oscillation does not account for large am-
plitudes. A higher-order approximation reveals a frequency
correction to be added to the model if the oscillation enters
the nonlinear regime. In the following, the phenomenol-
ogy will be described and measurements of the synchrotron
tune with excitation with the framework of energy calibra-
tion will be compared to an extended model.

2 SYNCHROTRON OSCILLATIONS AT
LEP

For a given machine optics the synchrotron tune depends
mainly on the total RF voltage��� and the beam energy.
The synchrotron tune is particularly sensitive to the energy
for low RF voltages since the relation between�� and the
total accelerating voltage��� is given by
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where	� � �
���� �
� is the energy loss,�� the mo-

mentum compaction factor,� the harmonic number and
� the average magnetic radius. Equation (1) is not suited
for a high precision energy determination since it assumes
that the RF voltage is homogeneously distributed along the
ring, that the synchrotron oscillation amplitudes are small,
and because it neglects a damping term related to the syn-
chrotron radiation. At LEP 2 however, these assumptions
no longer hold true: the RF cavities are concentrated in
the four even straight sections and synchrotron radiation
losses of the order of a percent of the beam energy are non-
negligible. Obviously a more detailed description of� � is
needed which takes all these effects into account. The con-
tributions and corrections to Eq.(1) needed for an appro-
priate description of the synchrotron tune are discussed in
detail in [2]. Taking all necessary corrections into account,
�� can finally be expressed as
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where takes care of the effective voltage seen by the beam
and� accounts for the RF distribution. The total energy
loss is �	� �

��
�
�� � � where� is the sum of all en-

ergy losses other than from dipole magnets,
� is Sand’s
synchrotron radiation constant and� is the bending radius.
The corrected energy
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takes into account momentum offsets���� introduced by
a difference between the operation frequency��� and the
central frequency� ��� (tidal deformations of the earth,...)
[3].

3 NON-LINEAR SYNCHROTRON
OSCILLATIONS

The basic description of��, Eq.(1), is derived from the
following expression for the synchrotron frequency�
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where���� � �� ����, �� is the beam energy and��
the stable phase angle. This implies, that����� is con-
stant, which is valid only in the limit of small oscilla-
tion amplitudes. For a longitudinal excitation, this is no
longer true, since the oscillation can no longer be con-
sidered “point-like” and the variation in����� has to
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Figure 1: Simulation of synchrotron tune as a function of
total accelerating voltage. The evolution of�� is shown
with and without a frequency shift caused by large am-
plitude oscillations. The effect is exaggerated by about a
factor 10 for illustration purposes.

be taken into account. The derivative of the RF poten-
tial, being proportional to	
��� and therefore to��

� it-
self, can be viewed as a driving force of the longitudi-
nal oscillation. A change in this driving force is given
by its second derivative and therefore is proportional to
� 	
��� � ���

�. As an illustration, the tangent repre-
senting����� for small amplitudes can be replaced by a
chord for larger amplitudes. This can be viewed as tak-
ing the average of the maximal and minimal driving force
defined by	
���� � ���, where�� represents the am-
plitude of the phase oscillation induced by the excitation.
The average force experienced by the bunch would there-
fore be� � ����	
���� � ��� � 	
���� � ��� with
a corresponding change in force of�� � ����	
���� �
��� � � 	
��� � 	
���� ���� � 	
��� �� � � 	
���.
Therefore���

� � ���
� and the frequency shift due to the

non-linear oscillation is��� � ���. Figure 1 gives an
example of this effect: a simulation of synchrotron tune as
a function of total accelerating voltage is shown with and
without a frequency shift caused by oscillation amplitudes
of about 10 bunch lengths.

4 BEAM ENERGY FROM��

The energy determination is based on a fit of the parame-
terisation Eq.(2) to the synchrotron tune�� measured as a
function of the total RF voltage��� . With the exception
of �� and� which are taken fromMAD [4], all parame-
ters are allowed to vary in the fit. External knowledge is
incorporated in the fit by introducing individual constraints
of the type�� � �����

����� for all parameters in the form
of contributions to the�� of the fit, where� stands for a fit
parameter and�� for its uncertainty. The value the param-
eter is constrained to is denoted by����. For very small
values of��, the parameter is fixed in the fit; for large val-
ues the contribution to the overall�� is negligible and the
parameter is free. The parameters representing additional
energy losses, voltage calibration and� are constrained in
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Figure 2: Measured�� is shown as a function of���
for different beam energies. Calibration range and energy
determination range are indicated.

the described way. A constraint implemented in this fash-
ion modifies the effective number of degrees of freedom in
the fit. A detailed description of this effect can be found
in [5]. The uncertainty of each individual�� measurement
is determined from the scatter of the fitted residuals.
The effective voltage seen by the beam can be significantly
different from the sum of all individual cavity voltages due
to voltage calibration, phasing and longitudinal alignment
errors. A crucial correction to Eq.(1) is therefore the “volt-
age correction factor” which translates��� �  ��� .
This factor is considered a constant as function of energy
since for all datasets a similar voltage range was used. It
can be determined by fits over a given voltage range of
separate datasets at beam energies which have been pre-
viously measured very precisely with resonant depolarisa-
tion. To this end, a scan in is done, associated with a fit
as described above for each value of the voltage calibra-
tion factor ( is fixed in this case). The“true” is found
if the energy resulting from the fit corresponds to the ref-
erence energy known from resonant depolarisation. The
average of the values obtained in this way for the low en-
ergy datasets with its scatter as uncertainty is then used to
extract the beam energy of the high energy dataset. Obvi-
ously, this energy measurement is strongly correlated to.
The procedure of determination and energy extraction is
illustrated in Fig. 2, where the measured�� is shown as a
function of��� for different beam energies. Calibration
range and energy determination range are indicated.

5 IMPACT OF NON-LINEARITIES ON
ENERGY DETERMINATION

A shift of �� proportional to��� such as the one in the
example given in Fig. 1 will be absorbed by the voltage
calibration factor in the analysis procedure, if not taken
into account properly. Since�� is a function of the beam
energy, the shift is also energy dependent and will become
smaller with increasing energy (and therefore decreasing
��) for a given RF voltage. This unavoidably leads to an
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Figure 3: Global�� as a function of the proportionality
factor of the frequency shift�� determined from all low
energy datasets with RF phase noise. The total number of
individual�� measurements in these datasets is 291.

apparent dependence of the voltage calibration factor on
the beam energy.
An oscillation amplitude of the order of one bunch length,
for example, would generate a frequency shift of about
������ � �� and would lead to an increase of of about
10��/GeV.
To extract the proportionality factor of the frequency shift,
��, from the measurements done with longitudinal exci-
tation in the year 2000, a global fit over all low energy
datasets (“calibration range”) is performed. The total num-
ber of individual�� measurements in these datasets is
291. The full procedure, including the determination of
the voltage calibration factor as described in the previous
section, is applied to the low energy datasets for different
values of the proportionality factor of the frequency shift
��. The correction for the shift in�� is applied in the form
�	�
�
� � �����

� ��� � ���. The global����� as a function
of �� is defined as the sum over the individual��

	 obtained
from the voltage calibration fits using Eq.(2) of all�=11
low energy datasets:

��������� �
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Figure 3 shows the��������� determined in this way for
different values of��. From this dependence, the global
proportionality factor of the frequency shift can easily be
determined to be

����� � � �������� ��������

This shift factor corresponds roughly to an oscillation am-
plitude of one bunch length. From the three high energy
datasets acquired with excitation by RF phase noise, the
beam energy can be extracted and compared with the ref-
erence energies (determined by calibrated NMR measure-
ments, see [1]). The error on this energy difference is com-
posed of the statistical uncertainty and the dominant un-
certainty imposed by the determination of��. The latter
is obtained by performing the energy fit at�� � ��� and
������ and assigning half of the difference of the result-
ing beam energies as uncertainty. Under the assumption of

fully correlated errors, the average energy shift relative to
the reference energy is������ � ����� ��� MeV.
Measurements in earlier years without excitation are not
subject to a frequency shift correction. This is because the
energy uncertainty due to “natural” longitudinal oscillation
(which is much smaller than the excited oscillation as in-
dicated by streak camera observations) is absorbed in the
uncertainty of the determination of the voltage calibration
factor. As described previously, the average is obtained
from the set of low energy datasets belonging to one high
energy dataset. In this case, does not show an apparent
dependence on beam energy as for measurements with lon-
gitudinal excitation.

6 SUMMARY

In the framework of energy calibration of LEP 2, the syn-
chrotron tune was measured as a function of total accel-
erating voltage. From these measurements, the beam en-
ergy can be extracted with a fit of a�� model adapted for
the conditions at LEP 2. Since the results of these fits de-
pend strongly on the effective voltage seen by the beam, a
voltage calibration is mandatory. In the last year of LEP
running, the synchrotron oscillations were excited with RF
phase noise during the measurements, and a frequency shift
was observed. Oscillation amplitudes of the order of about
one bunch length, however, produce a shift in synchrotron
frequency proportional to�� that will appear in the analy-
sis as an apparent dependence on beam energy of the oth-
erwise constant voltage calibration factor. The proportion-
ality factor of the frequency shift could be determined and
was found to correspond to an oscillation amplitude of one
bunch length. Taking the shift into account, beam ener-
gies were determined and compared to the reference energy
measurement.
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