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Abstract 

The e f f e c t s  o f  t h e  e l e c t r i c  f i e l d s  generated 
by t h e  i o n  beam i n  a  c y c l o t r o n  a r e  i n v e s t i g a t e d  
t h e o r e t i c a l l y  on the  assumption t h a t  t h e  beam con- 
s i s t s  o f  w e l l  de f ined  b u r s t s  o f  i ons  moving on 
separated o r b i t s .  The t h e o r e t i c a l  a n a l y s i s  i s  
c a r r i e d  ou t  i n  two steps by f i r s t  c a l c u l a t i n g  t h e  
f i e l d  a c t i n g  on an i o n  a t  t h e  su r face  o f  an i n d i -  
v idua l  b u r s t  due t o  t h e  charge conta ined i n  t h e  
b u r s t  i t s e l f  and then  adding t h e  c o n t r i b u t i o n s  o f  
charges on neighbor ing o r b i t s .  The e l e c t r i c  f i e l d  
i s  found t o  be a  f u n c t i o n  o f  t h e  b u r s t ' s  r a d i a l  
pos i t i on ,  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  v e l o c i t y  
(or rad ius )  on t h e  f i r s t  t u r n s  and then r a p i d l y  
l e v e l i n g  o f f  a t  i n te rmed ia te  r a d i i .  The i n f l u e n c e  
o f  va r ious  parameters (dimensions o f  t h e  bursts ,  
energy g a i n  per turn, etc.) ,  t h e  changes i n  t h e  
b e t a t r o n  f requencies and cur ren t  l i m i t a t i o n s  due 
t o  t h e  space charge fo rces  a r e  discussed and i l- 
l u s t r a t e d  i n  a  numerical example. 

1. I n t r o d u c t i o n  

The r e p u l s i v e  a c t i o n  o f  t h e  e l e c t r i c  f i e l d  due 
t o  t h e  charge o f  t h e  ions i s  one o f  t h e  major pro-  
blems i n  achiev ing h igher  phase-space d e n s i t i e s  o f  
t h e  i o n  beam i n  c y c l o t r o n s  as w e l l  as i n  o t h e r  ac- 
c e l e r a t o r s .  These space charge e f f e c t s  are, i n  gen- 
e ra l ,  n o t  amenable t o  r igo rous  t h e o r e t i c a l  t r e a t -  
ment. A t  the  same t ime they l i m i t  t h e  a p p l i c a b i l -  
i t y  of s i n g l e - p a r t i c l e  dynamics on which des igners 
u s u a l l y  re ly ,  and some a n a l y s i s  o f  t h e  i n f l u e n c e  
and magnitude o f  these e f f e c t s  i s  t h e r e f o r e  o f  
g rea t  importance. 

Past est imates o f  space charge e f f e c t s  i n  cy- 
c l o t r o n s  and synchrocyc lot rons assumed a  cont inuous 
r a d i a l  d i s t r i b u t i o n  o f  t h e  c i r c u l a t i n g  i o n  beam and 
approximated t h i s  beam by a  f l a t ,  i n f i n i t e  sheet o f  
un i fo rm charge d e n s i t y  which r e s u l t s  i n  a  constant  
e l e c t r i c  f i e l d  perpendicu lar  t o  t h e  p lane  o f  mo- 
t ion l -3 .  

These approximations, however, a r e  o n l y  v a l i d  
f o r  i n te rmed ia te  r a d i i ;  a t  t h e  "edges", i.e., i n  
t h e  cen te r  and near e x t r a c t i o n  the  s i t u a t i o n  i s  
d i f f e r e n t .  Furthermore, t h e  assumption o f  a  con- 
t inuous r a d i a l  cu r ren t  d i s t r i b u t i o n  does no t  ap- 
p l y  when i n d i v i d u a l  tu rns  a r e  w e l l  separated as i s  
the case i n  the  c e n t r a l  r e g i o n  o f  most cyc lo t rons  
and t o  an even g rea te r  ex ten t  i n  t h e  proposed sep- 
arated o r b i t  c y c l o t r o n  now under study a t  Oak Ridge 
Nat ional  ~ a b o r a t o r ~ 4  and Chalk R ive r .  

Th is  paper deals  w i t h  a  t h e o r e t i c a l  study o f  
t h e  space-charge problem which i s  based on t h e  as- 

sumption t h a t  t h e  i o n  beam i n  t h e  c y c l o t r o n  con- 
s i s t s  o f  i n d i v i d u a l  b u r s t s  o f  f i n i t e  dimensions 
moving on separated o r b i t s .  The e l e c t r i c  f i e l d s  
produced on t h e  sur face  o f  a  g iven  b u r s t  due t o  the  
charge conta ined i n  t h e  b u r s t  i t s e l f  as w e l l  as t h e  
c o n t r i b u t i o n s  o f  charges on neighbor ing t u r n s  a r e  
c a l c u l a t e d  i n  approximate form as a  f u n c t i o n  o f  t h e  
o r b i t  r a d i u s  which de f ines  t h e  b u r s t ' s  p o s i t i o n  i n  
t h e  c i r c u l a t i n g  beam. Formulas f o r  t h e  changes i n  
t h e  r a d i a l  and v e r t i c a l  b e t a t r o n  f requencies and 
f o r  t h e  c u r r e n t  l i m i t a t i o n s  due t o  t h e  space charge 
fo rces  a r e  presented. The i n f l u e n c e  o f  t h e  var ious 
parameters (current ,  t ransverse  and l o n g i t u d i n a l  
dimensions o f  t h e  bursts, energy g a i n  per turn, 
t o t a l  number o f  turns, e tc . )  i s  analyzed and some 
numerical r e s u l t s  a r e  presented. 

2. Genera l Considerat ions 

For a  general a n a l y s i s  o f  t h e  problem l e t  us 
consider  t h e  h i s t o r y  o f  an i n d i v i d u a l  " f i s h "  o f  
ions on  t h e  sp i ra l -shaped p a t h  through t h e  cyc lo -  
t r o n  f rom t h e  f i r s t  o r b i t  t o  t h e  e x t r a c t i o n  rad ius .  
F ig .  1  shows a  schematic view o f  t h e  s i t u a t i o n  i n  
t h e  e a r l y  p a r t  o f  t h i s  a c c e l e r a t i o n  process. For 
s i m p l i c i t y  t h e  " f i s h "  i s  assumed t o  have a  rectan-  
g u l a r  cross s e c t i o n  o f  r a d i a l  w i d t h  2x and v e r t i c a l  
he igh t  22 and t o  s t r e t c h  a long t h e  c i rcumference o f  
t h e  o r b i t  r a d i u s  w i t h  an az imuthal  ex ten t  o f  4. 
( ~ e f o r m a t i o n s  due t o  t h e  d i f f e r e n c e  i n  energy gain, 
d i f f e r e n t  e l e c t r i c  focus ing and o t h e r  e f f e c t s  a r e  
neglected) .  A t  t h e  end o f  t h e  f i r s t  r e v o l u t i o n  t h e  
i o n  b u r s t  i s  a t  a  rad ius  R which i s  determined by l 
the  vo l tage  g a i n  per turn, V1. Other i o n  bunches 
a r e  a t  r a d i i  R = ~ ~ , / n  where n  i s  t h e  number o f  
tu rns .  

For an eva lua t ion  o f  t h e  space charge e f f e c t s  
we can d i s t i n g u i s h  between t h e  c e n t r a l  reg ion  where 
i n  many cases t h e  t u r n  separat ion, AR, i s  l a r g e  com- 
pared t o  t h e  i n t r i n s i c  width, 2x, o f  the  i o n  beam 
and t h e  remaining re'gion where 2x i s  comparable t o  
AR. On t h e  i n i t i a l  o r b i t s ,  an i o n  w i l l  predominan- 
t l y  be a f f e c t e d  by t h e  charge conta ined i n  the  par-  
t i c u l a r  b u r s t  t o  which i t  belongs whereas a t  l a r g e r  
r a d i i  the  i n f l u e n c e  o f  t h e  i o n  charges on neigh- 
b o r i n g  t u r n s  becomes i n c r e a s i n g l y  impor tant  and 
e v e n t u a l l y  w i l l  be t h e  dominant f a c t o r .  As t h e  ex- 
t r a c t i o n  rad ius  i s  approached t h i s  "prox imi ty"  e f -  
f e c t  w i l l  be reduced again and disappear completely 
when t h e  beam has been ext racted.  (The spec ia l  
s i t u a t i o n  a r i s i n g  a t  l a r g e r  r a d i i  when t h e  t u r n  
separat ion becomes sma l le r  than t h e  r a d i a l  w id th  o f  
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t h e  i o n  bunches and neighbor ing b u r s t s  do o v e r l a p  
w i  l l n o t  be considered here).  

The e l e c t r i c  p o t e n t i a l  which a g iven  i o n  ex- 
per iences i s  thus t h e  r e s u l t  o f  t h e  superpos i t i on  
o f  t h e  f i e l d  generated by  t h e  b u r s t  t o  which i t  
belongs and t h e  c o n t r i b u t i o n s  o f  a l  l t h e  charges 
on neighbor ing turns, Vn. To these t w o  terms one 

has t o  add t h e  i n f l u e n c e  o f  t h e  image f i e l d s ,  Vi, 

resu.1 t i n g  from t h e  presence o f  t h e  dees and o t h e r  
conduct ing e lec t rodes .  The p o t e n t i a l  a t  a  p o i n t  

P(r, 8, z )  on o r  near t h e  su r face  o f  a  g iven  b u r s t  
i s  then: 

where t h e  i n t e g r a l  i n  t h e  f i r s t  term i s  t o  be taken 
over  t h e  volume o f  t h e  b u r s t ;  P i s  t h e  charge den- 
s i t y  ancj s  t h e  d is tance  between P(r,B,z) and a 
p o i n t  P (S,cp,C) i n  t h e  burst ,  i .e.  

None o f  t h e  t h r e e  terms i n  eq. (l) can be 
,so lved i n  elementary, c losed form even w i t h  t h e  
i d e a l i z e d  geometry o f  F ig .  1. We, therefore, w i l l  
t r y  approximate s o l u t i o n s  which a l l o w  s imple i n t e r -  
p r e t a t i o n  and e v a l u a t i o n  o f  t h e  va r ious  parameters. 
F i r s t ,  one can argue by reasons o f  symmetry, t h a t  
t h e  image charge t e n  w i l l  be n e g l i g a b l e  when t h e  
beam he igh t  i s  small  compared t o  t h e  i n t e r n a l  dee 
spacing, 2h. ( I n  n e g l e c t i n g  t h i s  term, however, 
one has t o  keep i n  mind t h a t  i t  may become very im- 
p o r t a n t  when t h e  beam blows up and f i l l s  t h e  a v a i l -  
a b l e  space completely.) The remaining two terms 
w i l l  be t r e a t e d  as f o l l o w s :  (1) We r e s t r i c t  ou r -  
se lves t o  c a l c u l a t i n g  t h e  f i e l d  f o r  t h e  envelope 
ions  a t  p o i n t s  PI (R,o,z) and P2(~+x,0,0) o f  t h e  

burst ,  where R i s  the  o r b i t  radius, 2x t h e  r a d i a l ,  
22 t h e  v e r t i c a l  extens ion o f  t h e  burs t .  (2) I n  
eva lua t ing  t h e  f i r s t  term, we assume t h a t  t h e  a z i -  
muthal extension, R&, o f  t h e  b u r s t  i s  l a r g e  com- 
pared t o  t h e  t ransverse  dimensions b u t  smal ler  than  

R so t h a t  cos * can be replaced by I - . 
2 

( 3 )  To c a l c u l a t e  t h e  i n f l u e n c e  o f  o t h e r  t u r n s  t h e  
i o n  bunches on these t u r n s  w i l l  be approximated by 
l i n e  charges o f  f i n i t e  l e n g t h  R&. 

Before t h i s  program i s  c a r r i e d  o u t  i n  t h e  next  
chapters, we w i l l  d i scuss  b r i e f l y  what i m p l i c a t i o n s  
t h e  space charge f o r c e  w i l l  have on t h e  beam dyna- 
mics. The v e r t i c a l  e l e c t r i c  f i e l d  component 

E = - -  '" a c t i n g  on  t h e  envelope i o n  a t  p o i n t  PI, 
z  az 

i.e., a t  d i s t a n c e  z f rom t h e  median plane, r e s u l t s  
i n  a f o r c e  qE which i s  opposed t o  t h e  ex te rna l  fo -  

Z 

cus ing force.  I n  t h e  smooth approx imat ion form o f  
t h e  l i n e a r  b e t a t r o n  o s c i l l a t i o n s  t h i s  can be ex- 

August 

The ne t  e f f e c t  o f  t h e  space charge f o r c e  i s  
then a r e d u c t i o n  o f  t h e  v e r t i c a l  b e t a t r o n  frequency, 
vZ, t h e  new e f f e c t i v e  frequency being g iven  by t h e  

formula: 

The r e l a t i v e  change i s :  

w h i c h . f o r  small  changes can be approximated by: 

Avz 1 q E ~  - - - - -  
v - m2vz2z  

The space charge l i m i t  i s  reached when 

= -1 o r  v  " = 0. Th is  l i m i t  can be looked upon z 
i n  two ways: (a) i t  determines t h e  cur ren t  densi -  
ty, i.e., t h e  maximum c u r r e n t  which f o r  g iven  v z 
can be conta ined i n  a beam o f  h e i g h t  z  and thus re -  
presents a l i m i t  t o  t h e  achievable v e r t i c a l  beam 
q u a l i t y  (measured i n  d / c m  rad) ;  (b) u l t i m a t e l y ,  i t  
l i m i t s  t h e  t o t a l  c u r r e n t  t h a t  can be acce le ra ted  i n  
a c y c l o t r o n  w i t h  dee h e i g h t  2h and v e r t i c a l  beta- 
t r o n  frequency vZ.  These l i m i t s  a r e  reached a t  t h e  
rad ius  where vZ  has i t s  minimum value, o r  b e t t e r  

F- 
-L 

where -7 i s  a  maximum, and t h i s  u s u a l l y  occurs 

i n  t h e  cen te r  o f  t h e  c y c l o t r o n .  I f  t h e  c u r r e n t  
emerging from t h e  i o n  source exceeds t h e  space 
charge l i m i t  a t  t h i s  po in t ,  as i t  does i n  many 
cases, i t  w i l l  imnediate ly  s t a r t  t o  spread v e r t i c a l -  
l y  u n t i l  a t  some l a r g e r  rad ius  t h e  VZ va lue i s  b i g  
enough t o  balance t h e  space charge fo rce ;  i f  t h e  
i m i t i a l  c u r r e n t  exceeds t h e  space charge l i m i t  o f  
t h e  c y c l o t r o n  ions  w i l l  h i t  t h e  dees and thus be 
removed from t h e  beam u n t i l  t h e  e x t e r n a l  focus ing 
f o r c e  can c o n t a i n  t h e  s  r v i v i n g  current ,  as was 
discussed by Nackenzie3Y. 

The r a d i a l  b e t a t r o n  frequency i s  a l s o  a f f e c t e d  
by t h e  space charge forces.  However, the  s i t u a t i o n  
i s  here less  c r i t i c a l  than  i n  t h e  case o f  t h e  ver-  
t i c a l  mot ion s ince  V i s  g e n e r a l l y  g rea te r  than 

Vz and s i n c e  the  r a d i a l  f i e l d  components a r e  can- 

c e l l e d  a t  i n te rmed ia te  r a d i i .  (The f i e l d s  gener- 
a ted by t h e  b u r s t s  i n s i d e  and o u t s i d e  a g iven  i n t e r -  
mediate rad ius  have oppos i te  d i r e c t i o n s  and there -  
f o r e  tend t o  cancel whereas t h e  superpos i t i on  i s  
a d d i t i v e  i n  the  v e r t i c a l  d i r e c t i o n ) .  Where the  
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r a d i a l  f i e l d  components do not  vanish, as i n  t h e  
c e n t r a l  reg ion  and on t h e  o u t e r  r a d i i ,  formulas 
(2) t o  (6) a l s o  o b t a i n  f o r  t h e  r a d i a l  motion ex- 
cept t h a t  EZ, z, and v a r e  t o  be replaced by 

Er, X, and v r '  

3. E l e c t r i c  F i e l d  o f  a  S inq le  Ion Burst.  

With t h e  assumption o f  constant charge d e n s i t y  
P, r e s t r i c t i n g  ourselves t o  the  case 0 = 0, and 
us ing cos cp = 1 - y2 /  2  we can w r i t e  f o r  t h e  f i r s t  
term i n  Eq. ( I )  : 

The coord inates o f  t h e  envelope p a r t i c l e s  t o  which 
t h e  c a l c u l a t i o n  i s  r e s t r i c t e d  a r e  P (R,O,Z) and 

1 2 
P2(R+x,0,0). Since X << R we can replace rS by R . 
I n t e g r a t i o n  o f  (7) under these cond i t i ons  y i e l d s  
f o r  t h e  v e r t i c a l  component o f  t h e  e l e c t r i c  f i e l d  a t  
P. : 

and f o r  t h e  r a d i a l  f i e l d  component a t  P2: 

The constants G and G depend on the  r a t i o  o f  
w id th  t o  he igh tZo f  therbursts,x/z = a, according t o  

and 

Fig.  2  shows G , G , and t h e  r a t i o  o f  t h e  two f i e l d  
components, E', as a f u n c t i o n  o f  a. I t  i s  
seen i n  t h i s  f i g u p e  t h a t  f o r  a  l a r g e  range o f  a 
values t h e  r a t i o  E ~ / E ~  i s  approximately u n i t y .  

The charge d e n s i t y  p i s  p ropor t iona l  t o  t h e  
cu r ren t  and i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  v e l o c i t y  
v  o f  t h e  ions according t o  

A4 I i s  the  peak current ,  I = -  I t h e  average cur-  
27-1 o 

rent,  and 4x2 the  t ransverse cross sec t ion  o f  t h e  
i o n  burs t .  S u b s t i t u t i n g  (12) i n t o  (8) and (9) 
y i e l d s :  

The f i e l d  s t reng th  i s  thus seen t o  be equiva lent  
t o  t h a t  o f  a  l i n e  charge m u l t i p l i e d  by a f a c t o r  o f  
GZ/4, o r  Gr/4. It i s  p ropor t iona l  t o  t h e  cu r ren t  

and i n v e r s e l y  p ropor t iona l  t o  t h e  v e l o c i t y  v  and 
t h e  d is tance  z, o r  X, f rom the  center  o f  t h e  burs t .  

The v e l o c i t y  v  i n  t u r n  i s  p ropor t iona l  t o  t h e  
c y c l o t r o n  frequency w and t h e  o r b i t  rad ius  R:  

v  = Rw = ~ ~ f i w  (15) 

The rad ius  RI a f t e r  t h e  f i r s t  r e v o l u t i o n  i s  r e l a t e d  
t o  t h e ' v o l t a g e  g a i n  per turn, V1, and t h e  magnetic 
f i e l d  i n  t h e  center, Bo: 

Note t h a t  i s  assumed t o  be constant  (isochronous 
magnetic f i e l d )  and r e l a t i v i s t i c  e f f e c t s  a re  neg- 
lected.  According t o  Eqs. (13)  and (14) t h e  e lec-  
t r i c  f i e l d  and the  r e s u l t i n g  f o r c e  due t o  t h e  space 
charge o f  a  s i n g l e  i o n  b u r s t  have t h e i r  maximum 
values a t  t h e  i o n  source and decrease w i t h  increas- 
ing  v e l o c i t y .  

Rapid i n i t i a l  a c c e l e r a t i o n  o f  t h e  ions t o  
h i g h  v e l o c i t i e s  by app ly ing  l a r g e  dee voltages o r  
ex te rna l  i n j e c t i o n  w i t h  h i g h  k i n e t i c  energy w i l l  
t h e r e f o r e  reduce t h e  defocusing e f f e c t s  o f  t h e  
space charge fo rces  i n  t h e  center  o f  t h e  cyc lo t ron .  

4. In f luence  o f  Ion  Bursts  on Neighboring 
O r b i t s  

To evaluate t h e  second term i n  Eq. ( I )  we ap- 
proximate t h e  neighbor ing burs ts  by f i n i t e  l i n e  
charges. I f  we choose a rectangular  coord inate 
system y,s where t h e  l i n e  charge i s  located a long 
t h e  y  a x i s  extending from y = - ~ / 2  t o  y  = + ~ / 2  t h e  
t ransverse f i e l d  s t reng th  a t  dis2ance S from t h e  y  
a x i s  i s  

where rl and r2 a r e  t h e  d is tances from the  two end 

p o i n t s  o f  t h e  l i n e  charge. We r e s t r i c t  ourse lves 
t o  t h e  case y = 0 and o b t a i n  

A t  small d is tances (S << L) t h i s  expression appro- 
ximates t h e  f i e l d  o f  an i n f i n i t e  l i n e  charge where- 
as a t  l a r g e  d is tances (S >> L) i t  resembles t h e  
f i e l d  o f  a  p o i n t  charge w i t h  a l / s2  dependence. Let 
us now consider  an i o n  b u r s t  a t  a  g iven  rad ius  
Rn = ~~f i .  The e l e c t r i c  f i e l d  s t reng th  produced a t  
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t h e  envelope p o i n t  PI (Rn,z) by the  charge o f  some 

o t h e r  b u r s t  l oca ted  a t  r a d i u s  R,, i s  g i v e n  by Eq. 

(18) w i t h  n  
G t - 1  

+ /R' ~ ( f i [ ( z / R ~ ) ~ + ( f i - f i ) ~ ] ) x  (19) ( 1  = 2n 
v = l  

The v e r t i c a l  mot ion i s  e f f e c t e d  by t h e  z-component 
o f  t h i s  f i e l d  s t r e n g t h  which i s  

The t o t a l  v e r t i c a l  f i e l d  s t r e n g t h  i s  ob ta ined  by 
summation o f  t h e  c o n t r i b u t i o n s  o f  a l l  ne ighbor ing 
t u r n s  from v  = 1  t o  V = n - l  and from v  = n+l t o  
v  = n  where nt i s  t h e  t o t a l  number o f  tu rns  i n  

t 
t h e  c y c l o t r o n :  

(21) 

w i t h  vv = , R ~ =  R m, and L = R 4 = ~ , m  9 1 v  v 2  

we o b t a i n  

The f a c t o r  I /E ccR2 i n  Eq. (23) represents the  
e l e c t r i c  f i e ? d  8ue t o  an i n f i n i t e  p lane o f  un i fo rm 
charge d i s t r i b u t i o n  which we w i l l  denote w i t h  EZc.  
Since vlRl = vI2/w = 2qvl/nw, we can w r i t e  

Th is  i s  t h e  formula f r t h e  space charge f i e l d  
used i n  t h e  1 i t e r a t u r e . l - 3 7  The f u n c t i o n  ~ ( n )  w i l l  
be discussed i n  t h e  next  chapter.  

The change o f  the  v e r t i c a l  frequency due t o  
n  

nt - 1  
t h e  space charge f i e l d  i s  obta ined by s u b s t i t u t i n g  

Ioz/R l Eq. (23) i n t o  Eq. (5) us ing  (25) which y i e l d s :  i - , , 2 1 @ f ( Z / ~ ~ ) ~ + ( f i - f i ) ~ ] )  X 

v = l  0 I v = l  
v+ n  V# n  AV 

Z - = [I v 
Z 

1 ' / ~ - 1  (26) - A@ 2 
2co Z;; OZVIVz 

-'I2 The maximum c u r r e n t  which can be conta ined i n  a  
beam o f  h e i g h t  z  i s  

(22 
The v e r t i c a l  f i e l d  s t r e n q t h  due t o  charqes on neigh- 
b o r i n g  t u r n s  i s  thus a  f l n c t i o n  o f  n, iIe., t h e  p;- A s i m i l a r  procedure can be a p p l i e d  t o  the  c a l c u l a -  s i t i o n  o f  t h e  i o n  under considerat ion,  w i t h  RI, t h e  tion of the radial field component, Er, acting on 
beam height,  z, t h e  az imuthal  length, A@, and t h e  
t o t a l  nurner o f  turns, nt, as parameters. an envelope p a r t i c l e  i n  the  median plane. I f  t h e  

i o n  b u r s t  considered i s  a t  rad ius  R-= R,& and t h e  
r1 I 

The t o t a l  f i e l d  s t r e n g t h  a c t i n g  on t h e  v e r t i c a l  envelope particle is a t  point R the distance to 
envelope p a r t i c l e  o f  a  g i v e n  b u r s t  i s  obta ined by  n  
adding t h e  f i e l d  produced by t h e  b u r s t  i t s e l f ,  Eq. some o t h e r  b u r s t  a t  rad ius  RV becomes 
(13) ,  and t h e  c o n t r i b u t i o n  o f  o t h e r  turns, Eq. (22) : 

1 I I 
0 E =- 

z 2  (23) and t h e  summation over  a l  l tu rns  i n s i d e  and o u t s i d e  
so"Rl o f  t u r n  n  y i e l d s  

where 
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Note t h a t  f o r  t u r n s  o u t s i d e  n(v>n) t h e  terms i n  t h e  
sum have nega t i ve  s igns and hence w i l l  be sub t rac t -  
ed from t h e  terms f o r  V%. The t o t a l  f i e l d  s t ren*  
i s  obta ined by adding Eqs. (14) and (29): 

where 

E t o  t h e  f i e l d  which would be produced by a con- 
Z 

t i nuous  i n f i n i t e  beam w i t h  un i fo rm charge dens i t y .  
One would t h e r e f o r e  expect t h a t  t h i s  f u n c t i o n  ap- 
proaches u n i t y  f o r  i n te rmed ia te  tu rns  prov ided 
t h a t  t h e  t o t a l  number o f  turns, nt, i s  large.  To 

show t h i s  we approximate t h e  summation i n  Eq. (24) 
by an i n t e g r a l  neg lec t ing  t h e  c o r r e c t i o n  f a c t o r  

-1/2 

Now 

fitG 
= $iq [tan- '  .;.; + tan- '  %l] 

(34) 

Eq. (24) takes then  t h e  form: 

The change i n  r a d i a l  frequency due t o  t h i s  space 
charge f i e l d  i s  

I G  (n) 
2  (32) 

r 

I t  should be noted t h a t  i n  o rder  t o  avo id  a singu- 
l a r i t y  i n  t h e  f u n c t i o n  G(n) Eq. (31) can o n l y  be 
used f o r  t u r n  numbers n where X i s  smal ler  than  t h e  
t u r n  separat ion.  A more s t r i n g e n t  requirement i s  
t h a t  t h e  t o t a l  r a d i a l  width, 2x, o f  t h e  beam 
should always be smal ler  than t h e  t u r n  separat ion.  
Th is  l i m i t s  t h e  o r b i t  numkr f o r  which G(n) can be 
ca lcu la ted  by means o f  Eq. (31) t o  values where 

- I/ i i  2 2x/R1 o r  

Th is  formula i s  good f o r  no t  t o c  small  values o f  n. 
I f  n i s  o f  t h e  o rder  nt/2 and nt  i s  very l a r g e  t h e  

two a r c t a n  f u n c t i o n s  each approach maximum values 
c l o s e  t o  n/2. Since b o t h  t h e  f i r s t .  and l a s t  term 
i n  Eq. (35) go t o  ze ro  f o r  l a r g e  n t h e  f u n c t i o n  
~ ( n )  does indeed approximate u n i t y  i n  t h i s  l i m i t  
as expected. 

For small  values o f  n, i.e., on t h e  c e n t r a l  
o r b i t s ,  t h e  i n f l u e n c e  o f  ne ighbor ing t u r n s  d imin-  
ishes and t h e  space charge f i e l d  i s  ma in ly  de te r -  
mined by t h e  f i r s t  term i n  Eqs. (24) and (35). The 
ex ten t  t o  which t h i s  term dominates depends p r i -  
m a r i l y  on t h e  t u r n  separa t ion  i n  t h e  center,  which 
i s  determined by t h e  r a d i u s  RI, and t o  some degree 

on the  t o t a l  number o f  t u r n s  i n  t h e  cyc lo t ron .  

To o b t a i n  a q u a n t i t a t i v e  p i c t u r e  o f  t h e  s i t u a -  
t i on ,  l e t  us consider  t h e  h y p o t h e t i c a l  case o f  a  
4 0 - M ~ V  deuteron c y c l o t r o n  w i t h  f i x e d  magnetic f i e l d  
and t h e r e f o r e  f i x e d  e x t r a c t i o n  rad ius .  The w i d t h  
and he iph t  o f  the  beam a r e  assumed t o  be constant, 
w i t h  X = 1 mm, z = 5 mm, and hence GZ = 6.61. The 

- 

5. Ana lys is  o f  t h e  Theore t i ca l  Resul ts  c e n t r a l  magnetic field,Bo, i s  assumed t o  be l2.9kG 

which g ives  a va lue o f  co = 6.19 X l o 7  S - ' .  With 
The f u n c t i o n  ~ ( n )  i n  Eq. (24) which through these parameters t h e  f u n c t i o n  ~ ( n )  was c a l c u l a t e d  

t h e  r e l a t i o n  r =  Rn = ~~,/ii, a l s o  c o n s t i t u t e s  a func- f o r  two cases o f  vo l tage  g a i n  per  turn,  (a) V, = 

t i o n  o f  radius, r, measures t h e  r a t i o  o f  t h e  f i e l d  IOOkV, and (b) V1 = 400kV; the  corresponding values 

Proceedings of the International Conference on Isochronous Cyclotrons, Gatlinburg, Tennessee, 1966

C-006 Reprinted from IEEE Transactions on Nuclear Science NS-13 (4), Aug 1966 c© IEEE 1966



IEEE TRANSACTIONS ON NUCLEAR SCIENCE August 

f o r  t h e  f i r s t  o r b i t  r a d i u s  and t h e  t o t a l  number o f  
t u r n s  a r e  RI = 5 cm, nt = 400 f o r  case (a), and 

R - 10 cm, nt = 100 f o r  case (b). The angu la r  
1  - 

w i d t h  o f  t h e  beam was assumed t o  be = .5 rad. 

The r e s u l t s  o f  t h e  c a l c u l a t i o n s  w i t h  these 
c o n d i t i o n s  a r e  p l o t t e d  i n  F ig.  3 which shows F(n) 
as a f u n c t i o n  o f  r a d i u s  R and f i  f o r  t h e  two cases. 
The broken l i n e s  i n  t h i s  f i g u r e  represent  t h e  con- 
t r i b u t i o n s  o f  t h e  s ing le -burs t  term 

F1 ("1 = G z / ( ~ J i i ~ / ~ l  

i n  Eq. (24). The p l o t s  e x h i b i t  t h e  expected be- 
hav io r .  I n  b o t h  cases Fl(n) dominates a t  small  

r a d i i  and decreases r a p i d l y  w i t h  rad ius.  The i n -  
f l u e n c e  o f  ne ighbor ing t u r n s  r i s e s  very q u i c k l y  i n  
case (a) due t o  t h e  low energy g a i n  and small  t u r n  
separa t ion  and a f t e r  some 30 o r  40 t u r n s  t h e  func- 
t i o n  F(n) l e v e l s  o f f  a t  a  va lue s l i g h t l y  above 1; 
near t h e  f i n a l  r a d i u s  F(n) decreases again as ex- 
pected. I n  case (b) t h e  i n f l u e n c e  o f  ne ighbor ing 
b u r s t s  i s  less  pronounced and increases l e s s  r a p i d -  
l y  w i t h  r a d i u s  than  i n  case (a) c o n t r i b u t i n g  about 
5 per  cent  on t h e  f o u r t h  t u r n  and a maximum o f  a  
l i t t l e  over  50 per  cent  a t  t h e  o u t e r  r a d i i  b e f o r e  
i t  decreases again. Note a l s o  t h a t  F(n) i n  t h i s  
case i s  always g r e a t e r  than  1 a t  i n te rmed ia te  
r a d i i  and thus does no t  approach t h e  s i t u a t i o n  o f  
a  un i fo rm charge d i s t r i b u t i o n .  The impor tant  
p o i n t  i n  F ig .  3  i s  t h e  steep increase o f  F(n) 
a t  small r a d i i  which i n d i c a t e s  t h a t  t h e  e l e c t r i c  
f i e l d  due t o  t h e  space charge i s  much s t ronger  
than would be t h e  case w i t h  a un i fo rm charge d i s -  
t r i b u t i o n .  The reason f o r  t h i s  d i f f e r e n c e  l i e s ,  
o f  course, i n  t h e  f a c t  t h a t  the  charge contained 
i n  one o r b i t  i s  concentrated i n  a r e l a t i v e l y  small, 
d i s t i n c t  b u r s t  r a t h e r  than being d i s t r i b u t e d  u n i -  
fo rm ly  over  t h e  space A R between successive turns. 
The d e v i a t i o n  f rom t h e  u n i f o r m - f i e l d  case i s  rough- 
l y  p r o p o r t i o n a l  t o  R1 as was po in ted  ou t  e a r l i e r .  

The ne t  e f f e c t  o f  i nc reas ing  t h e  dee voltage, 
and thus o f  R , i s  two fo ld :  (a) i t  reduces t h e  
e l e c t r i c  f i e d  due t o  the  space charge on t h e  
e a r l y  t u r n s  roughly  by a f a c t o r  I /R~ o r  and .. 

Z 
on in te rmed ia te  tu rns  by I /R~  o r  I/v,, and (b) i t  

moves t h e  i n j e c t i o n  p o i n t  t o  a l a r g e r  rad ius  where 
t h e  magnetic focus ing (which u s u a l l y  increases wi th  
rad ius  i n  t h e  cen te r )  i s  b e t t e r .  When F(n) i s  
known one can c a l c u l a t e  the  change i n  t h e  v e r t i c a l  
b e t a t r o n  frequency, vZ, t h a t  a  g iven c u r r e n t  pro-  

duces o r  one can determine the maximum c u r r e n t  
which, f o r  g i ven  dee height,  z  = h, and g iven  
r a d i a l  dependence o f  vZ, can be acce le ra ted  i n  a 

cyc lo t ron .  As an i l l u s t r a t i o n  we s h a l l  c a l c u l a t e  
t h e  values o f  vZ necessary t o  j u s t  compensate f o r  

t h e  space charge o f  a  g iven  cur ren t  i n  t h e  case o f  
t h e  deuteron c y c l o t r o n  discussed p rev ious ly .  
Using t h e  assumed values f o r  m, a, and z, we ob- 
t a i n  from Eq. (27): 

I n  case (a) where V)= IOOkV we f i n d  a t  t h e  end o f  

t h e  f i r s t  t u r n  (n=l) i n  Fig. 3a t h e  va lue F(n) = 
2.69, which y i e l d s  vz2 = 6.1 7 X 1 0 - ~  I:~A]. Thus, 

f o r  a  c u r r e n t  o f  1  mA one needs a va lue o f  vZ=.248 

t o  compensate t h e  space charge force.  Such a h i g h  
V z  va lue i s  g e n e r a l l y  d i f f i c u l t  t o  achieve a t  a  

r a d i u s  o f  5 cm. 

I n  case (b), on t h e  o t h e r  hand, V, = 4 0 0 k ~  and 

F(n) = 5.29 f o r  n  = 1 leading t o  v,2= i .03 X 10 -2 - 
1[d] which i s  about h a l f  o f  the  prev ious value. A 
c u r r e n t  o f  1 nA r e q u i r e s  a balanc ing v  va lue i n  

t h i s  case o f  about . l 74  which i s  s t i l l  r e l a t i v e l y  
h i g h  b u t  eas ie r  t o  achieve as t h e  f i r s t  o r b i t  rad- 
i u s  i n  t h i s  case i s  10 cm. 

Th is  numerical example demonstrates t h e  magni- 
tude o f  t h e  space charge e f f e c t s  a t  t h e  e a r l y  o r -  
b i t s  i n  a cyc lo t ron .  Since t h e  magnetic b e t a t r o n  
frequency, VZ, genera l  l y  r i s e s  f rom zero  a t  t h e  
cen te r  t o  values o f  about .2 a t  r a d i i  between 10 cm 
and 20 cm (depending on the  he igh t  o f  t h e  magnet 
gap and o t h e r  f a c t o r s )  i t  i s  c l e a r  t h a t  r e l a t i v e l y  
low beam cur ren ts  can e a s i l y  lead t o  defocusing and 
p o s s i b l e  losses t o  t h e  dees. I n  any case, the e f -  
f e c t i v e  v e r t i c a l  frequency may be s u b s t a n t i a l l y  less 
than t h e  values obta ined from t h e  s i n g l e - p a r t i c l e  
theory. Th is  appl ies,  o f  course, a l s o  t o  t h e  r a d i a l  
frequency, vr, a t  small  r a d i i .  With the  values o f  
ou r  prev ious example and t a k i n g  o n l y  t h e  dominant 
f i r s t  term i n  Eq. (31) we ge t  G(n)= 2.2 f o r  n=l i n  
case (a) and G(n) = 4.4 f o r  n= l  i n  case (b). The 
r e l a t i v e  change i n  Vr  can be c a l c u l a t e d  from Eq.(32), 
Assuming a va lue o f  vr=l.O one f i n d s  t h a t  a  cu r ren t  
o f  1  m4 r e s u l t s  i n  a f r a c t i o n a l  change o f  t h e  ra -  
d i a l  frequency o f  -14% i n  case (a) and o f  - E  i n  
case (b). Th is  i s  an apprec iab le  reduc t ion  o f  t h e  
r a d i a l  frequency which imp l ies  t h a t  t h e  vr:l re -  
sonance i n  sec to r  focused cyc lo t rons  i s  s h i f t e d  t o  
l a r g e r  r a d i i  when r e l a t i v e l y  h igh  cur ren ts  a r e  ac- 
ce le ra ted .  

6. Conclusion 

The preceding s tudy o f  t h e  space charqe e f -  
f e c t s  i n  c y c l o t r o n s  i s  c l e a r l y  a  s i m p l i f i c a t i o n  o f a  
very invo lved  phys ica l  problem which does n o t  a l l o w  
a r igo rous  t h e o r e t i c a l  t reatment .  As was pointed 
ou t  e a r l i e r ,  t h e  i n d i v i d u a l  i o n  bursts ,  under t h e  in -  
f l uence  o f  t h e  ex te rna l  magnetic and e l e c t r i c  f i e l d s  
and t h e  space charge forces, undergo many changes o f  
t h e i r  shape associated w i t h  f l u c t u a t i o n s  i n  charge 
dens i t y .  The assumptions made i n  t h e  theory  a r e  
t h e r e f o r e  approximations o f  t h e  average behavior o f  
t h e  i o n  beam and o f  t h e  average magnitude o f  t h e  qxe 
charge e f f e c t s  i n  a s i m i l a r  sense t h a t  t h e  l i n e a r  
b e t a t r o n  frequencies a r e  an approximate measure o f  
t h e  average focus ing  f o r c e s  i n  a sector-focused cy- 
c l o t r o n .  

Apar t  from these r e s t r i c t i o n s  t h e  formulas de- 
r i v e d  a l l o w  approximate c a l c u l a t i o n s  o f  t h e  e l e c t r i c  
f i e l d s  generated by t h e  c i r c u l a t i n g  i o n  charges on 
t h e  sur face  o f  t h e  c e n t r a l  p a r t  o f  a  b u r s t  and permit 
q u a n t i t a t i v e  est imates o f  the  r e s u l t i n g  changes o f  
t h e  b e t a t r o n  f requencies o r  o f  t h e  t o t a l  c u r r e n t  ttat 
can be acce le ra ted  i n  a beam o f  g i v e n  dimensions. 
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DISCUSSION 

KOLSTAD: What i s  the effect of ignoring the course, straightforward. 
image-charge te rm? POWELL: 1 should like to ask you a question 

REISER: Thi S depends on the height of the beam 
z ,  and the dee aperture  h. I have not made the 
calculations because they a r e  very involved. You 
have to consider the image charges generated by 
al l  the burs t s  that a r e  simultaneously rotating in  
the cyclotron, and you get summation of a large 
number of t e rms .  But i t  can be done. Fo r  ex- 
ample, I just considered one single burst  and 
took into account the f i r s t  few images induced in 
the conducting planes. I found the effect to be 
only a few percent in this case. But I should 
emphasize that whenever the beams blows up 
and hits the dees,  the image-charge forces  s t a r t  
to become important. I calculated in one case 
that i t  may very easily go up to 3070, then, of 
course, my assumptions do no longer give the 
rea l  picture of the situation. Also, I neglected 
the magnetic field, for simplicity, and just con- 
sidered non-relativistic situations. But, adding 
magnetic field and relativistic effects i s ,  of 

about space charge in the median plane. I a m  
thinking of some work by Welton reported a t  the 
Sea Island Conference. He pointed out that the 
leading edge of a bunch would gain energy, and 
the lagging edge would lose energy a s  a resul t  of 
these space-charge forces.  Fo r  a single-turn 
cyclotron, with a very narrow phase width, what 
energy spread would you expect f rom this sor t  of 
effect? 

REISER: This effect surely exists;  it i s  not very  
easy to calculate, but i t  can be done. ( I  have 
done something in that direction, but have not yet 
arr ived a t  clear results.  ) I neglected here  the 
electr ic  field of the azimuthal edges of the bursts  
and considered only the central par t  of the burst.  

BLOSSER: I would like to point out that Welton 
also showed how to get r id  of the energy spread, 
by shifting the groups off f rom the peak to the 
side of the rf wave. 
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