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Abstract 

For the  e x t r a c t i o n  of t he  beam i n  an AVF 
cyc lo t ron  a  r egene ra t ive  system o r  an e l e c t r o -  
s t a t i c  channel  can be used. 
Some f a c t o r s  of  importance f o r  t h e  beam w i l l  
be d iscussed.  

E x t r a c t i o n  wi th  an e l e c t r o s t a t i c  channel  
can g ive  v e r y  h igh e x t e r n a l  beam q u a l i t y  and 
e x t r a c t i o n  e f f i c i e n c y .  For such a  system i t  
i s  of importance whether t he  beam i s  ex- 
t r a c t e d  be fo re  o r  a f t e r  t he  ? =l resonance.  R 
The beam can even pass  the  VRf2%resonance 
wi thout  blowing up v e r t i c a l l y  i f  a t t e n t i o n  
i s  being paid t o  t h e  r a d i a l  o s c i l l a t i o n  
amplitude and some machine parameters.  

The gene ra l  o r b i t  theory  can be used 
f o r  an a n a l y t i c a l  s tudy  of a  r e g e n e r a t i v e  
system i n  an A.V.F. cyc lo t ron .  

1 .  Some gene ra l  remarks 
The s e p a r a t i o n  between success ive  o r b i t s  

i n  a  cyc lo t ron  i s  the  most impor tant  q u a n t i t y  
f o r  t he  e x t r a c t i o n  of t he  beam. I n  c l a s s i c a l  
cyc lo t rons  very  h igh Dee v o l t a g e s  a r e  used. 
The s e p a r a t i o n  i s ,  t h e r e f o r e ,  h i t h e r  l a r g e  
( 1  cm). I n  these  cyc lo t rons  the  beam i s  ex- 
t r a c t e d  by means of an e l e c t r o s t a t i c  f i e l d  
app l i ed  between a  septum and a  h igh v o l t a g e  
e l e c t r o d e .  With a  cooled septum l a r g e  ex- 
t e r n a l  beam c u r r e n t s  can be obta ined . 

I n  synchrocyclot rons  the  Dee v o l t a g e  i s  
r a t h e r  smal l  and t h e  o r b i t  s e p a r a t i o n  a  
f r a c t i o n  of a  mi l l ime te r .  I n  t h i s  ca se  an 
e l e c t r o s t a i c  d e f l e c t i o n  system i s  u s e l e s s .  
However, t h e r e  a r e  s e v e r a l  methods t o  en la rge  
the  o r b i t  s epa ra t ion .  I n  the  f i r s t  p l ace ,  
wi th  the  r egene ra t ive  method the  r a d i a l  
o s c i l l a t i o n s  a r e  e x c i t e d  i n  such a  way, t h a t  
a  l a r g e  i n c r e a s e  of t he  o s c i l l a t i o n  amplitude 
per  r e v o l u t i o n  i s  obta ined2 93 94. 

Secondly. t he  p recess ion  of t he  o r b i t  c e n t r e  
can be Lied t ~ - ~ e t  s u f f i c i e n t  o r b i t  separa-  
t ion5.  This s e p a r a t i o n  i s  equal  t o  2n(3 -1)A 
(where A r e p r e s e n t s  t he  r a d i a l  o s c i l l a a i o n  
amplitude and VR the  r a d i a l  o s c i l l a t i o n  
f requency) .  

Regarding t h i s  second method i t  i s  ve ry  
convenient  t o  have a  r a d i a l  o s c i l l a t i o n  f r e -  
quency, which d i f f e r s  much from u n i t y .  This 
occurs  i f  t he  beam i s  a c c e l e r a t e d  f a r  i n t o  
the  f r i n g i n g  f i e l d .  

I n  most cyc lo t rons  the  p a r t i c l e s  cannot 
be a c c e l e r a t e d  beyond the  n  = 0.2 a o i n t .  A t  . - 
t h i s  p lace  the  V = 2V coupl ing  resonance 
causes  the  beam !o b log up. However, w i th  
c a r e f u l  c o n t r o l  of t h e  r a d i a l  and a x i a l  
o s c i l l a t i o n s  the  beam can be a c c e l e r a t e d  

through t h i s  resonance t o  the  n= l  p o i n t ,  
where i t  has  o  l eave  t h e  c y c l o t r o n  almost  t a u t o m a t i c a l l y  . 

With the  r egene ra t ive  method l a r g e  i n -  
c r e a s i n g  r a d i a l  o s c i l l a t i o n  ampl i tudes  a r e  
in t roduced,  t he  phase of t he  o s c i l l a t i o n s  
remaining cons t an t .  With the  o r b i t  pre-  
ce s s ion  method a  f i x e d  amplitude and a  
r a p i d l y  i n c r e a s i n g  phase i s  used. Both 
mechanisms g i v e  about  t he  same r e s u l t s  i f  
app l i ed  i n  t h e  r i g h t  p lace .  

As t h e  q u a l i t y  of t he  i n t e r n a l  beam i n  
c l a s s i c a l -  o r  synchro-cyclotrons i s  very  
poor anyway, t h e  e x t e r n a l  beam i s  r e l a t i v e l y  
undis turbed by the  method of e x t r a c t i o n .  
I f ,  however, t he  i n t e r n a l  beam has a  h igh  
q u a l i t y  one h a s  t o  take  c a r e  t h a t  t he  e x t r a c -  
t i o n  system does n o t  i n t roduce  non- l inear  
e f f e c t s ,  a f f e c t i n g  the  e x t e r n a l  beam q u a l i t y .  

I n  i soch rono i s  cyc lo t rons  the  q u a l i t y  
of t he  i n t e r n a l  beam can be very  h igh a s  a  
r e s u l t  of  c a r e f u l  adjustment of  t he  magnetic 
f i e l d 7  and t h e  geometr ic  p o s i t i o n  of impor- 
t a n t  components such a s  source  and ~ e e ~ .  
I n  isochronous cyc lo t rons  l a r g e  o s c i l l a t i o n  
ampl i tudes  can e a s i l y  g ive  r i s e  t o  non- 
l i n e a r i t i e s .  E x t r a c t i o n  by means of t he  
j/3 resonance d r i v i n g  f o r c e s ,  which r e s u l t s  
i n  a  non l inea r  motion, i s  r a t h e r  d i f f i c u l t .  
Therefore ,  e x t r a c t i o n  systems u s i n g  the  
s m a l l e s t  p o s s i b l e  r a d i a l  o s c i l l a t i o n  ampli- 
tudes  a r e  p re fe r r ed .  

The b e s t  methods appear  t o  be the  nor-  
mal e l e c t r o s t a t i c  e x t r a c t i o n  channel  wi th  
use  of o r b i t  precess iong and the  l i n e a r  
r e g e n e r a t i v e  system wi th  smal l  ampl i tudes  

1 0 , l l -  
The f i r s t  method permi ts  t he  i o n s  t o  be 
a c c e l e r a t e d  t o  a  h ighe r  energy than  the  
second one. E s p e c i a l l y  i n  sma l l  cyc lo t rons  
t h e  d i f f e r e n c e  can be r e l a t i v e l y  l a r g e .  

2. The e x t r a c t i o n  by means of the  o r b i t  
p r e c e s s i o n  method 

For a  s tudy  of t he  o r b i t  precess ion  
method the  fo l lowing  p o i n t s  a r e  important .  
The a c c e l e r a t i o n  through t h e  3 = 2V r e -  
sonance,  t he  a p e r t u r e  of t he  e H e h t r o ~ t a t i c  
channel  and t h e  i n f l u e n c e  of smal l  r a d i a l  
o s c i l l a t i o n s  on the  p r o p e r t i e s  of t h e  e x r  
t e r n a l  beam. These po in t s  t oge the r  wi th  
some exper imenta l  r e s u l t s  w i l l  be d iscussed 
i n  the  nex t  section.. 

2.1 Acce le ra t ion  through thewR = 
resonance 32 

If t h e  p a r t i c l e s  a r e  t o  be a c c e l e r a t e d  
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a s  f a r  a s  poss ible  i n t o  the  f r i n g i n g  f i e l d  
(see  chapter  2 ,3)  they have t o  pass the  
3 2 3  resonance. This resonance has a l ready  R= been s tudied by severa l  authors1 9 l? .  

Following the a n a l y t i c a l  s t u d i e s  one observes 
t h a t  blowing up of the beam due t o  t h i s  r e -  
sonance can be avoided i f  the r a d i a l  o s c i l -  
l a t i o n s ,  a s  wel l  a s  the  second d e r i v a t i v e  of 
the mean magnetic f i e l d ,  a r e  small  and i f  
the re  a r e  not  too many revo lu t ions  l y i n g  
ins ide  the  resonance region. I f  the  Dee 
aper ture  i s  l a r g e  enough and a  s u f f i c i e n t  
number of revolut ions  a r e  made a  t o t a l  ex- 
change of energy between the  two o s c i l l a t o r s  
i s  possible  without l o s s  of beam i n t e n s i t y  
( i f  the amplitudes a r e  too l a r g e  an i n s t a b l e  
motion can occur12).  
Smallest  poss ible  energy exchange i s  r e -  
quired f o r  maximum e x t r a c t i o n  e f f i c i e n c y  
and beam qua l i ty .  
I n  f i g .  1  the  e f f e c t  of the resonance i s  
shown i n  a  wel l  adjusted and a  maladjusted 
magnetic f i e l d .  I n  the l a t t e r  case there  i s  
no decrease of the t o t a l  i n t e r n a l  beam 
cur ren t ,  but a  lower ex te rna l  beam i n t e n s i t y ,  
due t o  the  aper tu re  of the e l e c t r o s t a t i c  

For the i n v e s t i g a t i o n  of resonances i t  chanl"' 
i s  very convenient t o  use a c t i o n  and angle 
va r iab les ,  see  r e f .  14). We w i l l  apply these  
here very b r i e f l y  t o  the  V = 2  9 resonance. 
These v a r i a b l e s  a re  de f ine8  by - ( 2 1 ~ 9 ~ ) *  s i n  (vx-*?) - 

21, 3 
X = (-1 cos -vxB) 

3x  .- 

2 = ( 2 1 ~ 9 ~ ) ~  s i n  (qz - &V>) 

( I ~ ,  (9, and I ,vz a r e  the new a c t i o n  and 
angle va r iab lgs  ; n ,X  and n ,z  a r e  the 
r e l a t i v e  r a d i a l  an8 a x i a l  mgments and coordi- 
n a t e s ;  V x  and a r e  the  r a d i a l  and a x i a l  
f r e q u e n c ~ e s ;  Q IS the azimuth). 

This canonical t ransformat ion i s  appl ied 
t o  the Hamiltonian of the  coupled motion 
(eq. 42 , r e f .  12).  
We neglected orders  higher  than the  t h i r d  
degree but  we take i n t o  account terms with 
f i r s t  and second d e r i v a t i v e s  of the  mean 
magnetic f i e l d  r 

r2 d 2 ~  B and /un = 
= B 2). 
A new iimple time independent Hamiltonian 
i s  found which revea l s  a l l  the p roper t i e s  
of the resonance: 

H and I. = I + &I a r e  constants  of motion. 
Therefore,  tge  abote equation completely 
described the  r e l a t i o n  between the v a r i a b l e s  
Iz and 0 = vx - 27z.) 

Numerical c a l c u l a t i o n s  i n  the P h i l i p s  
prototype cyclotron15 gave, a s  a  very 
pess imis t i c  es t imate  a  4074 increase  i n  
height .  The observed inc rease  of the he igh t  
i s  wel l  wi thin  t h i s  value.  

Heavy ions  (wi th  a  very low e/m r a t i o n )  
wich a r e  accelera ted i n  a  v a r i a b l e  energy 
AVF cyclotron f o r  150 MeV protons w i l l  pass 
the V = 2U resonance a t  a  r a d i u s  equal t o  
8574 OH the  fiaximum o r b i t  r ad ius  ( then 

1 
g" = T). Though the number of r evo lu t ions  

4  2  
i n  the  resonance region can be very l a r g e  i n  
t h i s  case ,  i t  can be  shown t h a t  the inc rease  
of the  he igh t  of the  beam i s  neg l ig ib le .  

2.2 The aper tu re  of the e l e c t r o s t a t i c  
channel 

For the c a l c u l a t i o n  of the  aper tu re  of 
a  channel i t  i s  convenient t o  assume a  
c e n t r a l  t r a j e c t o r y ,  and t o  consider small  
l i n e a r  dev ia t ions  with respec t  t o  t h i s  
t r a j e c t o r y .  Using matrix c a l c u l a t i o n  the 
channel wal ls  a t  a r b i t r a r y  azimuths can be 
transformed t o  the entrance.  I n  t h i s  way the 
aper tu re  of an e l e c t r o s t a t i c  channel of the 
prototype cyclotron has been ca lcu la ted  and 
a l s o  the region i n  phase space represen t ing  
the p a r t i c l e s  s t r i k i n g  the  cyclotron cen t re  
s i d e  of the septum9. 
The s i z e  of the  aper tu re  i n  phase space can 
be about 15 mm mrad before  i n t e n s i t y  l o s s  of 
the e x t e r n a l  beam becomes observable.  
I f  the  shape of the p a r t i c l e  o r b i t s  changes 
with energy due t o  the inf luence of sa tu ra -  
t i o n  e f f e c t s  i n  the pole the  s i z e  of the  
aper tu re  w i l l  accordingly change. 
For t h i s  reason an e l e c t r o s t a t i c  channel 
must be mechanically ad jus tab le  i n  order  t o  
keep the  aper tu re  a s  l a r g e  a s  poss ib le  and 
furthermore very high magnetic f i e l d s  must 
be avoided. 

The beam leav ing  the  e x t r a c t i o n  channel 
has a  l a r g e  hor izon ta l  divergence. I n  order  
to  refocus  t h i s  beam, e i t h e r  a  s p e c i a l  shape 
must be g iv  t o  the e lec t rode  and septum of 
the channelga, or  a  magnetic channel with a  
p o s i t i v e  f i e l d  g rad ien t  must be used. The 
l a t t e r  method i s  very a t t r a c t i v e  a s  the de- 
f l e c t i n g  power of the  e l e c t r o s t a t i c  channel 
can be decreased, t h a t  i s  t o  say,  a  lower 
high vol tage on the  e lec t rode .  

The ion o p t i c s  of the  beam i n  the 
f r i n g i n g  f i e l d  i s  a  determining f a c t o r  f o r  
the q u a l i t y  of the ex te rna l  beam8. 

2.3 The inf luence of small r a d i a l  
o s c i l l a  t i o n s  

The maximum separa t ion  between two 
success ive  o r b i t s  is  given by the  following 
r e l a t i o n  r 

+ 2?lldR-11$) R 
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(where 2V i s  the  energy gain  per r evo lu t ioq  
E  the energy of the  p a r t i c l e s ,  V the r a d i l  
frequency, A the r a d i a l  o s c i l l a t f o n  ampli- 
tude,  R the  rad ius  and /U '  = r d  B ). 

B The f i r s t  p a r t  on the r f g h t  hand s!&e i s  
the increase  i n  rad ius  due t o  the i n -  
crease  i n  energy. The second p a r t  a r i s e s  
from the o r b i t  precession. For t y p i c a l  
numbers d = 0,8,  S -0,5, R 2 500 mm, 
V/E : I h 5 8 ~  and A l U 3  mm we f ind  a  separa- 
t i o n  = 5,6 mm. 
For a  good e x t r a c t i o n  e f f i c i e n c y  the  co- 
haerent  r a d i a l  o s c i l l a t i o n  amplitude i s  
about equal t o  the incohaerent o s c i l l a t i o n  
amplitude. I f  the cohaerent o s c i l l a t i o n s  
a r e  allowed t o  be made much l a r g e r ,  l o s s  
of i n t e n s i t y  occurs a t  the 3 = 2 3 reson- 
ance. Due t o  the r a d i a l  osciHlatioEs only 
a  small f r a c t i o n  of the  beam w i l l  h i t  the 
f r o n t  of the septum. As the septum i s  
r a t h e r  t h i n  (e.g. 0 ,5  mm) the avove estim- 
a ted numerical value f o r  the  o r b i t  separa- 
t i o n  R i s  s u f f i c i e n t .  

I n  f i g .  2 we have represented the  
motion of a  g r i d  of p a r t i c l e s  with the same 
energy dur ing the l a s t  r evo lu t ions  before  
ex t rac t ion .  Line g shows a  p a r t i c l e  which 
p r a c t i c a l l y  moves on an "equilibrium orbit". 
Line i s  the motion of a  p a r t i c l e  with a  
r a d i a l  o s c i l l a t i o n  amplitude of about 5 mm. 
One can observe c l e a r l y  the two e f f e c t s  
which cause o r b i t  separa t ion  and which to- 
ge the r  r e s u l t  i n  a  cyc lo ida l  motion. 
If the septum i s  placed a t  53,4 cm ( see  
f i g .  2 )  p a r t i c l e s  of two successive revolu- 
t i o n  numbers can be ex t rac ted .  
A more d e t a i l e d  a n a l y s i s  shows t h a t  the 
f u l l  width ha l f  peak value of the energy 
spectrum i s  about equal t o  the energy d i f -  
ference between the two drawn g r i d s  ( f o r  
t h i s  c a l c u l a t i o n  we s t a r t e d  from a  cont i -  
nuous d i s t r i b u t i o n  i n  energy before d E = l ) .  

For a  good energy r e s o l u t i o n  i t  1s 
important t h a t  a l l  p a r t i c l e s  with the same 
energy have the same r a d i a l  o s c i l l a t i o n  
phase, i n  order  t o  be ex t rac ted  a t  the 
same moment. P a r t i c l e s  which s t a r t  before 
the 3 =l  resonance a t  the same pos i t ion  R i n  phase space and with the  same H.F. phase 
but  having d i f f e r e n t  energ ies ,  a f t e r  a  
number of r evo lu t ions ,  w i l l  have g o t  a  
r a d i a l  o s c i l l a t i o n  phase di f ference.  The 
p a r t i c l e  with l e s s  energy w i l l  g e t  a  r e -  
tarded phase. This p a r t i c l e  w i l l  be acce le r -  
ated f u r t h e r  u n t i l  i t s  phase has the  value 
required f o r  ex t rac t ion .  Due to  t h i s  e f f e c t  
the energy spread of the ex t rac ted  beam 
i s  diminished. 
The p a r t i c l e s  g e t  t h e i r  r a d i a l  o s c i l l a t i o n  
phase a t  t h e v  -1 resonance. (A simple 
c a l c u l a t i o n  i l y i s t r a t e s  t h i s  e f f e c t .  We 
assume two p a r t i c l e s  with an energy 
d i f fe rence  AE. These  articles s t a r t  a t  
the 9,=1 resonance with the  same r a d i a l  
osc i lPa t ion  phase: ?(ElO,*;9 = ~ ( E ~ ~ , * ~ = I )  ; 

E2 ) El ' 

The coordinates  a r e  transformed i n  phase 
space i n  such a  way t h a t  VR-l -W i s  the  
new frequency. After  n  revolut ions  the two 
p a r t i c l e s  w i l l  have o s c i l l a t i o n  phases 

The d i f fe rence  thus becomes i n  phase 

a 
The i n t e g r a t i o n  extends from %=l ( a )  t o  
e x t r a c t i o n  (b)  . 

We have assumed t h a t  cd only depends 
on the energy. This i s  t rue  a s  long a s  
the  motion remains l i n e a r ,  i . e .  i f  the  
o s c i l l a t i o n  amplitudes a r e  no t  too l a rge .  
It fol lows t h a t  

A s  % = 0 (VR=l),  we f ind  

G, i s  the o s c i l l a t i o n  frequency a t  ex- 
b  t r a c t i o n ,  d ~ / d n  is  the  energy gain  per 

revolut ion.  Thus f o r  a E = d ~ / d n ,  p a r t i c l e  1 
w i l l  be accelera ted one revo lu t ion  more t o  
g e t  t h e  r i g h t  phase a t  ex t rac t ion .  A t  the 
same time p a r t i c l e  1  w i l l  then have the 
same energy a s  p a r t i c l e  2. This e f f e c t  of 
phase r e t a r d a t i o n  only ap e a r s  i f  the 
r a d i a l  frequency changes. 7 
I f  no t  too many revo lu t ions  a r e  made a f t e r  
the VR=l resonance the cohaerence of the 
exci ted r a d i a l  o s c i l l a t i o n s  w i l l  p e r s i s t  
and HF phase d i f fe rences  between the pa r t -  
i c l e s  w i l l  not d i s t u r b  the e f f e c t  of the 
re tarded phase. 

I f  we consider f i g .  2 again we can 
give some c r i t e r i a  f o r  improvement of the 
energy reso lu t ion .  I f  the two g r i d s  a r e  
f a r t h e r  separated than i n  t h i s  f i g u r e ,  the 
energy r e s o l u t i o n  w i l l  be b e t t e r .  This 
separa t ion  w i l l  be l a r g e  i f  the  r a t e  of 
change of o s c i l l a t i o n  phase i s  l a r g e  ( i . e .  
i f  d i f f e r s  much from un i ty ) .  The same 
e f f e c a  w i l l  be caused by a  l a r g e  o s c i l l a t i o n  
amplitude. 

Thus, small energy spread requ i res :  a  
l a r g e  (V -1) value,  a s  l a r g e  a s  poss ible  
an o s c i l y a t i o n  amplitude and, of course,  a  
good beam q u a l i t y .  I n  f i g .  3 a g r i d  of 
p a r t i c l e s  i s  shown having a  smal ler  ampli- 
tude than i n  f i g .  2. For t h i s  case a  
worse energy r e s o l u t i o n  is  to  be expected. 
I n  f i g .  4 the ca lcu la ted  energy s p e c t r a  
a r e  given corresponding t o  f i g u r e s  2  and 3. 

The energy spectrum depends i n  a  
pecu l ia r  way on the  Dee voltage.  I f  the  
Dee vol tage is  higher  than the one used i n  
f i g .  2 ,  the energy d i f fe rence  between the 
two g r i d s  becomes l a r g e r ,  but  the  separa- 
t i o n  w i l l  no t  increase  appreciably  a s  the 
main con t r ibu t ion  t o  the  o r b i t  separa t ion  
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o r i g i n a t e s  from the precess ional  motion. 
One cannot expect a  b e t t e r  energy reso lu -  
t ion .  I t  may even be worse, un less  l a r g e r  
o s c i l l a t i o n  amplitudes a r e  used, o r  un less  
the  beam is  acce le ra ted  s t i l l  f u r t h e r  i n t o  
the  f r i n g i n g  f i e l d ,  s o  t h a t  the  (vR-l)  
value inc reases .   his can be done owing 
t o  the higher  Dee vol tage.  For very l a r g e  
o r b i t  separa t ions  the  e x t r a c t i o n  channel 
becomes energy s e l e c t i v e  and the e x t r a c t i o n  
e f f i c i e n c y  w i l l  be decreased. ) 

I f  the  Dee vol tage i s  lower than the  
one used i n  f i g .  2 i t  may occur t h a t  the  
d i s t ance  between the  two tu rnpo in t s  P1 and 
P2 of the  cycloid  becomes smal ler  than the 
r a d i a l  width of the  beam. Due t o  t h i s  a  
p a r t  of the beam w i l l  be acce le ra ted  
revolut ions  more. * 
Separate peaks i n  the energy spectrum of 
the ex te rna l  beam w i l l  appear and a t  the 
same time the  width of the  peaks i s  in-  
creased s t rongly.  This very po in t  w i l l  be 
explained i n  more d e t a i l  i n  s e c t i o n  2.7. 

One thus  can conclude t h a t  t h e r e  i s  
an optimal value,  o r  a t  l e a s t  a  minimum 
value of the Dee vo l t age ,  f o r  maximum 
energy reso lu t ion .  

The o r b i t  separa t ion  i n  a  cyclotron 
with k  times l a r g e r  dimensions w i l l  remain 
the  same i f  the  3 1 value and the  o s c i l l a -  R- t i o n  amplitude remain constant  and i f  the  
Dee vol tage is  increased k  times. This 
means t h a t  the  energy r e s o l u t i o n  improves 
inverse ly  proport ional ly  t o  E = k. 

The energy r e s o l u t i o n  which can be 
obtained i n  small  cyclotrons  (30 M ~ V )  i s  
about 0,396. This value w i l l  be l e s s  than 
0,2 96 i n  cyclotrons  i n  the  70-100 MeV r e g i o n  

2.4 The e x c i t a t i o n  of smal l  r a d i a l  
o s c i l l a t i o n s  

By means of f i r s t  harmonics i n  the 
magnetic f i e l d  a t  the  place of the  QR-1 
resonance the  phase and amplitude of the  
r a d i a l  o s c i l l a t i o n s  can be control led.  The 
energy of the  e x t e r n a l  beam can be va r ied  
by chmging tbe phase a t  the VR=l resonance 
o r  by changing the number of r evo lu t ions  
by means of the  Dee vol tage and the main 
magnetic f i e l d .  

2.5 Some experimental  r e s u l t s  
The energy spread of the  ex te rna l  

beam i n  our small 30 MeV cyclotron i s  
about 0,396. 

Ex t rac t ion  e f f  i c i e n c i e s  above 8074 can 
be reached f o r  v a r i a b l e  energy. Due to t h i s  
high e f f i c i e n c y  l a r g e  e x t e r n a l  cur ren t s  
a r e  poss ible  ( 100 UA). 
T'he q u a l i t y  of the d x t e r n a l  beam was found 
t o  be about 10 t o  15 mm m ad f o r  25 MeV 6 protons ( a x i a l  and r a d i a l  ). 

2.6 Observation of the  r a d i a l  o s c i l l a -  
t i o n s  before  ex t r a c  t i o n  

With a  d i f f e r e n t i a l  probe the 
r a d i a l  o s c i l l a t i o n s  can be observed. The 

i n t e n s i t y  measured on the d i f f e r e n t i a l  
probe i s  a  minimum when the o r b i t  c e n t r e  
moves i n  the  d i r e c t i o n  of the probe and 
a  maximum when the cen t re  moves i n  opposite 
d i r e c t i o n .  Thus a  smal ler  f r a c t i o n  of the 
beam w i l l  h i t  the  f r o n t  of the septum a s  
the c e n t r e  moves i n  the d i r e c t i o n  of the 
entrance of the  e x t r a c t i o n  chmnel .  On a  
t a r g e t  180° away from t h i s  entrance maximum 
i n t e n s i t y  can be expected on the  d i f f e r e n t i a l  
probe i f  the cyclotron i s  adjusted f o r  
the b e s t  e x t r a c t i o n  e f f i c iency .  

I n  f i g .  5  the  i n t e n s i t y  on the 
d i f f e r e n t i a l  probe i s  represented a s  a  
func t ion  of r ad ius .  The azimuthal pos i t ion  
of t h i s  probe i s  about 150' upstream with 
r e s p e c t  t o  the e x t r a c t i o n  channel entrance.  
The inc rease  i n  i n t e n s i t y  j u s t  before  ex- 
t r a c t i o n  i s  c l e a r l y  v i s i b l e .  This i n d i c a t e s  
t h a t  the  r a d i a l  o s c i l l a t i o n  phase has the 
value required f o r  ex t rac t ion .  

2.7 Occurrence of separa te  peaks i n  the  
energyspectrum of the  e x t e r n a l  beam 

When p a r t i c l e s  wi th  the r i g h t  
r a d i a l  o s c i l l a t i o n  phase f o r  e x t r a c t i o n  j u s t  
m i s s  the entrance they must make one complete 
r a d i a l  o s c i l l a t i o n  i n  phase space (with 
frequency PR-1) before  g e t t i n g  again  the  
r i g h t  phase f o r  ex t rac t ion .  

To i l l u s t r a t e  t h i s  e f f e c t  ( see  f i g .  6 )  
the  r a d i a l  pos i t ion  of the septum i n  the 
phase space of the (n-k) th  revo lu t ion  i s  
transformed t o  the phase space of the  n t h  
revo lu t ion  and represented by the l i n e  n-k 
(k i s  the  number of r evo lu t ions  before  the 
nth revo lu t ion) .  
A l l  p a r t i c l e s  t o  the r i g h t  of l i n e  n-k 
( d i r e c t i o n  of the arrow) go i n t o  the ex- 
t r a c t i o n  system a f t e r  n-k revolut ions .  They 
may go through the  channel o r  h i t  some 
p a r t s  of  i t  but they w i l l  no t  be acce le ra ted  
any f u r t h e r .  
P a r t i c l e s  t o  the l e f t  of the l i n e  n-k w i l l  
be acce le ra ted  f u r t h e r .  I n  t h i s  way regions  
i n  phase space a r e  determined represen t ing  
p a r t i c l e s  ex t rac ted  a t  a  c e r t a i n  revolut ion 
number, i .e.  wi th  a  c e r t a i n  energy. 

Therefore,  a  beam represented by a  
shaded a r e a  i n  f i g .  6a w i l l  g ive  d i s c r e t e  
energies .  For l a r g e  QR-1 values  these  
d i s c r e t e  energies  a r e  c lose  t o  each o t h e r ,  
f o r  small 3 -1 values  the d i s c r e t e  energies  
w i l l  be wideyy separated.  

The s i z e  of the d i s c r e t e  energy regions  
depends l i n e a r l y  on the  r a d i a l  separa t ion  
between two success ive  equi l ibr ium o r b i t s .  
This separa t ion  narrows a t  lower Dee vol tages  

o r  a t  l a r g e r  values  of - ; - ::, which a re  small 

o r  p o s i t i v e  before QR=l and negat ive  a f t e r  
t h i s  resonance (see  sec t ion  2.1 ). 

I f  these  energy regions  become smal ler  
than the a r e a  occupied by the  beam, severa l  
d i f f e r e n t  r evo lu t ion  numbers w i l l  be ex- 
t r a c t e d  and the energy spread of the beam 
increases .  
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2.8 Ex t rac t ion  before o r  a f t e r  the  v R d  
resonance? 

Extract ion before  ))!=l has many disadvantages 
compared with ex t rag t ion  a f t e r  t h i s  resonance. 
The o r b i t  separa t ion  before VR=l is  small 
(see  sec t ion  2.3), r e s u l t i n g  i n  a  lower 
e x t r a c t i o n  e f f i c i e n c y  and, a s  more p a r t i c l e s  
w i l l  h i t  the septum, i n  a  s t rong  decrease 
i n  i n t e n s i t y  of the ex te rna l  beam. 

The r e t a r d a t i o n  e f f e c t  ( s e e  s e c t .  2.3) 
of the r a d i a l  o s c i l l a t i o n  phase only appears 
when V changes rapidly .  Before V 1 the R r a d i a l  frequency remains p r a c t i c a ~ y y  con- 
s t a n t .  The energy spread w i l l ,  t he re fo re ,  
increase .  The d i s c r e t e  energy regions  (see  
sec t .  2.7) can be r a t h e r  smal l ,  r e s u l t i n g  
again i n  a  l a r g e r  energy spread. A t  the 
same time separa te  peaks i n  the energy 
spectrum can e a s i l y  appear. F i n a l l y ,  the  
bram i s  ex t rac ted  a t  a  r a t h e r  small radius .  
This r equ i res  a  higher  vol tage on the ex- 
t r a c t i o n  e lec t rode  and l i m i t s  the maximum 
energy of the cyclotron. 

Most of these  arguments a g a i n s t  
e x t r a c t i o n  before v = l  a r e  not  e f f e c t i v e  
i f  the  q u a l i t y  of tffe i n t e r n a l  beam i s  very 
high and i f  the high frequency phase width 
i s  small ( - 50). 
3 .  Application of the neneral o r b i t  theorx 

t o  a  study on regenerat ive  e x t r a c t i o n  
In  the general  o r b i t  theory14  we have 

shown the inf luence of f i r s t  and second 
harmonics per turbat ions  i n  the  magnetic 
f i e l d  on the r a d i a l  motion of the  p a r t i c l e s .  
The perturbed Hamiltonian has a  f i r s t  degree 
p a r t  cons i s t ing  of two par t s .  The f i r s t  
p a r t  a r i s e s  from a  f i r s t  harmonic component 
i n  the magnetic f i e l d .  The second p a r t  i s  
e.g. the  r e s u l t  of an in te r fe rence  between 
second and four th  harmonic components with 
t h i r d  harmonic components i f  the main 
magnetic f i e l d  has th ree fo ld  symmetry. I n  
t h i s  theory i t  i s  assumed t h a t  the components 
of the pe r tu rba t ion  f i e l d s  a r e  small  com- 
pared t o  the  components of the  main magnetic 
f i e l d .  But t h e i r  d e r i v a t i v e s  may be very 
l a r g e  and can no t  be neglected. These 
assumptions a r e  genera l ly  t r u e  f o r  pee le r  
and regenerator  f i e l d s .  For a  desc r ip t ion  of 
the  p a r t i c l e  motion i n  these  f i e l d s  we w i l l  
only use here ,  a s  an example, the l i n e a r  
theory. The method can, however, e a s i l y  be 
extended t o  the  study of the inf luence of 
non-linear terms ( i n  r e f .  14 eq. 11.2 the 
Hamiltonian i s  given up t o  the f o u r t h  de- 
g ree ) .  The Hamiltonian of the r a d i a l  motion 
i n  a c t i o n  and angle v a r i a b l e s  i s  represented 

+ ((%-l)+ &A: + (+A2 + +A;) cos 2Cp + 
b 

+ ( & B ~  + +B;) s i n  2 7  1 . J 

The f i r s t  harmonic components i1 and g1 a r e  
defined i n  equation 11.2 of r e f .  14. 
AO,  A ? ,  ....... a r e  the r e l a t i v e  harmoniy 
components of the magnetic f i e l d .  A;), A 2 ,  
e tc . ,  a r e  the  r e l a t i v e  d e r i v a t i v e s  

dA2 (A; = r - e t c . )  d r  
It  is  convenient t o  transform the  a c t i o n  
and angle v a r i a b l e s  t o  X , Y  coordinates ,  
defined by Q X = (2 1)- R. C O S T  

( see  r e f .  17).  R is  the  mean rad ius  of 0  the  o r b i t .  X and Y a r e  now the Cartesian 
coordinates  of the o r b i t  centre .  
The new Hamiltonian is:  

+ (&A, + ~ A ; ) ( Y - P )  + ( fs2  + ~ B ; ) X Y  

We now choose our coordinate system i n  such 
a  way t h a t  B and B' a r e  zero ( t h i s  i s  
permitted on?y i f  t ze  phase of the  second 
harmonic does not  depend on the  rad ius ) .  

The r e s u l t i n g  equations of motion 
become very simple: 

A = +ilro + k Y R - l )  + +A; - - +A;] Y 

P . --$Airo - [(YR-l ) + &A6 + &A2 + +Aj] X 

The so lu t ion  f o r  X i s  
-wa W> 

X = a + b e  + e e  
u i s  defined by 

0"- (&A2 + - (vR-1 + 
I n s t a b i l i t y  only occurs f o r  a2) 0. I n  f a c t  

- W >  
ewa and e  a r e  the  eigenvalues i n  matrix 
theory. 3 

For the study i n  the motion i n  a  re-  
generat ive  e x t r a c t i o n  system the regenerator  
and pee le r  f i e l d s  a r e  expanded i n  Fourier  
s e r i e s .  The Fourier  components can be sub- 
s t i t u t e d  i n  the  above equat ions  and the 
so lu t ion  is  e a s i l y  found. 
Several so lu t ions  of the  system have been 
inves t iga ted  , using an analogue computer, 
which i s  a  most use fu l  supplement t o  ana- 
l y t i c a l  and d i g i t a l  methods ( r e f .  17).  
A s  an example we have used l i n e a r  regenera- 
t o r  and pee le r  f i e l d s  of the  shape 

- 

R-R0 
J ( R ~ )  + (-1 J1(R0) 

R. 
J ( R ~ )  has been changed slowly t o  take i n t o  
account the inf luence of the  acce le ra t ion .  
A t  t he  same time A B and A2 vary slowly, 
a s  they o r i g i n a t e  $:on2 J ( R ~ ) .  
During acce le ra t ion  the de r iva t ives  remain 
constant .  I n  f i g .  7 a  g r i d  i n  phase space 
i s  followed dur ing severa l  revolut ions  
through the regenerato* and peeler .  The 
motion i s  considered i n  a  region where %)l 
without per turbat ions .  The pos i t ions  of 
regenerator  and peeler  a r e  chooeen i n  such 
a  way t h a t  the  b e s t  pos i t ion  of the channel 
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( e l e c t r i c  o r  magnetic) is  i n  a v a l l e y  ( see  
f i g .  8 ) .  

From these  s t u d i e s  some conclusions 
can be drawn resembling very  much those of 
the  precess ional  e x t r a c t i o n  case.  I n  the 
f i r s t  place p a r t i c l e s  wi th  r e l a t i v e l y  low 
energy w i l l  have a small  amplitude and 
w i l l  be acce le ra ted  u n t i l  they have the  
r i g h t  amplitude f o r  e x t r a c t i o n ,  the  a c t i o n  
of the  r egenera to r  system being re ta rded .  
This e f f e c t  improves the  energy r e s o l u t i o n  
and was c a l l e d  energy compression by ~ i m l ~ .  

A second e f f e c t  i s  t h a t  the  energy 
r e s o l u t i o n  depends on the s i z e  of the  
cyclot ron roughly i n  the  same way a s  wi th  
precess ional  ex t rac t ion .  Thus a k times 
l a r g e r  cyclot ron w i l l  have a r e s o l u t i o n  
which i s  about k =v t imes b e t t e r .  

The r e t a r d a t i o n  e f f e c t  of the  l i n e a r  
r egenera t ive  system o r i g i n a t e s  mainly from 
the  f i r s t  harmonic components of the  f i e l d .  
The inf luence of t h i s  e f f e c t  decreases  i f  
the  amplitudes become too l a rge .  I n  t h a t  
case the  time independent p a r t s  i n  the  
Hamiltonian become very important f o r  the  
inc rease  of the  amplitudes.  With t h i s  
system o r b i t  sepa ra t ions  of about 1 cm with  
3 cm amplitudes can be obtained. 

The s t ren$h of t h e  r egenera to r  and 
pee le r  f i e l d s  necessary t o  g e t  a c e r t a i n  
e f f e c t  de ends s l i g h t l y  on the  azimuthal 
posi t ion18, l1 .  This i s  shorn i n  f i g .  9. 

The a x i a l  motion i n  the  r egenera t ive  
system has been s tud ied .  1 t . i ~  found t h a t  
a wide v a r i e t y  of d i f f e r e n t  r egenera to r  and 
pee le r  s t r e n g t h s  give  a good a x i a l  s t a b i l i t y  
( see  a l s o  r e f .  1 0 , l l ) .  

Comparing both types  of e x t r a c t i o n  
systems, we must conclude t h a t  they w i l l  
g ive  about the  same r e s u l t s .  The only i m -  
po r t an t  d i f f e r e n c e s  l i e  i n  the  l a r g e r  
o s c i l l a t i o n  amplitudes and the  lower 
a t t a i n a b l e  energy i n  the  r egenera t ive  
system. 

References 

1. J .J .  Livingood, P r i n c i p l e s  of c y c l i c  
p a r t i c l e  a c c e l e r a t o r s ,  D. van Norstrand 
Company, Ltd. 

2. Tuck J.L. and Teng L.S., 1950 I n s t .  of 
Nuclear S tud ies  170, Synchrocyclotron 
Progress Report 111, Univ. Chicago, 
Chap. V I I I ;  1951, Phys.Rev. E l ,  305. 

3. Le Couteur K.J., The Regenerator De- 
f l e c t o r  f o r  Synchrocyclotrons,  Proc. 
Phys. Soc. M, 1951, 1073; Vol. 66B, 
1953, 25 

4. Vers te r  N.F., Regener i t ive  Beam Ex- 
t r a c t i o n ,  Proc. Sya I s l and  Conf. on 
Sector-focused Gyclotrons,  199-202, 
224-228, Nat. Acad. Sciences - Nat. Res. 
Council ,  Pub l i ca t ion  656, 1959 

5. Vers te r  N.F., Def lect ion of the  Cyclotron 
a t  Amsterdam, Reports 2855, 2953 - Phi l .  
Res. Repts., Eindhoven 

6. J .  Sanada e t  a l . ,  E f f i c i e n t  Beam Ex- 
t r a c t i o n  a t  n - l ,  Proc. l961 In te rn .  Conf. 
High Energy Accelera tors ,  Brookhaven 
Nat. Lab. 

7. Proc. I n t e r n .  Conf. Sector-focused Cyclo- 
t r o n s ,  Los Angelos, Nucl. I n s t r .  & Meth. 
18/19, l962 
In te rn .  Conf. Sector-focused Cvclotrons 
and Meson-factories, CERN 63-13, Apr i l  
1963 

8. van Kranenburg A.A. e t  a l . ,  Beam proper- 
t i e s  of P h i l i p s  AVF Cyclotrons. To be 
published a f t e r  t h i s  conference 

9. Hagedoorn H.L. and Vers te r  N.F., The Ex- 
t r a c t i o n  of the  Beam of the  P h i l i p s  AVF 
Cyclotron, CERN 63-19, 228-235 

10. Finley E.A., A Proposal f o r  Linear Re- 
genera t ive  Ex t rac t ion  from the Birmingham 
Radial  Ridge Cyclotron,  Proc. Los Angelos 
Conf. on Sector-focused Cyclotrons,  Nucl. 
I n s t r .  & Meth. 1 8 / 1 ~  1962, 479-487 

11. K i m  H. e t  a l . ,  Operations of t h e  Regener- 
a t i v e  Ex t rac t ion  System on the  Univ. of 
Birmingham 40" Cyclotron, CERN Conf. on 
Sector-focused Cyclotrons,CERN, 1965,7579 

12. Garren A.A. e t  a l . ,  E l e c t r o s t a t i c  De- 
f l e c t o r  Calcula t ions  f o r  t h e  Berkeley 
88" Cyclotron,  Los Angelos Conf. on 
Sector-focused Cyclotrons,  Nucl. I n s t r .  
& Meth. 18/19, 1963, 525-547 

13. Hamilton D.R.,  On Def lec t ions  a t  n=1 
i n  the  Synchrocyclotron,  Rev .Sc i . Ins t r .2 ,  
1951 , 783-792 

14. Hagedoorn H.L.  and Vers te r  N.F., Orbi ts  
i n  an A.V.F. Cyclotron,  Los Angelos 
Conf., Nucl. I n s t r .  & Meth. 18/19, 1963, 
201-229. 

15. Vers te r  N.F. e t  a l . ,  Some Design Features  
of the  P h i l i p s  Prototype A.V.F. Cyclotron, 
Los Angelos Conf., Nucl. I n s t r .  & Meth. 
18/19, 1963, 88-92; CERN Conf. CERN 1963, 
4 3-47 .. , . 

16. Arzumanov A.A. e t  a l . ,  Experiments on 
Accelera t ion and Ex t rac t ion  of Ions i n  
an A.V.F. Cyclotron, The 1961 In te rn .  
Conf. on High Energy Accelera tors ,  
B.N.L. 767 (C-36),  Brookhaven Nat. Lab. 

17. Hagedoorn R.L. and Vers te r  N.F., Analogue 
Computer Studies  f o r  an A.V.F. Cyclotron, 
Los Angelos Conf. on Sector-focused Cyclo- 
t r o n s ,  Nucl. I n s t r .  & Meth. 18/12, 1963, 
336-337 

18. ~ i m  H., Regenerative Beam Ext rac t ion ,  
Proceedings of t h i s  conference.  

Proceedings of the International Conference on Isochronous Cyclotrons, Gatlinburg, Tennessee, 1966

Reprinted from IEEE Transactions on Nuclear Science NS-13 (4), Aug 1966 c© IEEE 1966 B-003



IEEE TRANSACTIONS ON NUCLEAR SCIENCE 

with ftharrnonic without lSt harmonic 

P 

- radius 

Fig. 1 The intensity distribution of the beam 
as a function of radius, measured 
with a threefinger target. 

August 

Fig. 2 The motion of a phase space figure 
during acceleration. Line g repre- 
sents a particle moving on an "equi- 
librium orbit"; line represents a 
particle with a rather large radial 
oscillation amplitude 
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F i g .  j The mot ion  of a  phaee s p a c e  f i g u r e  
w i t h  a small r a d i a l  o s c i l l a t i o n  ampl i -  
t u d e  d u r i n g  a c c e l e r a t i o n  

encrgyspectrurn I belonging to fig 2 
eneqyspectrurn 
belonging to f ~ g  3 

F i g .  4 The e n e r g y  spec t rum o f  t h e  e x t e r n a l  
beam 
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J'=Q075-300 Gausslcm 
Ro-5Ocm 
J( Ro).O 
Energy gain per turn-250 kV 

Fig. 8 An example of a r egenera t ive  system 
f o r  which some c a l c u l a t i o n s  have 
heen made. 

Fig.  7 The motion of a phase space f i g u r e  
i n  the  r egenera to r  system, shown i n  
f i g .  8. 

!22,Sa d + 22.5- 
--8 

JL0.075 Ro-30cm J(Ro1.O 
Energy gain per turn=100 kV 

Fig.  9 The i nc rease  of the  r a d i a l  amplitude 
a s  a func t ion  of azimuthal p o s i t i o n s  
of the  r egenera t ive  system f o r  
d i f f e r e n t  amplitudes ( t h e  azimuthal 
p o s i t i o n s  a r e  given i n  f i g .  8) .  
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