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I n  the  des ign  of a sp i r a l - sec to r  FFAG a c c e l e r a t o r ,  one is  r equ i r ed  t o  answer 

the  q u e s t i o n  of what is t h e  b e s t  choice f o r  the  be t a t ron  o s c i l l a t i o n  f requencies ,  vr 

and v = .  In  s t rong ly  nonlinear  machines the s t a b i l i t y  l i m i t s  and the s t a b i l i t y  of the  

a c c e l e r a t o r  a g a i n s t  f i e l d  pe r tu rba t ions  a r e  very  much a f f e c t e d  by t h e  choioe of the  

tune, vr and vz. 

I t  is d i f f i c u l t  t o  e s t a b l i s h  a genera l ,  r i go rous  c r i t e r i o n  f o r  s t a b i l i t y .  The 

cons ide ra t ions  t h a t  go i n t o  determining s t a b i l i t y  f o r  a p a r t i c u l a r  choice  of tune 

depend on where t h i s  tune l i e s  i n  r e l a t i o n  to  nearby resonances, and these  considera-  

t i o n s  vary  with t h e  choice  of tune, Determining the s t a b i l i t y  fo r  a p a r t i c u l a r  choice 

of tune usua l ly  r e q u i r e s  a cons iderable  amount of computer s tudy of t he  o r b i t  motion 

f o r  t h e  var ious  poss ib l  e f i e l d  pe r tu rba t  ions. 

I n  the following, a general  c r i t e r i o n  f o r  s t a b i l i t y  w i l l  be given which, while 

n o t  a r igo rous  c r i t e r i o n ,  seems to be a reasonable c r i t e r i o n  i n  the  l i g h t  of experience 

wi th  r e s u l t s  of a good dea l  of computer s tudy  of the  o r b i t  motion. With t h i s  c r i t e r i o n ,  

a computer s tudy was made on the dependence of the  s t a b i l i t y  on t h e  tune, vr and vZ. 

The r e s u l t s  of  t h i s  s t a b i l i t y  survey i n d i c a t e  a f a i r l y  unique choioe of v and vZ t o  r 
give optimum s t a b i l i t y .  

Hor izonta l  S t a b i l i t y  Limit 

What s h a l l  one use as a measure of the ho r i zon ta l  s t a b i l i t y  l i m i t ?  The most 

obvious answer is t o  s tudy o r b i t  motions which i n i t i a l l y  have small z motions f o r  

v a r i o u s  r ampli tudes and thus  determine t h e  l a r g e s t  r amplitude f o r  which the  motion is  

s t ab le .  This  l a r g e s t  r amplitude we w i l l  c a l l  xSL. One f i n d s  t h a t  t he re  usua l ly  

e x i s t s  a sma l l e r  r amplitude of motion a t  which cons iderable  coupl ing  between t h e  r and 
1 , 2 )  z motions appears  and the  amplitude of the z motion grows . The r amplitude of 

motion a t  whioh t h i s  coupling s e t s  i n  we w i l l  c a l l  xth ( t h e  s u b s c r i p t  t h  s t ands  f o r  

threshold) .  

Computer s t u d i e s  i nd ica t e  t h a t ,  i n  t h e  absence of pe r tu rb ing  f i e l d s ,  o r b i t  

motions wi th  r amplitudes l a r g e r  than X bu t  smal le r  t han  xSL a r e  s t a b l e ,  al though 
t h  

t h e r e  is cons iderable  growth i n  the amplitude of t h e  z motion. Nevertheless, o r b i t s  

f o r  which the r amplitude exceeds X may be considered undesirable.  I n  some acce ler -  
t h  

a t o r s ,  the v e r t i c a l  gap r e q u i r e s  t h a t  the  a amplitude remain cons iderably  smal ler  than 
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the r amplitude; not  much coupling between r and z motions can be allowed. I n  some 

cases  i t  has been found t h a t  o r b i t  motions f o r  which the  r amplitude exceeds x th  a r e  

p a r t i c u l a r l y  uns t ab le  a g a i n s t  pe r tu rb ing  f i e l d s .  This  has been i n t e r p r e t e d  as due t o  

t h e  more r ap id  change of tune wi th  t h e  amplitude of the motion a s soc ia t ed  wi th  t h e s e  

o r b i t s ,  which may d r i v e  the motion more quickly  on t o  a resonance introduced by t h e  

pe r tu rb ing  f i e l d ,  

F ina l ly ,  i t  would seem c l e a r  that i f  one i s  a b l e  t o  f i n d  v a l u e s  of vr and vZ f o r  

which the re  is  l i t t l e  coupling and f o r  which x th  and X a r e  e s s e n t i a l l y  equal ,  then 
SL 

such an ope ra t ing  po in t  would be regarded a s  d e s i r a b l e .  I n  t h e  absence of f u r t h e r  

computer study, one would assume t h a t  the tune vr and vZ wi th  t h e  l a r g e r  value of xth 

i s  the more d e s i r a b l e  choice. I n  t h e  following, we w i l l  use xth r a t h e r  than xSL as a 

measure of  the  r s t a b i l i t y  l i m i t .  One f i n d s  t h a t  t he re  a r e  va lues  of vr and vZ f o r  

which the coupling is small and x th  i s  not  much sma l l e r  than X 
SL' 

V e r t i c a l  S t a b i l i t y  Limit 

A s  i n  t he  case of t he  r s t a b i l i t y  l i m i t ,  one can s tudy  o r b i t  motions which 

i n i t i a l l y  have small r motions f o r  var ious  z amplitudes, and thus  determine the  l a r g e s t  

z amplitude for  which t h e  motion i s  s t ab le .  This  l a r g e s t  z amplitude we w i l l  c a l l  

ySL. 
I n  t h i s  case a l s o  the re  is  a smal le r  z amplitude which may sometimes be a b e t t e r  

measure of the  s t a b i l i t y  l i m i t .  One f i n d s  t h a t  f o r  FBAG machines t h e  z tune, vZ,  

v a r i e s  r a p i d l y  wi th  the  amplitude of t he  z motion, much more so  than  the  r a d i a l  tune, 

vr ,  f o r t h e r a n g e o f  o p e r a t i n g p o i n t s v  v t o b e c o n s i d e r e d h e r e .  L e t u s d e f i n e  yv r '  z 
a s  the z amplitude r equ i r ed  t o  cause t h e  z tune, vZ, t o  i nc rease  by 0.25. Ver t ioa l  

motions having ampli tudes l a r g e r  than o r  equal  t o  yv have reached a ha l f - in t eg ra l  o r  

i n t e g r a l  resonance i n  v and may become uns table  i n  t he  presence of pe r tu rb ing  f i e l d s .  
2 

Computer s t u d i e s  i n d i c a t e  t h a t  i n  some cases  the v e r t i c a l  motion can s a f e l y  pass  through 

the  ha l f - in t eg ra l  or  i n t e g r a l  resonance. However, i n  t h e  absence of f u r t h e r  d e t a i l e d  

computer study, one should  perhaps r ega rd  yv r a t h e r  than  ysL as a measure of the 

s t a b i l i t y  l i m i t .  

Resu l t s  of  the S t a b i l i t y  Survex 

With the c r i t e r i a  f o r  r a d i a l  and v e r t i c a l  s t a b i l i t y  l i m i t s  given i n  the  previous 

paragraphs, a computer s tudy  was made of the  dependence of the  s t a b i l i t y  limits xth and 

yv on t h e  choice  of tune vr and vZ, 

I n  Big. 1 the  threshold  f o r  y growth, xth, i n  u n i t s  of the average r a d i u s  of t he  

o r b i t ,  i s  p l o t t e d  a g a i n s t  t h e  z tune vZ f o r  var ious  va lues  of B. Since the r tune 

depends only on k to  a good approximation, each curve may be considered t o  be f o r  a 

cons t an t  vr a l so .  

The computer runs were done f o r  N = 48. One can o b t a i n  a s e t  of curves which can 

be appl ied  to a c c e l e r a t o r s  with o the r  va lues  of N by p l o t t i n g  N2xth/f a g a i n s t  vz/N 

wi th  k / ~ *  held cons tant ,  where f is t h e  f l u t t e r .  For the computer runs f = l. This  
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Fig. 1 Plots o f  the  r throshold, X , for  the  onset o f  
appreciable coupling with tfib z motion against 
the  z tune, v . For each curve, the r tune i s  
held oonstantzas the value indicated.  The data 
was obtained for  an N = 48, f = 1 machine, but 
the r e s u l t s  are believed t o  be applicable t o  
other spiral sector machines. >The r threshold 
i s  i n  u n i t s  o f  the average radius o f  the o r b i t  
a t  t h e  a z i m t h a l  posit ion where the  mngnetic 
f i e l d  i s  larges t  and has an accuracy o f  about 2%. 

%/N 
Fig. 3 A plot o f  the r threshold,  xth, whioh corresponds 

t o  the peak found i n  Fig. 1 ,  against  the  r tune. 
The peaks threshold points wi th  tunes v v 
below t h e  resonanos l i n e  w = v are i d i o a f e d  by 
c i r o l e e ,  and the  peak poin fs  a b b e  the resonance 
l i n e  v = v are indinatcd by  orosses. X i s  
measurh  i n z u n i t s  o f  the average radius thof the  
orbi t  a t  the azimuthal pos i t ion  where the 
m g n e t i c  f i e l d  i s  largest .  

Fig. 2 A plot o f  v against  vr for the operating points 
correspodiBg t o  t h e  peak value i n  X shown i n  
Fig. 1. 'Two curves e x i s t ;  one belowt!he 
resonance l i n e ,  v = v . and one above the 
resonance l ino.  T E ~  i m s r t n n t  nearby resonance 
l i n e s  are indicated by dashed l ines .  Both 
curve. cross t h e  3 v + 2 v = N resonance; 
s m e  d i s t o r t i o n  o f  tEe curvgs may be expocted 
i n  the neighborhood o f  resonance l i n e  which 
the compter  study was i n s u f f i o i o n t  t o  show. 

Fig. 4 A plot o f  yv. the z-amplitude required t o  increase 
the  z tune,  v . by 0.25, against  v . The v i s  
held cons tnntZfor  each curve. ~he'data wasr 
obtained f o r  an N = 48,  f = 1 machine, but the 
r e s u l t s  are believed t o  be applicable t o  other 
spiral sector machines. The y i s  measured i n  
u n i t s  o f  the average radius o f V t h e  orbi t  a t  the 
a z i m t h a l  posit ion where the magnetic f i e l d  i s  
largest .  
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manner of  s ca l ing  t h e  r e s u l t  f o r  d i f f e r e n t  va lues  of f and N i s  p red i c t ed  by theory. 

One observes i n  Fig. 1 t h a t  each curve reaches  a peak a t  some va lue  of v, which 

l i e s  between the two resonance l i n e s  vZ = vr/2 and vZ = vr. The tune (vr, v Z )  

a s soc i a t ed  with these  peaks i s  p l o t t e d  i n  Fig. 2. I t  w i l l  be suggested l a t e r  t h a t  the 

optimum choice of  the tune w i l l  l i e  on the curve i n  t h e  (vr, V,) diagram shown i n  

Fig. 2, which l i e s  below the v, = vr resonance. 

I n  Fig. 3, the peak va lue  of  X obtained f o r  a p a r t i c u l a r  vr/N is p l o t t e d  a g a i n s t  
t h  

vr/N. 

Now l e t  us  cons ider  the v e r t i c a l  motion and  how i t  is  a f f e c t e d  by t h e  choice of 

tune. I n  Fig. 4 the s t a b i l i t y  l i m i t  yv, i n  u n i t s  of t he  average r ad ius  of the o r b i t ,  

i s  p l o t t e d  aga ins t  t h e  z tune vz f o r  v a r i o u s  va lues  of k. 

One can ob ta in  a s e t  of curves which w i l l  apply t o  a a c e l e r a t o r s  wi th  d i f f e r e n t  N 
l 

by p l o t t i n g  ( N ' ~ ~ / I )  N~ a g a i n s t  vz/N. This manner of s c a l i n g  the  yv fol lows from the  

t h e o r e t i c a l  r e s u l t  t h a t  the  change i n  tune  vz wi th  the  amplitude z goes accord ing  t o  

and yv is t h a t  amplitude f o r  which AvZ = 0.25. 

The v a r i a t i o n  of yv wi th  vz/N f o r  a p a r t i c u l a r  choice of vr is not  as narked as 

the  v a r i a t i o n  of X th. Thus t o  choose the optimum tune v,/N, one can t o  f i r s t  approxi- 

mation choose vz/N t o  g ive  the b e s t  xth and neg lec t  t h e  v a r i a t i o n  of y,. 

Poss ib le  Defec ts  of the General S t a b i l i t y  C r i  t e r i o n  

I n  previous paragraphs, a genera l  c r i t e r i o n  f o r  s t a b i l i t y  was proposed, and a 

choice of ope ra t ing  po in t  w a s  o u t l i n e d  on the  bas i s  of t h i s  c r i t e r i o n .  In  t h i s  seo t ion ,  

we would l i k e  t o  poin t  ou t  some of the e f f e c t s  which a r e  l i k e l y  t o  a r i s e  which a r e  not  

covered wel l  by the c r i t e r i o n .  

I n  cons ide r ing  t h e  s t a b i l i t y  l i m i t  f o r  the v e r t i c a l  motion, the v a r i a t i o n  of the 

z tune with ampli tude w a s  taken i n t o  account. However, the v a r i a t i o n  of t h e  tune wi th  

the r amplitude w a s  no t  considered i n  e s t a b l i s h i n g  the s t a b i l i t y  l i m i t  f o r  the  r motion. 

The change i n  t une  w i t h  r amplitude is shown i n  Fig. 5, f o r  a t y p i c a l  ope ra t ion  poin t .  

I t  is  c l e a r  t h a t  f o r  some p a r t i c u l a r  ope ra t ing  p o i n t  t he  tune may reach some resonance 

before  the  r amplitude has reached the value xth, and t h i s  resonance, i f  i t  cannot be 

c rossed ,  would determine t h e  a c t u a l  s t a b i l i t y  l i m i t .  

Nevertheless, t he  threshold value xth seems a use fu l  measure of the  s t a b i l i t y  

l i m i t .  I n  genera l ,  a l a r g e  X i n d i o a t e s  a slower v a r i a t i o n  of the z tune wi th  the r t h  
amplitude; thus one is l i k e l y  not  t o  c r o s s  a resonance ve ry  soon. I n  t he  absence of 

more d e t a i l e d  c a l c u l a t i o n ,  x seems t o  be  a use fu l  measure of the s t a b i l i t y  l i m i t .  
t h  

I n  Fig. 6, t h e  v a r i a t i o n  of t he  tune with 2 amplitude of the motion is shown f o r  

the  same opera t ing  p o i n t  as was used f o r  Fig. 5. One may no t i ce  t h a t  y is considerably SL 
l a r g e r  than  yv, and y may be the a c t u a l  s t a b i l i t y  l i m i t  i f  the  resonance reached when SL 
y = y can be crossed. 

V 
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Pig. 5 A p l o t  o f  the change i n  tune, v , and v . a s  a 
funotion of the r amplitude of L t i o n ,  I. The 
i n i t i a l  z motion is he ld  cons tant  a t  the  small 
value of 10-S i n  u n i t s  of the  average rad ius ,  
and X is measured i n  u n i t s  of the average 
rad ius  a t  the  a z i m t h a l  p o s i t i o n  where the  
magnetio f i e l d  is la rges t .  Ror an N = 48, 
f = 1 s p i r a l - s e c t o r  machine wi th  vr/N = 0.202. 
v /N = 0.140. 

Pig. 6 A p l o t  of the  change i n  tune, v and v , a s  a 
funct ion  of the z amplitude of b t i o n S z y .  The 
i n i t i a l  r motion is held cons tant  a t  zero,  and 
y is m a s u r c d  i n  u n i t s  of t h e  average r a d i u s  
a t  the a z i n u t h a l  p o s i t i o n  where the  lurgnetic 
f i e l d  is l a r g e s t ;  yv and ygL a r e  indioa ted  on 
the  graph. 
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DISCUSSION 

TEN0 : Usually i n  planning a n  aooelera tor  one i n j e o t s  with a d e f i n i t e  phase apaoe o r  
beam qual i ty .  How can you deoide how much spread i n  the X d i reo t ion  you need u n t i l  
you know the f i e  l d  gradient?  

PARZEN : I n  pr inoiple ,  i f  one in jeoted  so as to make use of a l l  the poss ib le  r a d i a l  
phase space, t h a t  is  what one should do. But i n  the case of our aace le ra to r ,  no grea t  
attempt is made t o  use the px direotion.  In  our multi-turn way of i n j e a t i n g  we use 
more the X distanue r a t h e r  than the p, distanoe. I think i t  i s  jus t  peoul iar  t o  the  
manner of the scheme we use  f o r  injeotion.  I f  you oan f i n d  a plaoe where you have the 
l a r g e s t  r a d i a l  s t a b i l i t y  l i m i t  you a l s o  have some assuranae of having very nearly the 
l a r g e s t  phase space, too. 

TENG : 1t's not obvious t h a t  for  l a r g e r  x threshold you necessar i ly  ge t  l a rge r  t o t a l  
r a d i a l  phase space. 

PARZEN : I think it is more o r  l e s s  t rue ,  but  there  a r e  o ther  f ao to r s  involved. 

KERST : Wae t h e  shaped pole shown i n  the previous paper a r e a l i s t i o  pole,  and about 
what was i t s  s i se?  
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SNOWDON : The shaped pole that was shown previously was i n  f a c t  a sca le  model f o r  
a 10 GeV machine, r = 30 m. The azimuthal width might have been somewhat smaller 
than would normally be used i n  such a machine. 
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