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Abstract

The effects of the electric fields generated
by the ion beam in a cyclotron are investigated
theoretically on the assumption that the beam con~
sists of well defined bursts of ions moving on
separated orbits. The theoretical analysis is
carried out in two steps by first calculating the
field acting on an ion at the surface of an indi-~
vidual burst due to the charge contained in the
burst itself and then adding the contributions of
charges on neighboring orbits. The electric field
is found to be a function of the burst's radial
position, inversely proportional to the velocity
(or radius) on the first turns and then rapidly
leveling off at intermediate radii. The influence
of various parameters (dimensions of the bursts,
energy gain per turn, etc.), the changes in the
betatron frequencies and current limitations due
to the space charge forces are discussed and il-
lustrated in a numerical example.

1. Introduction

The repulsive action of the electric field due
to the charge of the ions is one of the major pro-
blems in achieving higher phase-space densities of
the ion beam in cyclotrons as well as in other ac-
celerators. These space charge effects are, in gen-
eral, not amenable to rigorous theoretical treat-
ment. At the same time they limit the applicabil-
ity of single-particle dynamics on which designers
usually rely, and some analysis of the influence
and magnitude of these effects is therefore of
great importance.

Past estimates of space charge effects in cy~-
clotrons and synchrocyclotrons assumed a continuous
radial distribution of the circulating ion beam and
approximated this beam by a flat, infinite sheet of
uniform charge density which results in a constant
electric field perpendicular to the plane of mo-
tionl-3,

These approximations, however, are only valid
for intermediate radii; at the ''edges', i.e., in
the center and near extraction the situation is
different. Furthermore, the assumption of a con-
tinuous radial current distribution does not ap-
ply when individual turns are well separated as is
the case in the central region of most cyclotrons
and to an even greater extent in the proposed sep~
arated orbit cyclotron now under study at Oak Ridge
National Laboratory* and Chalk River.

This paper deals with a theoretical study of
the space-charge problem which is based on the as-
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sumption that the ion beam in the cyclotron con-
sists of individual bursts of finite dimensions
moving on separated orbits. The electric fields
produced on the surface of a given burst due to the
charge contained in the burst itself as well as the
contributions of charges on neighboring turns are
calculated in approximate form as a function of the
orbit radius which defines the burst's position in
the circulating beam. Formulas for the changes in
the radial and vertical betatron frequencies and
for the current limitations due to the space charge
forces are presented. The influence of the various
parameters (current, transverse and longitudinal
dimensions of the bursts, energy gain per turn,
total number of turns, etc.) is analyzed and some
numerical results are presented.

2. General Considerations

For a general analysis of the problem let us
consider the history of an individual '"fish'' of
ions on the spiral-shaped path through the cyclo=
tron from the first orbit to the extraction radius.
Fig. 1 shows a schematic view of the situation in
the early part of this acceleration process. For
simplicity the ''fish'' is assumed to have a rectan-
gular cross section of radial width 2x and vertical
height 2z and to stretch along the circumference of
the orbit radius with an azimuthal extent of 4%,
(Deformations due to the difference in energy gain,
different electric focusing and other effects are
neglected). At the end of the first revolution the
ion burst is at a radius R, which is determined by
the voltage gain per turn, V,. Other ion bunches
are at radii R_ = R]/h where n is ‘the number of
turns.

For an evaluation of the space charge effects
we can distinguish between the central region where
in many cases the turn separation, AR, is large com-
pared to the intrinsic width, 2x, of the ion beam
and the remaining region where 2x is comparable to
OR. On the initial orbits, an ion will predominan-
tly be affected by the charge contained in the par-
ticular burst to which it belongs whereas at larger
radii the influence of the ion charges on neigh-
boring turns becomes increasingly important and
eventually will be the dominant factor. As the ex-
traction radius is approached this 'proximity' ef-
fect will be reduced again and disappear completely
when the beam has been extracted. (The special
situation arising at larger radii when the turn
separation becomes smaller than the radial width of
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the ion bunches and neighboring bursts do overlap
will not be considered here).

The electric potential which a given ion ex-
periences is thus the result of the superposition
of the field generated by the burst to which it
belongs and the contributions of all the charges
on neighboring turns, Vn. To these two terms one

has to add the influence of the image fields, Vi,

resulting from the presence of the dees and other
conducting electrodes. The potential at a point

p(r, 6, z) on or near the surface of a given burst
is then:

V(r,8,z) = Lmre
o

T
! X%— Y (r,0,2) + Vy(r,0,2) (1)
where the integral in the first term is to be taken
over the volume of the burst; p is the charge den-
sity and s the distance between P(r,0,z) and a
: ’ . <
point P (§,9,L) in the burst, i.e.

s2 = (z-C)2 + r2 + §2 - 2r§ cos(6-y).

None of the three terms in eq.(1) can be
solved in elementary, closed form even with the
idealized geometry of Fig. 1. We, therefore, will
try approximate solutions which allow simple inter~
pretation and evaluation of the various parameters.
First, one can argue by reasons of symmetry, that
the image charge term will be negligable when the
beam height is small compared to the internal dee
spacing, 2h. (In neglecting this term, however,
one has to keep in mind that it may become very im-
portant when the beam blows up and fills the avail-
able space completely.) The remaining two terms
will be treated as follows: (1) We restrict our=
selves to calculating the field for the envelope
ions at points P](R,O,z) and PZ(R+x,0,O) of the

burst, where R is the orbit radius, 2x the radial,
2z the vertical extension of the burst. (2) In
evaluating the first term, we assume that the azi-
muthal extension, RA#, of the burst is large com=
pared to the transverse dimensions but smaller than
R so that cos %? can be replaced by 1 - é%— .

(3) To calculate the influence of other turns the
ion bunches on these turns will be approximated by
line charges of finite length RAB.

Before this program is carried out in the next
chapters, we will discuss briefly what implications
the space charge force will have on the beam dyna-

mics. The vertical electric field component
Ez = - %¥ acting on the envelope ion at point Pl’

i.e., at distance z from the median plane, results
in a force qEz which is opposed to the external fo-

cusing force. In the smooth approximation form of
the linear betatron oscillations this can be ex-

pressed as: 2

meZE s m? v ? - qE_ = 0 (2)
2 z z
dt
or
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The net effect of the space charge force is
then a reduction of the vertical betatron frequency,
Vs the new effective frequency being given by the

formula: qE
-;:2_ 2_ Z
vy =y, 5 (&)
mo z
The relative change is:
1/2

fvz _[| - __EEE__
\Y 2.2
z mov_“z
z

] - o

which for small changes can be approximated by:

avz 1 _EEE__, (6)
v - 2 2 2
z mv_“z

The space charge limit is reached when

dvz

v
z

in two ways: (a) it determines the current densi-
ty, i.e., the maximum current which for given v,

= =1 or vz* = 0. This limit can be looked upon

can be contained in a beam of height z and thus re-
presents a limit to the achievable vertical beam
quality (measured in mA/cm rad); (b) uitimately, it
limits the total current that can be accelerated in
a cyclotron with dee height 2h and vertical beta-
tron frequency v_. These limits are reached at the
radius ghere v, has its minimum value, or better

z
h
where —3
v "z
z

is a maximum, and this usually occurs

in the center of the cyclotron. If the current
emerging from the ion source exceeds the space
charge limit at this point, as it does in many
cases, it will immediately start to spread vertical~-
ly until at some larger radius the v_ value is big
enough to balance the space charge fgrce; if the
imitial current exceeds the space charge limit of
the cyclotron ions will hit the dees and thus be
removed from the beam until the external focusing
force can contain the syrviving current, as was
discussed by Mackenzie3).

The radial betatron frequency is also affected
by the space charge forces. However, the situation
is here less critical than in the case of the ver-
tical motion since vr is generally greater than

VZ and since the radial field components are can-

celled at intermediate radii. (The fields gener~
ated by the bursts inside and outside a given inter-
mediate radius have opposite directions and there-
fore tend to cancel whereas the superposition is
additive in the vertical direction). Where the

C-006



Proceedings of the International Conference on Isochronous Cyclotrons, Gatlinburg, Tennessee, 1966

1966 REISER:

radial field components do not vanish, as in the
central region and on the outer radii, formulas
(2) to (6) also obtain for the radial motion ex-
cept that EZ, z, and v, are to be replaced by

E, x, and v _.
v’ 2 r

3. Electric Field of a Single Ion Burst.

With the assumption of constant charge density
p, restricting ourselves to the case 8 = 0, and
using cos ¢ = 1 = wz/ 2 we can write for the first
term in Eq. (1):

R+x —%Q

V(r,0,2) = - j‘ > .
Rex =8 -z [(2-0) 4 (r-8) +reg?
2 )

The coordinates of the envelope particles to which
the calculation is restricted are PI(R,O,z) and

PZ(R+x,O,0). Since x << R we can replace r§ by RZ.
Iftegration of (7) under these conditions yields
for the vertical component of the electric field at

P]:

€ d§ do df

_ .8V _ _2xp
Ez T2z hneo G, (8)

and for the radial field component at PZ:

-V 22p
Er - or lm€o Gr 9)

The constants GZ and Gr depend on the ratio of
width to height“of the' bursts,x/z = @, according to

o
[}

L 4 -1 a
2 log (] + ;2) +g tan T (10)
and

G
r

tog (1 + 4a?) + ba tan”' = (1)

Fig. 2 shows G_, G_, and the ratio of the two field
components, E_“/ E_, as a function of a. It is
seen in this figuFe that for a large range of «
values the ratio Ez/Er is approximately unity.

The charge density p is proportional to the
current and inversely proportional to the velocity
v of the ions according to

Io 2m]
® = Ixzy = Aplixzv (12)
Ad

I_is the peak current, I = =1
[} 27 "o
rent, and 4xz the transverse cross section of the
ion burst. Substituting (12) into (8) and (9)
yields:

the average cur-

1G 1G
9z

E. = = Z
z 8ﬂeovz 460A¢vz

(13)
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16 IG

o r _ ____r.
Er - 8Treovx - 4eoA¢vx (14)

The field strength is thus seen to be equivalent
to that of a line charge multiplied by a factor of
Gz/h, or Gr/h. It is proportional to the current

and inversely proportional to the velocity v and
the distance z, or x, from the center of the burst.

The velocity v in turn is proportional to the
cyclotron frequency w and the orbit radius R:

v=Re=R/Ao (15)

The radius R, after the first revolution is related
to the voltage gain per turn, V], and the magnetic
field in the center, Bo:

i

Ry =8

o)
Note that w is assumed to be constant (isochronous
magnetic field) and relativistic effects are neg-
lected. According to Eqs. (13) and (14) the elec-
tric field and the resulting force due to the space
charge of a single ion burst have their maximum
values at the ion source and decrease with increas-
ing velocity.

-qﬂ v, (16)

Rapid initial acceleration of the ions to
high velocities by applying large dee voltages or
external injection with high kinetic energy will
therefore reduce the defocusing effects of the
space charge forces in the center of the cyclotron.

4. Influence of Ion Bursts on Neighboring
Orbits

To evaluate the second term in Eq. (1) we ap-
proximate the neighboring bursts by finite line
charges. If we choose a rectangular coordinate
system y,s where the line charge is located along
the y axis extending fromy = =L/2 to y = +L/2 the
transverse field strength at dis}ance s from the y
axis is

I
- T y.ﬂ-x:.'-.)
Bs "Gme v s (.r r (17)
o i 2
where r and r, are the distances from the two end

points of the line charge. We restrict ourselves

to the case y = 0 and obtain

1 i
= - 2 2
s~ 2me vs Jl 5% /1

E (18)

At small distances (s << L) this expression appro-
ximates the field of an infinite line charge where-
as at large distances (s > L) it resembles the
field of a point charge with a l/s dependence. Let
us now consider an ion burst at a given radius

R, = R]/_. The electric field strength produced at

Reprinted from IEEE Transactions on Nuclear Science NS-13 (4), Aug 1966 (©) IEEE 1966



Proceedings of the International Conference on Isochronous Cyclotrons, Gatlinburg, Tennessee, 1966

174

the envelope point PI(Rn’z) by the charge of some
other burst located at radius Rv’ is given by Eq.
(18) with

2 2

Rp) (19)
The vertical motion is effected by the z-component
of this field strength which is

s =5 + (Rv

V=

r4
- (20)

The total vertical field strength is obtained by
summation of the contributions of all neighboring
turns fromv =1 to v = n-1 and from Vv = n+l to

vo=n where n, is the total number of turns in

the cyclotron:

M e , 1 Nt | ,
Z:lEz" =\ZI Fsv 5, 7 2me, Z:I sy
v#n v#n vin ¥ Wiw !+ (5,/8)
(21)
with v, = wRIf\') s Ry= RN, and L= RV-A% =R/ AZQ
we obtain
nt /
I z/R
2
. m@m ) o
v=1
v#n v#n
~1/2
(s -t )
(22)

The vertical field strength due to charges on neigh~-
boring turns is thus a function of n, i.e., the po-
sition of the ion under consideration, with R;, the
beam height, z, the azimuthal length, A¢, and the
total numer of turns, n.s as parameters.

The total field strength acting on the vertical
envelope particle of a given burst is obtained by
adding the field produced by the burst itself, Eq.
(13), and the contribution of other turns, Eq. (22):

E, = —2= F(n) = ——a=—, F(n) (23)
¢ eo 12 eo‘”(Z%)l

where
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M -1

(fv[<z/a Y2 5/m?] Ix
v=}

v#n

G, /
F(n) = Gz Wn * I

-1/2

Ao lamrp® svm?])

x (1 +

The factor I _/e «R? in Eq. (23) represents the
electric field Que to an infinite piane of uniform
charge distribution which we will denote with E .
Since viR; = vlzﬂn = 2qu/m», we can write ¢

I I mw Imw
Eye = o 7 = 2quv = ) (25)
eole o™ 26o 2n qV]

This is the formula f?r the space charge field
used in the literature.! The function F(n) will
be discussed in the next chapter.

The change of the vertical frequency due to
the space charge field is obtained by substituting
Eq. (23) into Eq. (5) using (25) which yields:

[] - IF n

o EF mzvl z

1/2
2] -1 (26)

The maximum current which can be contained in a
beam of height z is

2 _1
F(n)

)
L = 280 (32 w2vpy, (27)

A similar procedure can be applied to the calcula-
tion of the radial field component, Er’ acting on

an envelope particle in the median plane. If the
ion burst considered is at radius Rn= R]/; and the

envelope particle is at point Rn+ X the distance to

some other burst at radius Rv becomes

= + -
sv Rn X Rv

= R (/R0 + Ri) (28)
1

and the summation over all turns inside and outside
of turn n yields
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"t

ygjr — — Z C/— [/-'f-J"‘/Rl]) x
v#n v#n

(29)

G+ [ en, I

Note that for turns outside n(v>n) the terms in the
sum have negative signs and hence will be subtract-
ed from the terms for v<n. The total field strengh
is obtained by adding Eqs. (14) and (29):

1
E = —2— g(n) = ——— G(n) (30)
2 A 2
©oe g, € (z'%D“’RI
where
n
G
G6(n) = Einrk rra'l")/ﬁ ? (PR + 2/ D
1
:#n
-1/2
G+ =5 A+ RXT)Z> (31

The change in radial frequency due to this space
charge field is

16 (n) ]1/2

[I ) _QZ—Q) WV xv

(32)

It should be noted that in order to avoid a singu-
larity in the function G{(n) Eq. (31) can only be
used for turn numbers n where x is smaller than the
turn separation. A more stringent requirement is
that the total radial width, 2x, of the beam

should always be smaller than the turn separation.
This limits the orbit number for which G(n) can be
calculated by means of Eq. (31) to values where
Ja+1-/nz 2x/RI or

2
51]_6@1/")

5. Analysis of the Theoretical Results

(33)

The function F(n) in Eq. (24) which through
the relation r=R_ ]/_ also constitutes a func

tion of radius, r, measures the ratio of the field
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E, to the field which would be produced by a con~

tinuous infinite beam with uniform charge density.
One would therefore expect that this function ap-
proaches unity for intermediate turns provided

that the total number of turns, s is large. To

show this we approximate the summation in Eq. (24)
by an integral neglecting the correction factor

[+ et

Now

e

dv
J A @R B-f) ]

/7 -1 A/n -
+ tan. f;R_ ]

(34)

= ~7r“‘ [tan

(24+) takes then the form:

G

, | S/
8m(z RI) n

F(n) = ——7-—— + tan

]
+ n [tan

-1 f%ﬁ?ﬂ'

(35)

1 1
T o (z7R])/ﬁ

This formula is good for not toc small values of n.
If n is of the order nt/z and n_ is very large the

two arctan functions each approach maximum values
close to m/2. Since both the first and last term
in Eg. (35) go to zero for large n the function
F(n) does indeed approximate unity in this limit
as expected.

For small values of n, i.e., on the central
orbits, the influence of neighboring turns dimin-
ishes and the space charge field is mainly deter-
mined by the first term in Eqs, (24) and (35). The
extent to which this term dominates depends pri-
marily on the turn separation in the center, which
is determined by the radius Rys and to some degree

on the total number of turns in the cyclotron.

To obtain a quantitative picture of the situa-
tion, let us consider the hypothetical case of a
bo-Mev deuteron cyclotron with fixed magnetic field
and therefore fixed extraction radius. The width
and height of the beam are assumed to be constant,
with x = 1 mm, z =5 mm, and hence G, = 6.61. The

central magnetic field,Bo, is assumed to be 12.9kG

which gives a value of @ = 6.19 x 107 s-l. With
these parameters the function F(n) was calculated
for two cases of voltage gain per turn, (a) V‘ =

100kV, and (b) vy = L00kV; the corresponding values
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for the first orbit radius and the total number of
turns are Ry =5 cm, n. = 400 for case (a), and

Ry =10 cmy n_ = 100 for case (b). The angular
width of the beam was assumed to be 4¢ = .5 rad.

The results of the calculations with these
conditions are plotted in Fig. 3 which shows F(n)
as a function of radius R and /a for the two cases.
The broken lines in this figure represent the con-
tributions of the single-burst term

Fy(n) =G,/ (Bn/rz/R))

in Eq. (24). The plots exhibit the expected be-
havior. In both cases F'(n) dominates at small

radii and decreases rapidly with radius. The in~
fluence of neighboring turns rises very quickly in
case (a) due to the low energy gain and small turn
separation and after some 30 or 40 turns the func-
tion F(n) levels off at a value slightly above 1;
near the final radius F(n) decreases again as ex-
pected. In case (b) the influence of neighboring
bursts is less pronounced and increases less rapid-
ly with radius than in case (a) contributing about
5 per cent on the fourth turn and a maximum of a
little over 50 per cent at the outer radii before
it decreases again. Note also that F(n) in this
case is always greater than 1 at intermediate
radii and thus does not approach the situation of
a uniform charge distribution. The important
point in Fig. 3 is the steep increase of F(n)

at small radii which indicates that the electric
field due to the space charge is much stronger
than would be the case with a uniform charge dis~
tribution. The reason for this difference lies,
of course, in the fact that the charge contained
in one orbit is concentrated in a relatively small,
distinct burst rather than being distributed uni-
formly over the space & R between successive turns.
The deviation from the uniform-field case is rough-
ly proportional to R, as was pointed out earlier.

The net effect of increasing the dee voltage,
and thus of R,, is twofold: (a) it reduces the
electric fiek} due to the space charge on the
early turns roughly by a factor l/R] or I/Vﬁﬂ and

on intermediate turns by l/R‘2 or I/VI, and (b) it

moves the injection point to a larger radius where
the magnetic focusing (which usually increases with
radius in the center) is better. When F{n) is
known one can calculate the change in the vertical
betatron frequency, v, that a given current pro-

duces or one can determine the maximum current
which, for given dee height, z = h, and given
radial dependence of v, can be accelerated in a

As an illustration we shall calculate
necessary to just compensate for

cyclotron.
the values of v,

the space charge of a given current in the case of
the deuteron cyclotron discussed previously.

Using the assumed values for 44, w, and z, we ob-
tain from Eq. (27):

2 1[maJF (n)
v ©=2.29

2 ‘—‘T"Tv] ey (36)
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In case (a) where V]= 100kV we find at the end of

the first turn (n=1) in Fig. 3a the_value F(n) =
2.69, which yields vzz =6.17 x 107 1[mA]. Thus,

for a current of 1 mA one needs a value of vz=.2h8

to compensate the space charge force. Such a high
v, value is generally difficult to achieve at a

radius of 5 cm.

In case (b), on the other hand, vy = L400ky and
F(n) = 5.29 for n = 1 leading to v22= 3.03 x 10-2

I{mA] which is about half of the previous value. A
current of 1 mA requires a balancing v, value in

this case of about .174 which is still relatively
high but easier to achieve as the first orbit rad-
ius in this case is 10 cm.

This numerical example demonstrates the magni-
tude of the space charge effects at the early or-
bits in a cyclotron. Since the magnetic betatron
frequency, vz, generally rises from zero at the
center to values of about .2 at radii between 10 cm
and 20 cm (depending on the height of the magnet
gap and other factors) it is clear that relatively
low beam currents can easily lead to defocusing and
possible losses to the dees. In any case, the ef-
fective vertical frequency may be substantially less
than the values obtained from the single-particle
theory. This applies, of course, also to the radial
frequency, v, at small radii. With the values of
our previous example and taking only the dominant
first term in Eq. (31) we get G(n)= 2.2 for n=1 in
case (a) and G(n) = 4.4 for n=1 in case (b). The
relative change in v, can be calculated from Eq.(32)
Assuming a value of v .=1.0 one finds that a current
of 1 mA results in a fractional change of the ra-
dial frequency of =14% in case (a) and of -7% in
case (b). This is an appreciable reduction of the
radial frequency which implies that the V=1 re-
sonance in sector focused cyclotrons is shifted to
larger radii when relatively high currents are ac~-
celerated.

6. Conclusion

The preceding study of the space charge ef-
fects in cyclotrons is clearly a simplification ofa
very involved physical problem which does not allow
a rigorous theoretical treatment. As was pointed
out earlier, the individual ion bursts, under the in-
fluence of the external magnetic and electric fields
and the space charge forces, undergo many changes of
their shape associated with fluctuations in charge
density. The assumptions made in the theory are
therefore approximations of the average behavior of
the ion beam and of the average magnitude of the sace
charge effects in a similar sense that the linear
betatron frequencies are an approximate measure of
the average focusing forces in a sector-focused cy-
clotron.

Apart from these restrictions the formulas de~
rived allow approximate calculations of the electric
fields generated by the circulating ion charges on
the surface of the central part of a burst and permit
quantitative estimates of the resulting changes of
the betatron frequencies or of the total current that
can be accelerated in a beam of given dimensions.
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DISCUSSION

KOLSTAD: What is the effect of ignoring the
image-charge term?

REISER: This depends on the height of the beam
z, and the dee aperture h. I have not made the
calculations because they are very involved. You
have to consider the image charges generated by
all the bursts that are simultaneously rotating in
the cyclotron, and you get summation of a large
number of terms. But it can be done. For ex-
ample, I just considered one single burst and
took into account the first few images induced in
the conducting planes. 1 found the effect to be
only a few percent in this case. But I should
emphasize that whenever the beams blows up
and hits the dees, the image-charge forces start
to become important. I calculated in one case
that it may very easily go up to 30%, then, of
course, my assumptions do no longer give the
real picture of the situation. Also, I neglected
the magnetic field, for simplicity, and just con-
sidered non-relativistic situations. But, adding
magnetic field and relativistic effects is, of
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course, straightforward.

POWELL: I should like to ask you a question
about space charge in the median plane. I am
thinking of some work by Welton reported at the
Sea Island Conference. He pointed out that the
leading edge of a bunch would gain energy, and
the lagging edge would lose energy as a result of
these space-charge forces. For a single-turn
cyclotron, with a very narrow phase width, what

energy spread would you expect from this sort of
effect?

REISER: This effect surely exists; it is not very
easy to calculate, but it can be done. (I have
done something in that direction, but have not yet
arrived at clear results.) I neglected here the
electric field of the azimuthal edges of the bursts
and considered only the central part of the burst.

BLOSSER: I would like to point out that Welton
also showed how to get rid of the energy spread,
by shifting the groups off from the peak to the
side of the rf wave.
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