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The quality of field in quadrupole magnets depends mainly on the pole profile. For reducing the 
field errors, one often uses a circular pole of optimized radius or hyperbolic profiles modified at the 
pole edges. In any magnet design one first chooses a profile and then calculates the error harmonics. 
Here we describe a new method in which we choose the error harmonics first and then find the profile 
thus ensuring a good field quality. Tlw method can be applied to other multipole magnets also. 

1 Introd uction 

Qua.drupole magnets are essential elements in any 
beam line Ilsed for transporting beams of charged 
particles. Quadrupoles of various sizes and strengths 
are used for this purpose. Electrostatic quadrupoles 
are also sometimes used for low energy beams. In all 
these applications especially in high resolution beam 
lines and in synchrotrons one requires a highly pure 
quadru pole field so t.hat. t.he beam qualit.y remains 
good aft.er the beam passes t.hrough the magnet ei
t.her once or many times. The field qllalit.y in an iron 
magnet depends mainly on the profile of the pole. 
The qualit.y of the magnet.ic field or t.he magnetic po
tential can be judged from t.he harmonic expansion 
of the pot.ential due to the particular pole configu
ration of the magnet.. The pot.ent.ial [1 (1',0) at any 

point. (r,O) in a multipole element can he writt.en aR 

where e"s arc t.he coeffkient.s of various harmonics. 
A pure quadrupole pot.ential contains ollly the )'2_ 

term and so t.he pole profile of' a perfect quadrupole 
is given by 

(2) 

This is a hyperbola. IIowpver, t.he field ill a practi
cal quadrupole ('ontains the higher harmollic t.erms 
because one haR to place the erwrgizing ('oils around 

the poles and so the pole width has to he t.run
cat.ed. In electrostatic quadrupoles also one cannot 
use electrodes of very large dimension. The higher 
order terms are the error harmmonics and these 
limit the so called 'good field region' in a magnet. 
The 12-pole term i.e the C6 term is the dominant 
error harmonic and one tries to reduce this. 

There are various ways of reducing t.he C6-term. 
Often a circular pole profile is used and its radius 
is optimized to make C6 vanish. Grivet and Sept.ier 
tried various radii experimentally. The opt.imized 
radius comes out. t.o be 1.145 times to 1.15 times 
the half-aperture of the magnet [1,2]. Circular pro
file has another advantage, its fabrication is easy 
whereas fabrication of a hyperbolic profile requires 
a sophisticated numerically controlled machine. Of 
course, in laminat.ed magnets this is not. a problem 
once a dice is made with a sophisticated machine. 

For obtaining a better field quality than that of 
a circular pole people have used various other pole 
profiles [3]. Hinterberger and others [4] tlsed a pure 
hyperbolic profile terminat.ed by shims at the coil 
windows. Some others use hyperbolic poles trun
cat.ed with st.raight lines at t.he outer edges [5,6]. 
More Complicated profiles have also been used [7,8]. 
Danby and ot.hers designed and made poles consist
ing entirely of plane surfaces [9,10]. 

Tn this work we have described a new and simple 
method of detennining t.he pole profile by which one 
can reduce not. only t.he Cf)-t.erm to zero btlt also the 
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C lO and some other terms to zero. One can obt.ain 
a very good field qualit.y and at. t.he sallie time the 
pole width also can be controlled with the help of 
this method. 

2 The method 

In the design of the pole profile of a magnet what 
is generally done is to choose a profile first and 
then find the harmonic errors due to the chosen 
profile. The geometric parameters involved in t.he 
given profile are then varied to reduce t.he field er
rors. The calculations are generally done with the 
help of standard codes like POISSON, SUPERFISII 
etc. which solve the Poisson's equation by t.he finite 
difference method or the finite element method. An
other method is a semi-analytical method [11,12] in 
which the harmonic expansion equation of the po
tential is solved by the matrix inversion technique. 
In these methods the accuracy depends on t.he num
ber of points cnsidered in the region where t.he field 
or potential is calculated and one get.s large errors 
wherever sharp boundaries are involved. We do not 
have t.o face this problelll in the method described 
below. 

In ottr method we choose the error harmonics 
first and then find the profile which generat.es the 
chosen errors. Thus the qllalit.y of thp magnet is 
chosen a priori in our met.hod. The magnetic po
tential fQr a four-fold symmetric system such as a 
quadrupole im:,olves only the odd harmonics of the 
basic quadrupole potential and is given by 

U(1', (:1) = C2T2COS('20) + C'r,7'\'os(£iO) 

+ C'I01' 10 cos(l 00) + ('11 T 11 ('Os (I ilO) + ... (:~) 

By optimizing the radius of a rircular po)(' one ob
tains Co = O. Since we want a bet.t(~r qualit.y than 
this we t.ake Co = C to = O. We <lSSUllle t.hat. t.he pole 
is.' an equipotent.ial surface and so the pO\(' profile is 
determined by 

The pole profile can now be found out ll1lmerically 
hy put.ting values for l' in t he above ('qllatioTl al!d 

solving for O. The deviation of the profile from the 
ideal one will obviously depend mainly on the value 
of C14 . In the numerical procedure one can take a 
small value for (714 and then fiddle with the higher 
harmonics to get a profile which gives a finite and 
constant width for the pole. In practice t.he root
finding procedure is very easy, only one has to be 
careful to choose the right roots when multiple roots 
are involved. Fig. 1 shows how by varying t.he value 
of C18 one gets a geometrically good profile which 
has a finite and constant width. 

1 n equation (4) we have taken the coefficients 
upto C 26 only as the higher harmonics have very lit
tle contribution to the profile for values of l' smaller 
than about 3 (in terms of the half-aperture). 

3 

1.5 -5 
C ,04 =8x10 

-8 
C22=3.2x 10 7 

- 1 0 ~::::::::::==:;;>E::=:::' Cu =1.5x10 ~ 3 
2 

1.0 

0.5 

0.0 
0.5 1.0 1.5 2.0 2.5 3.0 

HEIGHT/HALF -APERTURE 

Fig.l. Change oj pole pmfile as C'III changes 

Results and discussions 

We have calculated the quadrupole pole profile for 
variolts fixed values of (:11. The results are shown 
in Figs. 2 and 3. Fig. 2 shows the profile for C14 = 
0.00004. The width of the new pole is 1.120 times 
the half-aperture and is nearly equaJ to t.hat of the 
circular pole. The polp widt.h can he adjust.ed by 
challging the value of C'11. As can 1)(' seen from Fig. 
3 t.he width increases when we ChOO:'H' smaller values 
of C'11. For larger values of (.'1.1 the width decreases 
and becomes lowe-r t.hall t.he width of t.he circular 
pole. A smaller pole width ohviously allows a larger 
space for t.he coil. 

Fig. II compares t1w fjpld qualit.y of the- n('w pole 
wit.h that. of t.he circular pole as a function of the 
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radial dist.ance fur various poles. It is clear t.hat t.he 
llew poles have very good field qualit.y. hlbrirat.ioll 
of t.he pole profile obtained by lIS is Ilion' difficult 
t.han t.hat. of t.he circular pole but. so is t.h(' fabrica
t.ion of t.he hyperbolic profiles ment.ioned parlier. 

, 

" " NEW 
" 

" " CIRCULAR 

" " " " " " , , , , , , , , ........ - .. , , , HYPERBOLIC 

, , 

Fig.2. Pole pmfile of a flnndn/pole obtained with 
the new method fOl' C l4 =0. 00004. A 11 optimized 
cin'7t1ar pmfile and an ideal h!JpedlOlie pm/ile 
are also shown. 
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Fig.:~. Foriot.ion of the width of the lIew pole 
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Fig. 4. Comparison of field el'ml' of the new 
pm/ile with that of the Cil'culO1' pm/Ue 

One interesting feature is observed when we cal
culate the pole shape for various values of C'14. The 
field deviation mainly depends on the magnitude of 
C l4 and not on its sign. Fig.5 shows t.he pole shapes 
for two values of C14 which have the same magnitude 
but opposite in sign. We see that for negative val
ues of C14 the pole widt.h is much higher than that 
for t.he positive value. The pole shapes adopted in 
referenres [7-8J are examples of such designs. It is 
obvious that. t.he pole widths could have been re
duced in those cases by a large amount. 
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Fig.5. Comparison of two pole shapes ,(rilling thr 
some field deviation in amplitude but opposite 
i1l. sign. The pole shape f01' positive ('14 has 0 

smaller pole 7lIi(hh. 
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The method discussed above is v0ry silllple and 
can be applied to other tnultipol0s like s('xt.lIpoles, 
octupoles etc. This method is simpler than ch()()s
ing an arbitrary profile and then t.ry to optimize the 
parametrs involved for reducing t.he field errors. The 
accuracy of the calculaton is not limited by the num
ber of points considered. For achieving even better 
field quality one can start with C6 = (:10 = C:11 = 0 
but then other factors like the location of the coils 
etc. become import.ant and one has to consider 
their contributions also to t.he field. The end ef
fects also become very important.. We not.e here 
that the procedure is valid only when the pole faces 
are equipotentials. This is strictly valid in electro
static quadrupoles and also in low field magnets. 
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