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Abstract

Coherent electron cooling [1] using a plasma-cascade

amplifier (PCA) [2] can provide much faster cooling rates of

hadrons than the conventional microwave stochastic cooling

due to an extremely wide bandwidth of a pickup modulator,

a kicker, and the amplifier. A PCA creates unstable plasma

oscillations using modulation of the plasma frequency by

varying the transverse beam size along the beam line with

strong field solenoids. In this work we propose an alternative

approach to the problem: the plasma frequency is modulated

in a sequence of wiggler magnets separated by drifts or

chicanes. This approach has the promise of obtaining a

compact amplifier due to a more efficient modulation of

the plasma frequency, although it requires separation of

the hadron and electron orbits in the amplifier region to

synchronize their time of flight through the cooling system.

INTRODUCTION

Coherent electron cooling [1] (CEC) can provide much

faster cooling rates of hadrons than the conventional mi-

crowave stochastic cooling due to a wide bandwidth of the

pickup modulator, the kicker, and the amplifier. While the

original idea of coherent cooling relied on a free electron

laser as an amplifier, which has a relatively narrow band-

width [3], a later development of the idea involved a broad-

band amplifier based on the microbunching instability [4–6].

This approach is known under the acronym of MBEC (mi-

crobunched electron cooling). More recently, in Ref. [2], the

idea of a plasma cascade amplifier (PCA) was proposed that

conceptually has an even broader bandwidth than MBEC.

The PCA creates unstable plasma oscillations using mod-

ulation of the plasma frequency by varying the transverse

beam size along the beam line with strong-field solenoids.

Unfortunately, the PCA length with several amplification

sections can become prohibitively long because the plasma

wavelength increases with the Lorentz gamma factor as �3/2.
In this work we propose an alternative approach to the prob-

lem: the plasma frequency is modulated in a sequence of

wiggler magnets separated by drifts or small chicanes. We

refer to this scheme as the wiggler enhanced plasma ampli-

fier, or WEPA. This approach has the promise of obtaining

a compact amplifier due to a more efficient modulation of

the plasma frequency.
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PLASMA OSCILLATIONS IN A

RELATIVISTIC BEAM

We begin with a derivation of the frequency of plasma

oscillations when a relativistic beam propagates inside a wig-

gler or in a drift. In our derivation, we neglect the particle

energy spread assuming a cold beam. Our interest here is

in short-wavelength plasma perturbations (with wavelength

in the micron range, or even shorter) so we can treat the

beam in local approximation assuming that its linear den-

sity �0 is constant and neglecting its dependence on the

longitudinal coordinate �. We consider the linear density

perturbation Δ�(�, �) and the relative energy perturbation

Δ�(�, �) = Δ� (�, �)/�0, where � is the longitudinal coor-

dinate in the beam relative to a reference particle, and �

is the path length along the beam line. These quantities

are Fourier transformed over the coordinate �: Δ�̂� (�) =∫ ∞
−∞ Δ�(�, �)�−����� and Δ�̂� (�) =

∫ ∞
−∞ Δ�(�, �)�−�����.

In a drift, we have the linearized continuity equation for

cold plasma,

�Δ�(�, �)
��

+ 1

�2

�

��
�0Δ�(�, �) = 0. (1)

Applying the Fourier transform to this equation yields

���̂�

��
= − ���

�2
�0Δ�̂� . (2)

In a wiggler, particles move along the � coordinate with a

smaller longitudinal velocity corresponding to the longitudi-

nal gamma factor

�� =
1︃

1 − �2
�/�2

=
�︁

1 + �2/2
, (3)

where � = ����/2���2 is the wiggler parameter with �

the amplitude magnetic field in the wiggler and �� the wig-

gler period. Here we assume a plane wiggler. Correspond-

ingly, in a wiggler, we replace �2 by �2
� in the continuity

equation Eq. (2),

�Δ�̂�

��
= −�� 1

�2
�

�0Δ�̂� . (4)

The equation for Δ�̂� describes the energy exchange be-

tween the particles due to the Coulomb interaction. Here we

will accept the model of Ref. [5] in which the interaction be-

tween the particles of the beam is replaced by the Coulomb

interaction of charged disks (or slices of the beam) with a

Gaussian surface charge distribution. Then the equation for
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Δ�̂� can be recovered from Eqs. (54) and (55) of Ref. [5],

�Δ�̂�

��
= � (�)Δ�̂� , (5)

with

� (�) = − 2���

����⊥
�

(
��⊥
��

)
, (6)

where �� is the classical electron radius, �⊥ is the rms size

of the plasma in the wiggler (we assume an axisymmetric

beam), and the function� is defined in Ref. [5]. Equation (6)

is written for the wiggler; in free space one has to replace

�� by �. Combining Eqs. (4) and (5) we obtain

�2
Δ�̂�

��2
= −�−2�2

� (�)Δ�̂� , (7)

in which the plasma frequency �� is defined by

�� (�) =
︄
���0�2

�2
⊥��

2
�

� (��), (8)

where � (��) =
︁

2��� (��) with �� = ��⊥/�� . The plot

of the function � is shown in Fig. 1; for large values of its

argument � tends to 1.
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Figure 1: Plot of function � (��).

To illustrate the typical numerical values, for the electron

beam with the peak current �� = 100 A, �⊥ = 100 �m, and

�� = � = 300, the plasma period measured in units of length

is �� = 2��/�� ≈ 45 m, for 2�/� < 10 �m (in this region

the function � is approximately equal to 1).

PERIODIC SYSTEM OF WIGGLERS AND

DRIFTS

We now consider a periodic sequence of wigglers sepa-

rated by drift sections. One cell of such a system of length

2� = �� + �� is shown in Fig 2. Our goal here is to calculate

how an initial density perturbation Δ�̂� is amplified after the

passage through the cell. For this, one has to consider the

evolution of the column vector (Δ�̂� ,Δ�̂� )� . Noting that

from Eq. (4) it follows that Δ�̂� ∝ �2
��Δ�̂�/��, it is more

convenient to track the evolution of the vector(
Δ�̂� ,

�2
�

�2

�Δ�̂�

��

)�
, (9)

Figure 2: One cell of a periodic system of wigglers and

drifts. The wiggler length is �� and the drift length is ��;

the total cell length is 2�.

where inside the wiggler �� is given by Eq. (3), and in the

drift �� = �.

Inside the wiggler the plasma frequency is constant, and

using Eq. (7) it easy to find that the transformation of the

vector in Eq. (9) over length � is given by the matrix

�� (�, ��) =
©«

cos(���/�) �2�

�2
���

sin(���/�)

− �2
�
��

�2�
sin(���/�) cos(���/�)

ª®¬
.

(10)

The same matrix can be used in the drift if we set �� = �

in Eqs. (10) and (8). However, to simplify our analysis we

assume that the plasma frequency in the drift is so small

compared with the plasma frequency in the wiggler that it

can be neglected. The matrix � in this case can be obtained

from Eq. (10) as the limit �� → 0, which gives

�� (�) =
(
1 �

0 1

)
. (11)

The matrix for the cell shown in Fig. 2 is then given by

�cell = �� (��) · �� (2(1 − �)�, ��) · �� (��), (12)

where � = ��/2� is the fraction of the length occupied by

the drifts.

GAIN IN THE WEPA AMPLIFIER

Let � be an eigenvalue of the one-cell matrix

�cell − �� = 0, (13)

where � is the unit 2×2 matrix. Because �cell is symplectic,

it has two eigenvalues of � with either |� | = 1, or one of

the eigenvalues has |� | > 1. We define the gain |� | in one

cell as the maximum value of the two eigenvalues, |� | ≥ 1.

In our analysis we will use the undulator parameter � = 2

that corresponds to ��/� = 0.58. Figure 3 shows the plot of

the gain as a function of the parameter � and the ratio of the

half cell length � to the plasma period �� = 2��/�� inside

the wiggler. As we see from this plot, higher values of |� |
are attained for larger values of �. We choose � = 0.9 for

further analysis, which means that the wiggler occupies 10%

of the length of the cell. In order to obtain the gain factor

as a function of the wavenumber � , we need to specify the

13th Workshop on Beam Cooling and Related Topics COOL2021, Novosibirsk, Russia JACoW Publishing
ISBN: 978-3-95450-243-1 ISSN: 2226-0374 doi:10.18429/JACoW-COOL2021-S803

Stochastic cooling

S803

63

C
on

te
nt

fr
om

th
is

w
or

k
m

ay
be

us
ed

un
de

rt
he

te
rm

s
of

th
e

C
C

B
Y

3.
0

lic
en

ce
(©

20
21

).
A

ny
di

st
ri

bu
tio

n
of

th
is

w
or

k
m

us
tm

ai
nt

ai
n

at
tr

ib
ut

io
n

to
th

e
au

th
or

(s
),

tit
le

of
th

e
w

or
k,

pu
bl

is
he

r,
an

d
D

O
I



Figure 3: Gain for one cell as a function of � and �/�� .
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Figure 4: Gain per one cell for several values of �� . Since

we assume that �� is equal to 0.1 of the cell length, the total

length of the cell is ten times larger than �� (indicated in the

figure).

beam parameter for which we choose the values �� = 150

A and �⊥ = 70 �m. The gain profiles for several values

of the length of the wiggler �� are shown in Fig. 4. Note

that formally, in the model of a cold beam, for these three

cases the gain remains constant (non zero) when � → ∞.

If we choose �� = 5 m as a reference case, then we see

that at large values of � the gain function is approximately

equal to 6. With four such cells the amplification factor will

be 64 ≈ 1300, which is a large enough number to make it

promising for use in a CEC cooling system.

Wigglers (and chicanes, see below) slow down the elec-

trons, which should be carefully synchronized with hadrons

in the modulator and the kicker of the cooling system. This

means that the hadrons’ path in the cooler should be modi-

fied (relative to the straight beam line) such that their time

of flight between the modulator and the kicker is equal to

that of the electrons.

SHORT CELLS WITH CHICANES

Unfortunately, the cell length of ∼ 50 m in the system

considered in the previous section is relatively large. We

can considerably shorten it if we notice that the drift matrix,

Eq. (11), is physically equivalent to the transport matrix

element �56 equal to its ballistic value, �56 = ��/�2. This

element converts the energy perturbation Δ�̂� in the plasma

oscillation into a density perturbation Δ�̂� . For �� = 45 m

and � = 300, we find �56 = 0.52 mm. Such a value of �56

can be easily provided by a weak chicane (of length ∼ 1

m), which would drastically shorten the length of the WEPA

amplification cell. Two cells of such a modified WEPA

amplifier are shown in Fig. 5.

Figure 5: Two cells of a WEPA amplifier in which drifts are

replaced by small chicanes.

EFFECTS OF BEAM ENERGY SPREAD

AND CSR WAKE FIELDS

In our previous analysis we ignored the energy spread in

the beam. A finite energy spread leads to Landau damping of

plasma oscillation with very short wavelengths. This effect

can also be explained as smearing of the density perturba-

tions in a drift or a chicane due to the fact that particles with

different energies are shifted in the longitudinal direction

of the beam in proportion to �56�. The suppression of the

amplitude of the plasma oscillations is given by the factor [7]

exp

[
−1

2
�2�2

56�
2
�

]
, (14)

where �� is the rms relative energy spread in the beam. As

an example, let us take �� = 2 × 10−4 and �56 = 0.5 mm.

With these parameters, the suppression of the amplification

becomes noticeable at � ∼
√

2/�56�� ≈ 13.5 �m−1 (this

corresponds to the frequency 640 THz).

Another effect that was ignored in our analysis is the co-

herent synchrotron radiation (CSR) wake field inside the

wigglers. This wake field becomes more important in wig-

glers with a large value of � and hence a stronger magnetic

field. Adding to space charge forces, this wake field will

modify the property of the plasma oscillations. In the limit

when this wake field dominates the space charge, it might

lead to a different kind of instability as studied in Refs. [8,9].

SUMMARY

In this paper we extended the PCA concept for the case

when the variation of the plasma frequency in the beam

is achieved with the help of wiggler magnets. A periodic

variation of this frequency leads to the parametric instability

of plasma oscillations in the beam and can be used as an

amplifier for the coherent cooling of hadrons beams. This

system has an excellent frequency bandwidth that can be

considerably larger than that of MBEC. We plan to include

the CSR effects in future analysis of the WEPA cooling

system.
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