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Abstract

Because the efficacy of conventional electron cooling falls

off rapidly with energy, reaching the required cooling time

at collision energies targeted by the Electron-Ion Collider

(EIC) design [1] can be challenging. A possible solution

is offered by cooling schemes that are based on fundamen-

tally different approaches such as microbunched electron

cooling (MBEC) [2]. Regular particle-in-cell (PIC) simu-

lations in the parameter regime of the EIC cooling system

would require a prohibitively large number of particles to

resolve the evolution of the ion-imprinted phase space den-

sity modulation. We explored a solution to this problem

by developing and implementing in the code Warp a com-

putational approach based on two perturbative techniques,

the beam-frame δ f method and a variant of the distribution

difference (DD) technique. To model the dynamics of the

ion-seeded modulation in the MBEC chicanes, we developed

an approach that combines the DD and quiet start techniques

with analysis of correlations between the divergence of pairs

of DD trajectories and their location within the e-beam. We

have also prototyped in Warp the computation of the time-

dependent 3D wakefield in the MBEC kicker.

δ f SIMULATION OF THE MODULATOR

SECTION

We have prototyped the δ f algorithm [3–5] for modeling

the ion-induced modulation dynamics in the modulator sec-

tion of the EIC cooler, assuming a single-chicane MBEC

layout [2, 6] for this initial investigation. In the δ f -PIC ap-

proach, the phase space density f of the electron beam is

decomposed into the sum of (i) the background distribu-

tion f0, assumed to be an analytically known function of

the phase space variables and time, and (ii) the perturbation

δ f which is represented by variable-weight macroparticles

whose weights w and phase space coordinated evolve in

response to the perturbing influence (e.g., the ion) and the

background. Two key aspects of the dynamics in the modu-

lator are the interaction of the δ f particles with the ion and

the space charge forces associated with the e-beam density

modulation. It is therefore advantageous to work in the beam

frame where the relevant dynamics are non-relativistic and

an electrostatic field solver can be used. We have developed

a hybrid formulation of the δ f algorithm, where the phase

space coordinates and weights of the δ f particles evolve in

the beam frame, while the background distribution f0, whose

gradients enter the evolution equations, is given in terms
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of the beam-frame phase space coordinates and the Twiss

parameters of the e-beam specified in the lab frame. Such

formulation allows us to include in simulations the effects

of focusing quadrupoles on the electron beam dynamics.

This is important for modeling the actual cooler lattice that

includes multiple quadrupole focusing sections, because the

transverse-to-longitudinal coupling in the quads can perturb

the electrons’ longitudinal momentum modulation imprinted

by the ion.

We take f0(s) to mean the background e-beam distribu-

tion evolving in response to the external focusing magnet

fields as well as (for non-emittance-dominated beams) the

bulk space charge self-force. The growth of the perturbation

δ f (s) is then due to the beam-frame Coulomb field of the

ion and the Coulomb field of the ion-induced electron den-

sity perturbation, the latter expected to be a small fraction

of the field of the ion in the parameter regime of the EIC

cooler modulator section. We employ an approximation that

f0 is separable in x, y, and the longitudinal phase space

coordinates:

f0(s; x, x ′, y, y′, z, vz) = f
(x)
0

(s, x, x ′) f
(y)
0

(s, y, y′) f
(z)
0

(s, z, vz)
(1)

with f
(x)
0

and f
(y)
0

bi-Gaussian in their respective trace

spaces, and f
(z)
0

constant in z and Maxwellian in vz , i.e.,

f
(x)
0

(s, x, x ′) = C exp

(

−
γ̂x(s)x

2
+ 2α̂x(s)xx ′

+ β̂x(s)x
′2

2ϵx

)

(2)

and similarly for the y trace space.

With the above assumptions, we obtain the δ f particle

weight evolution equation:

dw

dt
= −

1

f0
(1 − w)

df0

dt
= −(1 − w)

(

∂

∂t
+ ®v
∂

∂ ®x

+

q

m
( ®Etotal + ®v × ®Btotal)

∂

∂®v

)

ln( f0).

(3)

Because we work in the beam frame, the gradients of the f0
have to be expressed in terms of the beam frame variables

(labeled by “b”), and the beam-frame time tb = s/γ0β0c is

used to parametrize the dynamics. The partial derivatives

of f0 that enter Eq. (3) are given by

∂

∂tb
ln f

(x)
0
= −
γ0β0c

ϵx

[

α̂x(s)

β̂x(s)

(

∂α̂x(s)

∂s
+ γ̂x(s)

)

x2

+

1

γ0β0c

∂α̂x(s)

∂s
xvbx −

α̂x(s)

(γ0β0c)2
v

2
bx

]

,

(4)

∂

∂x
ln f

(x)
0
= −

1

ϵx

[

γ̂x(s)x +
α̂x(s)

γ0β0c
vbx

]

, (5)
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∂

∂vbx
ln f

(x)
0
= −

1

ϵx

[

α̂x(s)

γ0β0c
x +

β̂x(s)

(γ0β0c)2
vbx

]

, (6)

and similarly for the y trace space. For the longitudinal

phase space, one only needs the derivative with respect to

velocity:

∂

∂vbz
ln f

(z)
0
= −

vbz − ⟨vbz⟩(s)

σ2
vbz

(s)
. (7)

After implementing the discrete-time version of the above

equations in Python and performing initial testing, the δ f

algorithm has been implemented in the particle-in-cell code

Warp [7–9]. Warp’s use of a Python layer to setup and in-

terface with Fortran code that performs the computationally

intensive simulations simplifies the adding of new features

such as δ f . The δ f algorithm was implemented on the

Python level using vectorized operations over the particle

and field data (Warp’s particle and field interfaces at the

Python level inherit from NumPy) to ensure that the code

still maintains reasonable performance. Most of the algo-

rithm is trivially parallelizable with the exception of the

weight calculation which does require some MPI communi-

cation between ranks holding particle data to compute the

ensemble quantities. The parallel performance of the result-

ing code was examined on RadiaSoft’s internal servers and

found to be quite good, in terms of both weak and strong

scaling.

To use δ f PIC in Warp there is a base

DriftWeightUpdate that allows users to input ini-

tial conditions for the electron bunch and set ion charge,

position, and velocity. This class handles update of the

background beam properties and field calculations during

each step. Field calculation can either be performed from

an analytic calculation for the ion’s field or by introducing

an ion macroparticle into the simulation that deposits to

the grid during the PIC cycle. A second, inherited class

SpaceChargeDriftWeightUpdate is also provided that

solves the coupled envelope evolution including a space

charge term and can be used for a coasting beam with space

charge.

Because the beam-frame transit time in the MBEC mod-

ulator is a small but non-negligible fraction of the plasma

period, the ion induces both energy and density modulation

in the electron phase space distribution, the energy modu-

lation being of primary interest. Using the modulator and

beam parameters considered at the time, we performed 3D

Warp δ f simulations of the modulator and compared the

energy modulation results to the predictions of 1D theory

for the same parameters, calculated in [6]. Shown in Fig. 1,

the agreement is quite good, with the simulation showing

slightly lower peak modulation, which is probably due to

the finite electron temperature in our simulation as opposed

to a cold electron beam assumed by a theoretical 1D model.
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Figure 1: Comparison of energy modulation from a δ f PIC

simulation and 1D theory.

COMPUTATION OF THE DENSITY

MODULATION AND THE WAKEFIELD

A perturbative approach to modeling the conversion of the

energy modulation into a density modulation in an MBEC

amplifier chicane that we prototyped is based on a combi-

nation of the quiet start and a variant of the DD techniques.

Similar to other DD variants, pairs of electron macroparti-

cles are used, with one particle in each pair not affected by

the source(s) of the perturbation and the other interacting

with the perturbing agent. The quiet-start aspect of the ap-

proach is in arranging such pairs to smoothly sample the

distribution in position and thermal velocity space at the

entrance to the chicane. Both particles in each pair arrive at

their positions at the entrance to the chicane by moving along

the unperturbed trajectories, but one particle in each pair

keeps track of the accumulated velocity modulation (on top

of its thermal velocity) due to the interaction with the ion in

the modulator. R56 of the chicane converts this velocity mod-

ulation into a difference δz in longitudinal positions of the

perturbed and unperturbed pair-particles after the chicane,

resulting in a density modulation. This is illustrated here for

the case of a transversely cold e-beam with longitudinal ther-

mal momentum distribution sampled by 5 points (quintuples

of blue dots in Fig. 2) and the initial conditions uniformly

sampling a line of “impact parameter” b = 1.0×σx parallel

to the z axis, the ion being at rest at the coordinate system

origin. (We use σx = 0.7 mm, σγ/γ = 1. × 10−4, γ0 = 313,

and R56 = 1.4 cm, the same values as in [6].) The average

value of δz at each z after the chicane, ⟨δz(z)⟩ (the green

line in Fig. 2, with a hypothetical σγ/γ = 0 case shown for

comparison in red) can then be used to calculate the relative

modulation of the line density of the electrons:

δλ/λ0 = −d/dz(⟨δz(z)⟩) . (8)

The result is shown in Fig. 3. For a round Gaussian beam

with the lab-frame linear number density λ0 = 6.25 × 1011

m−1 corresponding to the Ie = 30 A and other parameters as

above, this density modulation would result in a longitudinal

on-axis wakefield Ez(z) shown in Fig. 4. An actual calcula-

tion (as distinct from the simplified illustrative example here)

should partition the e-beam in transverse coordinate space
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and use λ0(x, y) appropriate for the actual transverse density

profile of the e-beam to compute δλ(x, y, z), which is then

used as the source for computing the wake field. We note

that the technique described in this section can be used with

an arbitrary time-dependent, 3D source of perturbation, e.g.,

a moving ion and an electron density modulation developing

in the modulator in response to the ion.
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Figure 2: Calculation of ⟨δz(z)⟩ after the chicane (see text).
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Figure 3: Longitudinal relative density modulation after the

first chicane (beam frame z).

In order to compute the 3D, time-dependent wakefield

generated in the kicker (or an amplifier cascade drift) by the

evolving density modulation out of the chicane, we imple-

mented in Warp the following approach. We assume that

the local unperturbed background e-beam density is con-

stant over the spatial scales on which the density modulation

develops, leaving out the background E-field. Regions of

positive δλ(x, y, z) are then sampled by electron macropar-

ticles, and positron-like macroparticles are used to sample

negative δλ regions. These are used as a source term, as the
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Figure 4: On-axis wake field for the longitudinal charge

modulation as in Fig. 3 and a Gaussian transverse density

profile (beam frame z).

beam traverses the kicker and evolves, for solving the Poisson

equation in Warp in the beam frame on a 3D Cartesian grid,

so as to find the 3 time-dependent E-field components on the

grid. For a transversely cold beam we benchmarked the im-

plementation against the 1D longitudinal wake result in [6].

Fig. 5 shows an example of the wake computation in Warp

with this approach for the parameters of benchmarking sim-

ulations as above, except allowing the beam to freely expand

in the 40-meter long kicker. The figure shows snapshots of

the beam-frame on-axis |e|Ez(z) at times corresponding to

s = 0.7, 14.4, and 36.1 m into the kicker.
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Figure 5: On-axis longitudinal wake computed in Warp at 3

positions in the kicker, for a transversely expanding beam.
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