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Outline
•

 
Introduction

•
 

Colliding crystals
–

 

Rare ion collider

 

with ordered ions
–

 

Electron-ion collider

 

with an ordered ion beam

•
 

Lattices for attaining high energy crystals
–

 

High/imaginary transition-energy lattices

•
 

Phonon theories for crystal stability study
–

 

Analytical evaluation under smooth approximation (3D)
–

 

Analytical evaluation for actual machine lattice (1D)

•
 

Molecular dynamics study of high energy crystal

•
 

Examples and discussion
Acknowledgements: X.P. Li, S. Machida, D. Moehl, D. Trbojevic

 

…
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What is a crystalline beam?
•

 
Near-zero emittance

 
beam

•
 

Highest possible beam 
density

•
 

Highest possible beam 
luminosity

•
 

Ordered particle distribution 
(one-component Coulomb 
crystal) as a new state of 
matter



September 11, 2007 Wei 4

Coulomb crystals observed in traps

Gilbert, Bollinger, Wineland
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RFQ ring schematic layout

•
 

Stationary 24Mg+

 

ions

•
 

Table top trap

•
 

Multi-layer structure 
observed

•
 

Structure in agreement 
with classical prediction

Gilbert, Bollinger, Wineland
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Brief history
•

 

1980: Novosibirsk group (Dement’ev

 

et al)

 

saw anomaly in e-cooled 
proton beam; proposing crystalline beam concept

•

 

1986: Schiffer, Rahman, Hasse

 

et al

 

started theoretical study with the 
molecular dynamics method

–

 

Kienle, Habs, Hasse, Avilov, Hofmann, Hangst, Poulsen

 

…

•

 

1987: Diedrich

 

et al; Gilbert et al; Walther

 

… experimental 
observation of Coulomb crystals in various kinds of traps

•

 

1993: Wei, Li, Sessler

 

obtained conditions for crystallization & 
maintenance in actual storage rings

•

 

More current works: 
–

 

GSI group (Steck

 

et al)

 

observed 1-D ordering in beam
–

 

Heidelberg, Arhus groups on experimental laser cooling
–

 

Okamoto et al on theoretical study of 3-D laser cooling
–

 

Noda, Ikegami, et al commissioning S-LSR and dispersion-free ring
–

 

Meshkov, Katayama, Moehl

 

et al on colliding 1D strings for rare ions
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Molecular dynamics approaches
•

 
Use beam rest frame:

–

 

Non-relativistic motion of particles
–

 

Easy to adopt the molecular 
dynamics methods

–

 

Crystallization: zero temperature

•
 

Derivation of equations of motion:
–

 

Use general relativity formalism --

 
EOM in tensor forms

–

 

Find the coordinate system 
transformation

–

 

Transform the EOM from lab frame 
to the beam rest frame 

–
 

Use Molecular Dynamics methods
•J. Wei, “General relativity derivation of beam rest-frame Hamiltonian”, Proc. Particle Accelerator 
Conference, Chicago, 1678-1680 (2001)
•J. Wei, X.-P. Li, A.M. Sessler, BNL Report 52381 (1993); PAC’93, 3527 (1993)
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A view from the beam rest frame
•

 
Particle motion in the beam rest frame

•
 

Coulomb interaction among particles

•
 

Transformed Hamiltonian

•
 

Time-dependent Hamiltonian in beam rest frame
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Basic properties of crystalline beams
•

 
In general, the Hamiltonian is explicitly time-dependent (AG 
focusing); system is not conserved

–

 

Beam heats up when resonance conditions are met
–

 

Strongest (linear) resonance: lattice freq. = 2 x crystal phonon

 
frequency

•
 

Above transition energy: negative mass regime -
 

Hamiltonian 
is not positive definite

–

 

Growth in all directions regardless of resonance conditions

•
 

Conditions for crystallization:
–

 

Ring must operate below the transition energy
–

 

Phase advance per lattice super-period must not exceed 127o

 
(preferably < 90o

 

)
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Multi-layer beam simulated in actual ring

•

 

Characteristic 
distance: 

–

 

(1 --

 

100 μm)

•

 

Typical (lab 
frame) inter-

 
particle distance:

•

 

Highest density:
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Heating not predictable by usual IBS theory
•

 
Finest level, particle-on-particle interaction

•
 

Predicts a growth-rate turn-over when the beam is cooled 
towards the crystalline state
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Motivation of new studies (from co-authors)
•

 
In order to get a Ph. D degree --

 
Sugimoto

•
 

To impress my supervisor at JAEA --
 

Yuri

•
 

Just to have fun –
 

Professor Okamoto

•
 

To justify coming to this workshop –
 

Wei

•
 

An easy subject suitable for an old man -
 

Sessler
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Motivation to study colliding beams
•

 
Study potential benefits of ordered beam in a collider

–

 

Greatly enhanced luminosity; overriding beam-beam limits
»

 

Issue 1: can crystals be formed at very high energies?
»

 

Issue 2: are event rate / burn rate too high for detectors?
»

 

Issue 3: how to practically cool the beam? 
–

 

Achieve useable luminosity with very small number of ions (rare 
ion collider

 

–

 

Meshkov, Katayama, Moehl

 

et al)
»

 

Rare-ion collider

 

with ordered ions in a RHIC-like ring
»

 

Electron-ion collider

 

with ordered ions (RIKEN studies)

•
 

Study lattices appropriate for beams at high energies
–

 

High/imaginary transition lattices satisfying known conditions

•
 

Develop phonon theories to compliment MD simulation
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Overcoming beam-beam limit

•
 

Strength of Coulomb restoring force
–

 

“incoherent space charge”

 

tune shift ~ Tune νxy

•
 

Regime of luminosity enhancement
–

 

“beam-beam”

 

tune shift < “incoherent space charge”

 

tune shift
~ 1

–

 

In the absence of ordering, beam-beam limit ~ 0.01

•
 

Significant enhancement of luminosity
–

 

~ 104
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Collision of ordered beam –
 

MD simulation

• “incoherent space charge” tune shift ~ - 3.8
• “beam-beam tune shift” ~ - 0.27 
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Lattices for attaining high-energy crystals
•

 
Can we form crystals at energies (γ) much higher than 
machine tune (νx

 

, νy

 

)?

•
 

Lattice candidates
–

 

High transition energy (γT

 

>> νx

 

) lattice
–

 

Imaginary transition energy (γT
2 < 0)

•
 

Do they satisfy the maintenance condition?
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Missing-dipole 3-cell lattice
•

 
High transition, but violating the maintenance condition
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Negative-bend lattice
•

 
Satisfy all known conditions; capable for both high and 
imaginary transition energies
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Multi-shell crystal in imaginary γT

 

lattice
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Tools for theoretical studies
•

 
Smooth approximation, linearized

 
Coulomb force around 

equilibrium positions, linearized
 

phonon-spectrum analysis
–

 

Applicable for 3D crystals
–

 

Need MD assistance to attain the equilibrium position
–

 

Maximum solvable system: less than 100 particles per MD cell
–

 

Analytical formulae for 1D crystal
–

 

Does not apply on high/imaginary transition lattices

•
 

Phonon spectrum analysis for actual lattices (new progress!)
–

 

Valid also for high/imaginary transition lattices
–

 

Solvable only for 1D crystals

•
 

Computer simulation the molecular dynamics method
–

 

Ewald

 

summation, image charge, simulation of cooling forces …
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Phonon spectrum analysis
•

 
A

 
collection of particles all vibrating around their equilibrium 

position in the beam rest frame

•
 

6N x 6N matrix for a collection of N particles (linearized
 

force)

•
 

Formalism for 3D crystal under the smooth approximation



September 11, 2007 Wei 22

Analytical results for 1D crystal
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Spectrum under smooth-approximation
•

 
Highest phonon frequency in a crystal

•
 

High lattice periodicity is preferred

•
 

Low-density crystals can occasionally be formed even when 
above condition is violated (gaps in the phonon frequency)
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Phonon theory with actual machine lattice
•

 
Section-wise analysis with phonon approach based on 
linearized

 
Coulomb force

•
 

One-turn matrix constructed from each section

•
 

Eigenvalue
 

analysis for motion stability of a 1D crystal
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Stability from general-lattice phonon approach

Smooth 
approximation

General-lattice 
approach
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Indications from the phonon analysis
•

 
When beam energy is below or around tune, γ

 
<νx

 

, νy

 

, multi-
 shell crystals can be formed

•
 

As energy increases, formation of higher-density (multi-shell) 
crystals becomes increasingly difficult

•
 

1D crystals can be formed for γ
 

>> νx

 

, νy
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MD study of high energy crystals
•

 
For beam energy (γ) below γΤ, agreement with phonon theory 
is good

•
 

Beyond γΤ, , there is no agreement –
 

no crystals are formed 
above transition
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1D crystal at very high energy
•

 
Imaginary transition energy lattice
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Multi-shell at energies (γ)
 

near tune νx
•

 
High transition energy (γΤ

 

=105,

 
νx

 

, νy

 

~ 8.5) lattice

γ
 

= 10           
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Example 1: Rare ion collider
 

-
 

ordered ions in 
RHIC-like machine

•

 

Rare ion beams at energy of γ=20 
stored in two rings

•

 

360 “bunches”, each containing 
a string of 1 m with 4x106

 

ions
–

 

Trans. rms

 

amp. at IR ~ 10-6

 

m
–

 

Mom. spread Δp/p~6x10-6

•

 

Strong restoring force to resist 
beam-beam force

–

 

Incoherent space charge tune 
shift ~ -

 

1.9
–

 

Beam-beam parameter ~ 0.38

•

 

Luminosity 3.6 x 1027

 

cm-2s-1

(Numerical example: Au on Au)

•

 

Ultra-fact on low intensity ion 
beam

–

 

High energy electron cooling
–

 

Optical stochastic cooling 
(Tera-Hz)

–

 

?



September 11, 2007 Wei 31

Example 2: Electron-ion collider
 

with an ordered 
ion beam (Katayama, Moehl

 
on Muses-IR, 2002)

•

 

Rare ion beams (example: Pb) at 180 MeV/u stored in a ring of 180 
m circumference

•

 

IR length of 1 m,  ion density 1.7x104

 

/m (total 3x106)
–

 

Trans. rms

 

amp. at IR ~ 6x10-6

 

m
–

 

Mom. spread Δp/p~1.3x10-6

•

 

Beam-beam force from the electron beam
–

 

Incoherent ion space charge tune shift ~ -

 

0.25
–

 

Beam-beam parameter ~ 1

•

 

Colliding electron beam of similar transverse size at IR

•

 

Electron cooling on the ion beam to reach ordering

•

 

Luminosity 1.4 x 1027

 

cm-2s-1
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Summary and discussions
•

 
Phonon spectrum analysis provides a powerful tool in 
understanding crystal stability; it complements the molecular 
dynamics simulations –

 
more to be understood

•
 

Multi-shell crystals can be formed at energies (γ) up to the 
machine tune (νx

 

); 1D crystals can be formed to much higher 
energies using high or imaginary transition-energy lattices

•
 

Multi-shell crystals fail to form at high energies when (γ
 

>> νx

 

), 
possibly due to sensitivity of the effective transition energy γΤto the transverse forces between particles

•
 

With suitable cooling, a rare-ion collider
 

may be realized 
extending to high beam energies

•
 

Demo experiment: Use storage rings with crystal-friendly 
lattices (like S-LSR) to form ordered beams, and demonstrate 
colliding crystals passing the ordered beam through crystals 
formed in a trap
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Yes, we are having fun!

•Our BIGGEST Motivation Is Just To Have Fun --
 

Okamoto
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Molecular dynamics methods
•

 
MD cells with longitudinal periodic condition

•
 

Long-range coulomb force --
 

Ewald-type summation to 
enhance computational efficiency, considering beam image 
charge

•
 

Integrate EOM with 4th order Runge-Kutta
 

algorithm, 
potential by 15th order Gauss-Laguerre

 
(later improved to be 

symplectic)

•
 

Start with a random distribution, and simulate actual cooling 
process and heating process (or perform artificial ``periodic 
cooling’’

 
by imposing periodic condition & drift correction for 

the ground state)
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Phonon spectrum of a super-cold beam
•

 

Ring lattice 
periodicity: 8

•

 

Horizontal tune 
2.07; vertical tune 
1.38

•

 

Energy γ

 

= 1.1

•

 

Max. phonon 
frequency: 3

•

 

Max. allowed tune 
<2.83; 

•

 

Needed for 
cooling <2 

•X.-P. Li, H. Enokizono, H. Okamoto, Y. Yuri, A.M. Sessler, and J. Wei, 
“Phonon spectrum and maintenance condition of crystalline beams”, 
Phys. Rev. ST-Accel. Beams, Vol. 9, 034201 (2006). 



September 11, 2007 Wei 37

Closed orbit + phonon modes
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Colliding crystals --
 

miss out

• beam-beam tune shift ~ - 2.7
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