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ABSTRACT 

Ion trajectories through a spiral inflector are ana­
lyzed. In the case of a uniform magnetic field, it is shown 
that the central trajectory can be expressed as a simple 
analytical form, which includes all the inflector types al­
ready known. By using a curvelinear coordinate along 
the central trajectory, the equations of motion of non­
central ions are modified to describe the ion motion in 
the transverse and longitudinal planes. A method is pre­
sented to expand the electric potential around the central 
trajectory to calculate the electric field to be used in the 
equations of motion. In the method, an electric potential 
thus obtained is used instead of the electric field, which 
guarantees the energy conservation of the ions through 
the inflector. Numerical studies have been carried out for 
design of an inflector for the SF cyclotron at the Institute 
for Nuclear Study, University of Tokyo. 

1. INTRODUCTION 

With advent of excellent external ion sources, such 
as ECR sources for heavy ions, more cyclotrons are 
equipped with them. Most cyclotrons are designed re­
cently from the beginning to employ only them. It has 
been proved that the ions are most effectively injected 
along the main magnetic field of the cyclotron into its 
center. They must be deflected into the median plane 
in order for them to be accelerated successfully in the 
cyclotron. 

In the early stage of the development of the mod­
ern cyclotron, many studies have been carried out for 
devices to inflect the ions injected along the main mag­
netic field into the median plane. 1- 4) Nowadays, most cy­
clotrons employ a device called a spiral inflector 2,3,5,6) or 
an electrostatic mirror. 8) It is essential that a good op­
tical device should be employed to accept ions effectively 
from the ion source. 

A spiral inflect or for ions may be defined as a device 
with a pair of electrodes which produce an electric field 
always perpendicular to the velocity of the ions mov­
ing in a given magnetic field. The ion velocity at its 

entrance is parallel to the magnetic field, while at its 
exit the velocity should have been turned into a direc­
tion perpendicular to the magnetic field. Although it is 
not evident whether such a device generally exists in any 
given shape of magnetic field, spiral inflectors can be ac­
tually manufactured for cyclotrons, in which the main 
magnetic field is along the initial ion velocity, whereas 
the final ion velocity should be in the median plane of 
the cyclotron. 

In this paper, firstly, the central trajectory of an ion 
through the spiral inflector is reviewed by using a uni­
form magnetic field approximation. Secondly, the equa­
tions of motion for the non-central ions are modified in a 
curvelinear coordinate with the central trajectory as the 
reference curve to integrate them numerically. Thirdly, 
trajectory as the reference a method to expand the elec­
tric potential prod uced by the inflector electrodes around 
the central trajectory is presented. These formulae are 
applied to study the inflector design for the SF cyclotron 
at the Institute for Nuclear Study. 

2. CENTRAL TRAJECTORY AND CENTERING 
OF THE CYCLOTRON ORBIT 

The equations of motion of an ion wi th mass m and 
charge e, moving in a magnetic field B and electric field 
E with velocity v, can be written as 

t' = Ke - Fn + [t x b], (1) 

where the prime designates differentiation with respect 
to the length s along the orbit, b is the magnetic curva­
ture vector, 

mv 
B=-b, 

e 

K and F are the electric curvatures, 

mv2 

E = -(Ke - Fn), 
e 

t is the tangent unit vector, e and n are unit vectors 
perpendicular to t and n = t x e. 
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We will find solutions of the equations of motion by 
using t, e and n. The other two vectors should satisfy 
the following simultaneous equations 

e' = - K t + Gn + [e x b] 

and 

n' = -Ge + Ft + [n x b], 

together with Eq.(l). The curvature G is also a function 
of s. K and F determine the bending electric field and 
G determines the rotation of the electric field along the 
traj ectory. 

By definition, the electric field acts just as the mag­
netic field or vice versa so long as the central trajectories 
are concerned, since it exerts force in the perpendicular 
direction to the ion velocity. This fact is incorporated 
into these equations. If the magnetic field distribution b 
and the functions K, F and G are given as functions of 
position of the ion, we can integrate above three equa­
tions to obtain the central orbit. 

In the case of a uniform magnetic field B, it can be 
shown that the equations have simple solutions contain­
ing only trigonometric functions in the case 

K = C., F = C, sin 0:', G = - C, cos 0:' 

and 
0:' = Cos + 0:'0, 

where Ce and C, are constants specifying the electric 
curvatures and 0:'0 is a constant determining the phase 
of the rotation of the electric field. Let us introduce 
the following notation: Ro = (1/B)J2mVd/e, Rm = 
..JK:Ro, Cm = l/Rm , and Ki = Vi/Vd, where Vi and Vd 
are the injection voltage and dee voltage, respectively. 
The strength of the electric field is given by 

v: { 2 2· 2 ( )} 1/2 E=2i Ce+C,sm Cos+O:'o . 

This solution contains all of the types of the spiral 
inflectors so far studied in addition to new ones. With 
our notation, they are as follows: 

normal 2 ) 

slanted 2) 

hyperboloid 3) 

paraboloid ~) 

Co ::f 0, C, = 0, 0:'0 = 0 

Co ::f 0, C, ::f 0,0:'0 = 0 

Co = Cm /J6, C, = -Cm /2, 0:'0 = 0 

Ce = Cm /2, C, = -Cm /2, 0:'0 = o. 

It is known that the hyperboloid and paraboloid has no 
free parameters, while normal has one free parameter 
and the slanted has two free parameters. In the general 
case described above, we have three free parameters, C., 
C, and 0:'0 in general. In the normal case, the strength of 
the electric field is constant along the trajectory and so 
is the gap between the electrodes. Among many possi­
ble combinations of parameters, we should note the case: 
Ce = 0, c, ::f 0 (let's call this parallel, since the electric 

field is constant and the electrodes are parallel even if 
they are twisted). When 0:'0 = 7r /2, this solution is the 
same as the slanted, except that the axis is rotated by 
7r /2, but we can choose 0:'0 at will according to the re­
quirement. This solution has also a constant gap and 
still has another free parameter. 

After exit of the inflector, the ion orbit should be 
centered appropriately for further acceleration. In a sim­
ple approximation of a uniform magnetic field and the 
narrow-gap limit of acceleration, the tangent at the in­
flector exit should be the tangent of a circle with radius 
Rm. The center of this circle should be located prop­
erly for further acceleration in the cyclotron. This re­
quirement determines one of the three parameters or the 
injection voltage. 

3. OPTICAL PROPERTIES 

For the non-central trajectories, we trace the ion or­
bits in a curvelinear coordinate system referring to the 
central trajectory as the reference curve. As in the the­
ory of particle accelerator with large dimension, it is con­
venient to separate particle orbit in the transverse and 
longitudinal directions. For this purpose, let's introduce 
a vector in the transverse plane 

q = T - Te 

such that 
q·t = o. (2) 

In order to trace the ion motion along the reference curve, 
let's introduce another vector 

dT 
P - --t 

- du ' 

which describes the difference of the ion velocity with 
respect to the reference one. The quantity u has a di­
mension of length, u = vt, where v is the velocity of 
the reference ion and t is the time elapsed after enter­
ing the inflector. It is a function of s and corresponds 
to the flight time of the non-central ion in question. By 
differentiating Eq.(2), we obtain the equation for u: 

, ). 
u = , 

1 + p. t 
(3) 

where 

). = 1- (t'. e)(q· e) + (n'. t)(q· n). 

With these vectors, we can rewrite the equations of 
motion in the following form: 

q' = u'p + (u' - l)t (4) 

and 

p' (u' - 1) {Ce + [t x be]} 
+ u' {(C - C c) + [t x (b - be)]} + u'[p x b], 

(5) 
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where the suffix c refers to the central trajectory and C 
is the electric curvature vector. It is easy to rewrite these 
vector equations into those for the components (q.,qn) 
of q and (Pe, Pn, PI) of p. 

Up to present, we have not assumed that the mag­
netic field is uniform. If the magnetic and electric field 
distributions are given in the space and the central tra­
jectory is given, we can integrate these equations to cal­
culate the ion trajectories of non-central ions. 

The energy conservation is easily verified in these 
equations if we use appropriate electric potential and 
electric field described in the next section. It should be 
noted that the longitudinal electric field appears for the 
non-central ions that are absent on the central trajectory. 
In the calculations using these equations, we can use the 
energy conservation as the checks for the calculations at 
each step of integration. When calculating transmission 
efficiency or acceptance of the inflector, we can check if 
an ion hit the inflector electrode or not by looking at the 
electric potential at each point in question. 

4. ELECTRIC FIELD AND SHAPE OF ELEC­
TRODE SURFACE 

Since we are using a curvelinear coordinate moving 
with the central trajectory, the electric potential becomes 
somewhat complicated due to the twisting of the refer­
ence curve. In the transverse plane, the relation of the 
electric potential and the electric field is as usual: 

and 

fJ¢i 
E·e =-­

fJqe 

fJ¢i 
E·n=--. 

fJqn 

In the longitudinal direction, the electric field is given by 

E·t = 

The Laplace equation then becomes 

We can expand the potential ¢i around the central 
trajectory as a power series of q by using a polar coor­
dinate (q, 8) in the transverse plane: 

where 

an and Cnkm are complex functions of s, and m is an odd 
or even non-negative integer as n is. Note that the fac­
tor qneinB is a solution of the Laplace equation when the 
reference curve is a straight line. The coefficient ao must 
be independent of s since the electric field is perpendic­
ular to the reference curve and al is determined by J( 

and F. The other coefficients an introducing the 2n-pole 
electric potential are free parameters for the shape of the 
inflector electrodes. 

It should be noted that this expansion is only valid 
near the central trajectory: it is valid for small Cmq, Ceq 
and Ctq. 

5. DESIGN STUDY FOR THE INS SF CY­
CLOTRON 

The SF cyclotron9 ) at the Institute for Nuclear 
Study, University of Tokyo, has been using a mirror to 
deflect the ions both from a polarized-ion source and 
from an ECR ion source. lO ) The cyclotron was designed 
and constructed to be used mainly with internal PIG 
sources. The transmission through the vertical injection 
line is not good( 1-5 %), which is the main motivation of 
the present study. It is an ordinary A VF cyclotron with 
an extraction radius of 730 mm. Usually it employs a 
constant orbit acceleration with 250 turns up to extrac­
tion: thus Ro = 33 mm. The dee voltage used for usual 
operation lies in the range 20 - 60 kV. Since the magnetic 
field is uniform within 0.5% in the region of interest, the 
uniform field approximation may be adequate. 

Numerical calculations have been carried out by us­
ing the polynomial expansion of the potentials up to 5th 
order in qCm, qCe and qCt. Four types of potentials 
have been generated: two deflector types in e and n di­
rections, two quadrupole types with hyperbolic shapes. 
The equations of motion, Eqs.(3-5), were integrated nu­
merically for each ion starting at a point generated ran­
domly in the phase space. The Monte Carlo calculations 
were performed for each combination of these potentials. 

The numerical values of the potential thus obtained 
show distortion of the electrode surfaces due to the twist 
of the central trajectory. In the case of the normal type 
with a value of V; = 0.3, radii of the magnetic and elec­
tric curvatures are 18 mm and 41 mm, respectively, the 
surfaces of the electrodes deviate from a straight horizon­
tal line by about 0.5 mm at a point 5 mm apart from the 
central trajectory. Conversely, if we machine the elec­
trode surface as a straight line in this case, considerable 
strength of the quadrupole and/or higher-order compo­
nents of the electric potential is introduced inevitably at 
the edges of the electrode width, although it is not clear 
that these components improve or deteriorate the optical 
properties. 
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It was found that the parallel type has large freedom 
for choosing the injection voltage: Vi changes widely by 
changing ll!o for a given path length as shown in Fig.I. 
Note that ll!o = 90° is equal to the normal case. In 
our cyclotron, the injection energy of the ions must be 
varied widely, since the injection voltage is proportional 
to the dee voltage once the inflector structure is fixed. 
This point is an advantage of this type, because more 
ions with better emittance can be extracted usually from 
the ion sources and the ions with higher energy are less 
affected by disturbance such as stray field during the 
beam transport. 
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Fig. 1. Ratio of the injection voltage to the dee 
voltage and acceptance as a function of 0'0 for the 
two different cases of the path length. 

In the figure, the values of Cf were so changed that 
the path length has two different values of 64 mm and 43 
mm for each ll!o. The former is a realistic value having 
a height of about 40 mm and the latter, having a height 
of 30 mm, seems too small in our case. 

Acceptance is also shown in Fig.1, calculated by the 
Monte Carlo method mentioned above. A waist with a 
radius covering the physical aperture and with an angu­
lar spread of 100 mrad was assumed for the beam at the 
entrance. It can be seen that the acceptance depends lit­
tle on ll!o, which allows us to select an adequate injection 
voltage without affecting the acceptance. 

As expected, calculations show that acceptance is 
primarily determined by the path length of the central 
trajectory. The values of the acceptance shown in Fig.1 
appear to be large enough, but calculations show that 
the two transverse motions and the longitudinal motion 
are highly coupled in the inflector that the transmission 
should be calculated for individual design of the inflector. 

For simplicity, we have determined to start from the 
simplest type of the inflector, the normal type. 

6. SUMMARY 

The formulation of the central trajectory described 
In this paper can classify and compare several kinds of 

inflector types already known in the uniform field ap­
proximation. It can be used for compact-type cyclotrons 
in which the magnetic field is almost uniform in the cen­
tral region of the cyclotron. It can be modified or used 
as a starting point of estimation also for separated-sector 
type cyclotrons in which the field changes considerably. 
It should be noted that the three free parameters allows 
us to choose a best central orbit for a specific requirement 
at a cost of difficulty of machining. 

Our formulation of the non-central orbit is more 
transparent than those of other works by guarantee­
ing the energy conservation, when used with appropri­
ate electric potentials. However, we don't believe that 
we have clarified the optical properties sufficiently by 
present numerical calculations because of the inherent 
complexity of the problem. Further numerical studies 
seem to be necessary. 
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