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Considerat ions on t h e  b a s i c  des ign  of a 450 MeV machine was repor t ed  l a s t  year  
1 i n  Los Angeles1 . I t  is intended t o  start wi th  t h r e e  s e c t o r s  i n  t h e  c e n t e r  and t o  

change over t o  s i x  s e c t o r s  gradual ly  a t  a s u i t a b l e  r a d i a l  i n t e r v a l .  The vR = 1.5 

resonance is t o  b e  obtained a t  the  edge and t o  be used f o r  ex t r a c t i o n  by the a d d i t i o n  

of a t h i r d  harmonic i n  the f i e l d .  To g e t  a high meson production the  cond i t ions  f o r  

s h i f t i n g  t h i s  resonance towards h igher  energ ies  were inves t iga ted .  

The i n v e s t i g a t i o n s  made use of c a l c u l a t e d  magnetic f i e l d s  by t h e  method descr ibed  
1 )  i n  d e t a i l  i n  the previous paper . This method d e a l s  w i t h  magnetic f i e l d s  where the 

inf luence  of f i e l d  overlapping is  given by a two-dimensional p o t e n t i a l  theory. Thus, 

we avoided ob ta in ing  magnetic f i e l d s  which cannot be r e a l i z e d .  Besides a s p i r a l  of 70' 

and an induct ion  of 2 1  kG were never exceeded. The three-sea tor  con f igu ra t ion  i n  the 

oen te r  of the  machine has no f u r t h e r  complicat ions i n  comparison wi th  machines i n  use. 

The Trans i t i on  from Three t o  Six Sec to r s  

With r e s p e c t  t o  a simple design,  t h e  t r a n s i t i o n  from t h r e e  t o  s i x  s e c t o r s  was 

loca t ed  i n  t h e  Thomas-range which ends a t  a r ad ius  of 125 cm f o r  a  small a i r  gap of 

20 cm. To avo id  the  add i t i ona l  d i f f i c u l t i e s  due to t he  phase s h i f t  of the f i e l d  har- 

monics i t  i s  proposed t o  perform the t r a n s i t i o n  i n  such a way t h a t  the three  h i l l s  a r e  

narrowed symmetrically t o  t h e i r  

cen te r l i ne .  The new s e c t o r s  r i s e  i n  

the middle of the v a l l e y  as shown i n  

Fig. l. The he igh t  and width of t h e  

two k inds  of s e c t o r s  lmst  be chosen 

such t h a t  isochronism and a x i a l  

focusing a r e  a s su red  and vR does not  

decrease t o  avoid the neighbourhood 

of the vR = 1 resonance. To cons ider  

t he  inf luence  of the two f l u t t e r  

f a c t o r s  f, and f, and t h e i r  der iva-  

t i v e s  on v R and vz the fol lowing two 

approximate formulas were used f o r  

f i r s t  o r i en ta t ion .  

Fig. 1 T r n n a i t ~ o n  f r m  three  t o  e i x  sectors.  
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d f 
with a = - n = 3 and 6. 

n 

Magnetic F ie ld  of the  Outer Edge 

The equation for  vR w a s  derived by so lu t ion  of H i l l ' s  equation under the  aasump- 

t i o n  k <c l and neglect ing higher harmonics than f6 , and terms of higher order. When 

the t r a n s i t i o n  is  f in i shed  f 3  has decreased t o  zero and f, has increased continuously 

from i t s  i n i t i a l  value defined by the  pole-face geometry t o  a f i n a l  value. This  implies 

t h a t  a, i s  always pos i t ive  but  a, must change from a p o s i t i v e  to negative values. To 

f u l f i l  the t h i r d  condit ion t h e  term with f: must not decrease more than the  terms with 

k and f 2  increase.  Accordingly, a t  the i n i t i a l  r ad ius  k must give a considerable con- 

t r i b u t i o n  t o  vR and the va l l ey  must be wide 

enough tha t  t h e  i n t e r m d i a t e  sec tor  can be 

introduced. I n  our case an i n i t i a l  r ad ius  

of 43 cm and a f i n a l  r ad ius  of 125 cm proved 0.5- 

t o  be advantageous. Besides, v Z  can alwaya 

be kept above the va lue  0.2 provided the  

i n i t i a l  value of f, is large  enough; t h i s  

can be achieved by making t h e  sec to r s  suf- 

f i c i e n t l y  narrow. 

By m a n s  of a s u i t a b l e  computer pro- 

gram a magnetic f i e l d  shape was found leading 

t o  the  values of f ,  and f, ca lcula ted  aa 

above, (see Fig. 2). The edges of t h i s  f i e l d  

a r e  shown i n  Fig. 1. Fig. 3 shows the be- 

haviour of vR i n  the range of t r ans i t ion .  

Both f igu res  demonstrate t h a t  the  t r a n s i t i o n  

I n  the  remaining r a d i a l  range no spe- I ,  \ 
0,43 Q62 0,8 l 1.00 lj9 m 

c i a l  d i f f i c u l t i e a  a r i s e  excepting the 
W. 2 Radial dependence of f ,  and f. harmonic o f  f i e l d  

i s  r ea l i zab le  under t h e  above mentioned 0) - 
condi tions. 

shaping of the f i e l d  a t  the outer  edge. f l u t t e r .  

\ 
\ 
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Fig. ) Y( i n  the range of t r a n s i t i o n  from three  t o  s i x  
seotors.  

No requirements a r e  imposed on vR i n  the 

intermediate range and v. can be r e a l i z e d  by 

a s u i t a b l e  choice of s p i r a l  angles. A t  the 

ou te r  edge, however, i t  is des i rab le  to  

postpone the vR = 1.5 resonance t o  obta in  

higher energies. Here the  f i e l d  parameters 

a r e  f ixed  l a rge ly  by requirements of con- 

s t ruo t ion  and economy. 

There remains only t o  inves t iga te  the 

influence of the  r a d i a l  de r iva t ives  of v R ' 
General information may be obtained again from 

an approximate formula fo r  vR. 

with f 
T l + k +  
0 - ) +  s,(2+k)+&b6-&~*tan2< , 

N2 -( l+k) l+k 3 

Proceedings of the International Conference on
Sector-Focused Cyclotrons and Meson Factories

CYC63H05 Geneva, April 23-26, 1963



Sess ion  V 1 1 1  

E is  that p a r t  of f i e l d  index which i s  due t o  the  mass increment only. I f  a, i a  

approximately chosen as - (2 + k) then the  always p o s i t i v e  term T' vanishes,  and ro 

deoreases.  A f u r t h e r  deorease of ro can be achieved by a negat ive  second d e r i v a t i v e  

b, of t he  f l u t t e r .  So, t h e  oond i t ions  f o r  small vR at the o u t e r  edge a r e  

a, = - (2 + k ) ,  b6 < 0. (4) 

Negative d e r i v a t i v e s  can be obtained i f  the angu la r  width of the s e c t o r s  is  

increased.  To f u l f i l  t h e  cond i t ions  of (4) the f i e l d  B- i n  t he  h i l l  has t o  deorease 

a t  the  r ad ius  of f i n a l  energy. We got, a r e a l i z a b l e  f i e l d  f a l l - o f f  by measurements on 

a model wi th  a Rose shim. The beginning of the f i e l d  f a l l - o f f  was chosen such t h a t  the 

oond i t ions  (4) a r e  m t  a t  450 MeV. Fig. 4 shows the  behavior  of vR and the  f l u t t e r  f,. 

With t h i s  r a d i a l  dependenee of f l u t t e r  we obtained the va lue  vR = 1.48 an energy of 

460 MeV. 

I n  comparison with t h i s  c a s e  Big. 5 shows the behavior of vR i f  the angular  width 

of t h e  h i l l  i s  kep t  constant .  Due t o  the  p o s i t i v e  d e r i v a t i v e  of f6 the  va lue  vR = 1.48 

appears  a t  403 MeV. 

Besides t h e  smaller  vR i n  the f i r s t  ca se  the re  is a f u r t h e r  advantage because 

t h e  e f f e c t i v e  r ad ius  of t h e  machine i s  increased  cons iderably  by extending the range of 

a c c e l e r a t i o n  i n t o  the range of f i e l d  f a l l -o f f .  However, i t  is  neoessary to  en large  

the width of the  h i l l  by about 1'. 

The r a d i a l  dependence of a l l  f i e l d  q u a n t i t i e s  and v Z  a r e  shown i n  Fig. 6. 

Method of Calcula t i o n  

The next  problem is to f i n d  the  s e c t o r  p r o f i l e  which g ives  the  above c a l c u l a t e d  

f i e l d  i n  the  midplane wi th in  t h e  allowed to lerances .  This  c a l c u l a t e d  f i e l d  can be used 

Fig. 4 F i e l d  f l u t t e r  Ir and vR a s  f u n c t i o n s  of energy (Case ?-constant h i l l  f i e l d  Em,). 
o Calcula ted  by Runge-Kutta i n t e g r a t i o n ,  w i t h  0.1 cm r a d i a l  amplitude. 
A C a l m l a t e d  by Runge-Kutta i n t e g r a t i o n ,  with 1 cm r a d i a l  amplitude. --- Calm l a t e d  by semi-numerical method. 
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Pig. 5 F i c l d  f l u t t o r  C and vR a s  func t ions  of energy (Case l -cons tan t  angulnr  width 
of h i l l s ) .  

Pig. 6 Rndinl  dependence of B-, s p i r a l  Z, s e c t o r  width a and v 
o Runge-Kutta points.  z* 
x Calculn tcd  by somi-numerical methocl. 

only a s  f i r s t  approximation beaause of  the assumption of i n f i n i t e  pemneabili t y  and 

of two dimensions i n  the p o t e n t i a l  theory. The f i n a l  a a l a u l a t i o n s  m a t  be made f o r  

measured f i e  l d s  obtained from a magnetia model. 

Because vR approaohes the  resonanae a t  the ou te r  edge i t  has  t o  be aalau la t ed  

very  exact ly .  To avoid  the inf luenoe  of  the s t a t i s t i a a l  measurement e r r o r s  on the  

c a l c u l a t e d  va lues  of v R  and v Z  a semi-numeriaal method has  been developed by us. We 

expeat  t h a t  the r e s u l t s  a r e  l e s s  inf  luenoed than, f o r  example, the  r e s u l t s  of 

Runge-Kutta-calculations because a l l  q u a n t i t i e s  aon ta in ing  f i e l d  va lues  a r e  formed by 

in t eg ra t ion .  The e s s e n t i a l s  a r e  desor ibed  i n  the  f o l l a i n g .  

For t he  r e l a t i v e  dev ia t ion  X of t he  equi l ibr ium o r b i t  from the  r e fe renae  c i r c l e  e  
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r = R w e  ge t  from t h e  r a d i a l  equat ion  of motion by neg lec t ing  terms h igher  than 

quadra t i c ,  

The s o l u t i o n  r e s u l t s  from i t e r a t i o n  by c n l c u l a t i n g  the ( n + l ) t h  approximation of Eq. 

(5) ,  i.e. the d i f f e r e n t i a l  equat ion ,  

For t h i s  purpose i t  is necessary t o  transform t h e  express ion  on the  r i g h t  s i d e  

of Eq. (5 )  t o  t h e  form of a tr igonometric  s e r i e s .  This is done i n  the fol lowing way: 

Bz(r ,6)  is s t o r e d  i n  the  computer f o r  e q u i d i s t a n t  va lues  of t h e  two arguments r and 6. 

A t  each  i t e r a t i o n  s t e p  B=(re(#), 6 )  is  computed from quadra t i c  i n t e r p o l a t i o n  formulas. 

Now a harmonic a n a l y s i s  of B(6) can be made. For the intended transformation of 

h(xeSn,  X '  ), only d i f f e r e n t a t i o n s ,  add i t i ons ,  and m u l t i p l i c a t i o n s  of t r igonometric  
e ,n 

s e r i e s  a r e  necessary. Each of t h e s e  opera t ions  l eads  to  a simple larr by use of which 

t h e  c o e f f i c i e n t s  of the  r e s u l t i n g  s e r i e s  can  be c a l c u l a t e d  from t h e  c o e f f i c i e n t s  of 

t he  given s e r i e s .  This  enabled us t o  have t h e  t ransformat ion  performed by the  computer. 

The i t e r a t i o n  is stopped as soon as the d e s i r e d  accuracy is obtained. 

The d i f f e r e n t i a l  equat ions  f o r  r e l a t i v e  a x i a l  and r a d i a l  dev ia t ions  X and y  from 

the  equi l ibr ium o r b i t  a r e  

w i t h  
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Eq. (6) and (7)  a r e  transformed t o  the s tandard  form of H i l l  ' e  equation 

The pe r iod ic  f  unat ion G ( 9 )  must be w r i t t e n  f o r  both caaes  as a tr igonometric  s e r i e a  

whose c o e f f i c i e n t s  can be c a l a l a t e d  again  as descr ibed  above. The r igo rous  so lu t ion  

of Eq. (8) i s  then obtained by use  of t h e  a thod given by hlo~aohlan'). The aoouraoy 

of t h i s  method was c o n t r o l l e d  by comparison wi th  Runge-Kutta ca lou la  t ions.  There was 

good agreement as shown i n  Fig. 4 and 6. 

To i n v e s t i g a t e  the inf luence  of s t a t i s t i c a l  d e v i a t i o n s  of f i e l d  va lues ,  

a r t i f i c i a l l y  genera ted  measurement e r r o r s  were superposed on the a n a l y t i c a l l y  ca l cu la t ed  
0 

f i e l d .  I t  turned ou t  t h a t  an average e r r o r  of 1 /oo corresponding "to a maximum e r r o r  
o/ of 0.5% leads t o  an e r r o r  of about 3 oo i n  vR and about  % i n  vz. 
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