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Abstract

The problem of phase space diagram construction for
non-linear betatron oscillation measured by pickup, is
considered. The conventional two-pickup method [1] of
phase trgectory construction was improved. Discrete
Fourier filter applied to data measured yields a large
dividend in accuracy. The result of our investigations is
the method of turn-by-turn phase trajectory construction
using data measured by single pickup. The single-pickup
method developed was tested by computer simulation of
non-linear betatron oscillation in several models of
magnet lattice. Practicality of the method and its accuracy
limitation were studied. The method applying for
experimental study of beam dynamic is discussed.

1 INTRODUCTION

Phase space diagram of non-linear betatron oscillation
gives a lot of information about the non-linearity type,
non-linear resonances, dynamic aperture, etc. It is useful
to compare phase trajectories of the beam motion
measured with results of anaytical estimations and
numerical simulations.

A problem of phase trgjectory construction is obtaining
X'(X) dependence, where x(t) is transverse coordinate, and
X(t) is transverse momentum of a beam centre of charge,
tis a time variable. The problem is troublesome because
of impossibility to measure directly the momentum X'(t).

Diagnostic systems give an information about beam
motion as series of turn-by-turn samples x, of the
coordinate measured by pickup. Due to the discreteness,
calculation of the momentum samples X', by numerical
differentiation of the x,, isimpossible in general.

Let’s consider a problem of construction of turn-by-turn
phase trajectory'(x) of non-linear betatron oscillation

using the coordinate samples

It is convenient to analyse phase trajectories in t
(%, x) coordinates defined by the variables conversion:

X =ax+ BX. (@)

A shape of phase trajectory in these coordinates
independent of the value of alpha-functiars —5/2, but

this shape is determined by pure non-linear effect.

2 TWO-PICKUP METHOD

There are conventional two-pickup method [1] of turn-
Let's consider
particle motion in a linear section of magnet lattice with
two pickups, first of them placed at the input of the

by-turn phase trajectory construction.

section and second at the output of it.
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If a particle passes through the section, its coordigate

measured by the second pickup is:

X = (ﬂzlﬂ1)ﬂ2(x1 coAy, + _X|1'Simw21)' (2)
here x, is the coordinate andx, is the normalized
momentum at the first pickugg , are the values of beta-
function at the pickupsdy,, is the betatron phase advance
between the pickups. From this expression an equation of
turn-by-turn phase trajectory is derived:

_Xllk = [(ﬁz/ﬁl)uz'XZk ~ Xy COSA(»Um]/_SinAl//zl : ()
If B, = B, andAy,, = W2+m, then X, =X,

An accuracy of the method is determined by pickup
resolution in the frequency band with upper bound equal
to the revolution frequency. The noise error leads to poor
quality of phase trajectories constructed by this method.

For decrease the noise error, a method of discrete
Fourier filtering was developed. Let's expand the arrays
X, andx,, of N turn-by-turn coordinate samples in terms of
harmonics®,, =A,, +iB, ,, of betatron frequencf:

Al,zj = ZN'Z_L(:ON_lew'COS(Z'Ik-j Q) (4)
B1,2j = 2/N'Zk=oN_lX1,2 «SiN(2KjQ)
Amplitude of harmonics &, | = (A,,*+B,,)" in (4)
decreases rapidly with the harmonic number

Procedure of turn-by-turn phase trajectory construction
is just the synthesis of the arrays, X,,:

Xl,zk = Zj:ln (ALZi'COSZ'[ka + Bl,ZJ.SinZTi(jQ ) (5)
TheX,(X,) dependence describes the phase trajectory.

Noise component of thg-th harmonic in (5) isN"
times lower than broad-band noise component ofxfhe
X, arrays. If the number of harmonics in (5¥<N, then
noise reduction is N/n)*2. So, combination of the
expansion (4) with the synthesis (5) is a discrete filter.
Usually N = 1024,n = 48, so typical noise reduction by
the filter is 16-15 times.

An example of the filter applying to the two-pickup
method is given in Fig. 1. There are phase trajectories of
radial betatron oscillation in the VEPP-4M near the

mextupole resonanceQ3=26. The trajectory x,(x,),

constructed by the two-pickup method without filtering, is
plotted by circles, the trajectopy, (X,) constructed using
Iige filter is plotted by triangles.

Two-pickup method: o without filter
A with filter
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Figure 1: Applying of the discrete Fourier filter.
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Broad-band noise resolution of the turn-by-turn pickup From the expressions (9), (10) ferth and k+1)-st
is about 100 um, the filter decreases noise error down to  turns, a recurrent formula to calculate the momentym
~10 pm. is derived:

Xlk+1 = [Xk+1'COS(21Q_A¢I) - Xk'COde_
3 SINGLE-PICKUP METHOD = BX,sindyll Bsin(2nQ-Ay), (11)

There is a limitation of practicality of the two-pickup It is remarkable that the non-linear forfgat each turn

) A . can be calculated by the formula:
method, imposed by non-linear field components of the N 8 . : .
elements placed between the pickups. In presence of the g_ (Xkc?smb Xk*.1+ﬂx  SINZQ)/SIN(ZQ-A¢), . (12)h
components, coordinate transform is not described by (2). ¢ O”'T‘g ;(Xk) )éjlgcreasg ok, on? cr:]an appllroan-ate the
Thus, if a magnet lattice has no linear section with unctionf(x) and determine type of the non-linearity.

betatron phase advance of the order of 172, the two-pickup Note, that the phase trajectory constructeddigr O is
method had failed. In this case the problem of phase trapsformed by rotation on thedy angle to the phase
trajectory construction using coordinate samples measured trajectory constru?tec_J fafiy = 0: e
by single pickup, is of a special interest. X1 = (%.1'COS 2Q — x)/fsin 21Q, (13)
Let's analyse a particle motion in the two utmost Thus, for a 'magnet lattice with a single non-linear
models of non-linear lattice: the lattice with a uniformelement, there is a recurrent formula (11) to calculate the
distribution of non-linearity and the lattice with a singlet
non-linear element.

urn-by-turn momentur, from the coordinate.
Analysis of these two utmost cases gives promise that
for some distributions of non-linear lattice elements there

3.1 Uniformly Distributed Non-linearity are relations between, and x_ independent of non-

) _ o _ _linearity magnitude and oscillation amplitude.
Equation of particle motion in a magnet lattice with a

uniform distribution of non-linearity is: 3.3 Amplitude-independent relations between

X'+ Ox=1X, (6)  coordinate and momentum spectra
here =K, is focusing, f, is n-th order multipole _ - )
coefficient of non-linear force. As it was clarified, turn-by-turn samples of coordinate

For (F=const (azimuthal symmetric field), this* and momentunx, are related to each other. This
equation can be solved analytically, solution has a form §¢9gests that relations independent of non-linearity
x(x) and describes a phase trajectory of the motion. Hragnitude and oscillation amplitude are valid between
sextupole non-linearity n(=2) turn-by-turn relation coordinate® and momentun®,; spectra.

between momentumi, and coordinate, is: An expansion ofx_array of N samples in terms of
X, = £Q(C - X2+ 21327 X3 (7) harmonics® = A + |I§i_lof betatror] frequenc® is:

The coefficients, andC can be obtained by analysis of A=2N-2 " XCoS(aKQ) , (14)

the arrayx, of turn-by-turn coordinate samples. B =2N-J ., X:sin(2kjQ).

Thus, for a magnet lattice with a uniform distribution of For the model lattice with a single non-linear element,
non-linearity, there are turn-by-turn relations betwaen frequency depended expressions for the relations between

and x_ independent of non-linearity magnitude andMomentum harmonic, = A; + B, and coordinate ones

oscillation amplitude. @ =A +iB, are derived from the recurrent formula (11)
using the harmonic expansion (14), with neglect of the
3.2 Sngle Non-linear Element terms of the order .

. . . . A= - Q) — B.-sin21QJ/ Bsi , (15
Equation of particle motion in a magnet lattice with a L, :[AE (?;ig?Qioéz?c(g)stLi?gn%)]ljsﬁlgi?gQ .
single non-linear element is: I jA*: 19 Nj Q#0,05, 1 '
here _E +[ffx :.Zk:" f(X)'dl.e_A9+2|m()’ ol d(B)t th For the lattice with uniformly distributed non-linearity,
eress =1, 15 focusing, hon-iinear element placed at Mg, oo 50 simple expressions for the relations between

46 azimuth is modeled by the product of non'”nealhormalized amplitudes'/a’; and phaseg' of momentum

function f(x) by delta-functiond 8-46+21Kk) “switching harmonics andial, p ij colordingte ongsj :

on” non-linear force at each turn. a/a :i'%/ai b - ¢ =12 (16)
This equation can be solved analytically at each turn Note, tjhalt the émplitlude-Jphase, relations (16) are

using_ Laplace transform.‘ Turn-by-turn samples ofndependent of betatron frequer@yunlike the (15).
coordinatex, and momenturw, are:

= Y + cingk Non-linear oscillation in several types of magnet lattice
% = %,COS Qk_; Py sin2kQ - was studied by computer simulation. One more example
=Bl TnSIN2ZQU-mM-4Y], () of such the relations using is presented in [2]. The

X, = ~LBXSINZHQ + X, cOSZHQ = amplitude-phase relations empirically obtained were used
=S fyCOS[AQk-m)-A¢],  (10)  for phase trajectory construction at LEP:
hereQ is betatron frequencyly = QA8 is betatron phase a/a,=ala, ¢—¢ =12 (17)
i ) i j )

advance between non-linear element and pickup.
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Thus, if non-linear oscillation can be described by
equation of motion, the amplitude-phase relations can be
tabulated by analytical or numerical solution of the
equation.

In general, amplitude-phase relations between
coordinate and momentum spectra can be obtained in one
way or another. These relations are independent of non-

The single-pickup method was used for experimental
study of non-linear beam dynamics at the VEPP-4M [3].
In Fig. 3 examples of the phase trajectories constructed by
the single-pickup method are presented. Figll@strates
betatron oscillation of varied amplitude near tl@-26
resonance, Fig.B8and Fig. 8 demonstrates non-linear
resonances@=35 and § =43 respectively.

linearity magnitude and oscillation amplitude and can be a "

use for turn-by-turn phase trajectory construction. ] N B 1“53;&4%‘%‘% B | &
VNIRRT
4 PRACTICAL USE OF THE METHOD \ Qijj} | B 00 .
The formulas (11), (15) obtained by anaysis of the T S|
simple model lattice with a single non-linear element can TR e Bewe TR e ee e 2 M a0 00 0w
be used for study of non-linear betatron oscillation in real a) b) 0

accelerators. This model approximately describes a

i . X Figure 3: Examples of phase trajectories measured.
motion in accelerator with low-order symmetry, lattice of

) - : ad The single-pickup method can also be used for
which has final focus. In this case sextupole chromaticity  sonstruction  of phase trajectory of synchrotron
correctors are placed close to fina focus quadrupoles — qggillations. Synchrotron oscillation produces oscillation
where beta functions is large (at VEPP-4M — more thagy raqial coordinate, turn-by-turn samples of which are:
10 times greater than the mean value), and these sextupole x(6) = Ry(6)-(AE/E),-expli(2kcg+y)], (18)
. . . . k ’
correctqrs are domlnatgd in thg non-linearity. here (6 is dispersion functionAE/E is an energy
Practicality of the single-pickup method was teste(& viation, proportional to time derivation of the
using computer simulation. Phase trajectories constructg§nchrotr’on phase
by the method were compared with results of particle JEJE = 1iqegK -dedct (19)
tracking in the VEPP._‘W.I lattice with sextupoles. . Phase trajectory of synchrotron oscillation can be
As an accuracy criterion of the method, the correlation

. : cqnstructed using the amplitude-phase relations:
coefficient between the phase trajectory constructed an8 .
b Pt Bglap, = @cfac)i”, Py~ b= -T2 (20)

the phase trajectory caIcuI_aFed by computer tracking, WaSF|g. 4 shows the phase trajectory of synchrotron
used. A value of the coefficient close to 1 attests that the .~ . : .

: ; Scillation constructed from data measured in comparison
phase trajectories are close to one another, and the methg

accuracy is rather good. It was discovered that in the the result of computer simulation.

practically interesting range 8:62.75 of the VEPP-4M  Measurement — Simulation
radial betatron frequency, the correlation coefficient is 8 iR
more than 0.9. o=
The single-pickup method was tested also by 2 f 2N N
comparison with the conventional two-pickup method. E NN j’;/ e
Example of the phase trajectory constructed by these < \«a/ ~
methods is shown in Fig. 2. The trajectory plotted by H T
circles was constructed by the two-pickup method with ¢ 5

Fourier filtering, the trajectory plotted by triangles was

: . Fi 4: Ph traject f hrot illation.
constructed by the single-pickup method. 'gure ase frajectory o synchrotron oscifiation

Two-pickup method with Fourier filter
4 Single-pickup method

5.0
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Figure 2: Two-pickup and single-pickup methods.

(=]
=]
5
\
o7
PR
\

114 PS06 Posters Sunday



