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This paper dea l s  c h i e f l y  with t h i s  problem : Given the magnetic f i e l d  of a 

cyclotron, what i n i t i a l  condit ions of posi t ion and ve loc i ty  a r e  t o  be given t o  a 

p a r t i c l e  i n  order tha t  it should be e jec ted?  A second quest ion w i l l  be more b r i e f l y  

t r ea ted  : In case the e jec t ion  occurs, a t  what azimuth does i t  take plaoe? 

I w i l l  r e s t r i c t  myself here t o  the study of median plane t r a j e c t o r i e s ,  thus  

leaving out of account the problem of v e r t i c a l  focusing. The method used r e s t s  basic- 

a l l y  on the  choice of convenient cu rv i l inea r  coordinates, the p o s s i b i l i t i e s  of which can 

be developed i n  two d i rec t ions  : e i t h e r  t o  f ind  out the  shape of s t a b i l i t y  boundaries 

by the means of topological  considerations,  or  t o  ge t  approximate so lu t ions  by an 

i t e r a t i o n  process. 

l. Curvil inear Coordinates and Equation8 of Plane Motion 

Let the s e t  of equil ibrium t r a j e c t o r i e s  C be p lo t t ed  (Fig. 1 )  and extended 

s u f f i c i e n t l y  beyond the maximum energy radius. Each point  of the plane is defined by 

its coordinates R, a, where R is the average radius  of C and a the  azimuth of the normal 
6n t o  C. Let e = - be the r a t i o  of the  normal d i s t ance  between two neighbouring t r a j ec -  m 

t o r i e s  t o  the  d i f ference  of t h e i r  mean r a d i i ;  

p the rad ius  of curvature of C; and a the  

radius  of curvature of the orthogonal curves 

t o  the  t r a j e c t o r i e s  C. One then has 
1 ,=,L& a pe &a where e, p, a a r e  functions of @ *m :p(, , l , I 

R, a, periodic i n  a with period %h. % 
The energy of a p a r t i c l e  on an m pig. 2 

equil ibrium t r a j e c t o r y  is defined by its 
Fig. 1 

ve loc i ty  v or,  which is b e t t e r ,  by its 

ve loc i ty  r e l a t e d  t o  the  proper time 

a = v/&- (= p/mb). u is a function 

of R only, the behavior of which is given by 

the  curve A i n  Fig. 2. 

Let I' be a given a r b i t r a r y  non- 

accelera ted  t r a j ec to ry ,  with given ve loc i ty  U 

(V i n  usual time). The l i n e  U = C t cu t s  the  
Fig. 4 

curve A i n  two points  of absciesas  Ri and Re, 
rig. 3 

t o  which correspond two equil ibrium 
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t r a j e c t o r i e s  Ci ( i n t e r n a l )  and C (external). A s  U is increasing from zero, the 
e 

r d i u s  R (U) of t h e  equilibrium t r a j e c t o r y  climbs the l e f t  slope of A. i 
The s e t  of equilibrium t r a j e o t o r i e s  and the l a w  of ve loc i ty  u(R) specify the  

magnetic f i e l d  H, due t o  the  r e l a t i o n  l / p  = qH/&u. 

A plane t r a j e c t o r y  l? is defined by the  functions R(S) and a(S), where S is the 

length  along the  trajectory.  One def ines  ( ~ i g .  1 )  the angle e of l' with the 0 it  

orosses. Let % and EU be the  components of the  e l e c t r i c  f i e l d  normal and tangent t o  

r, and h = T)H the ex t ra  f i e l d  of any magnetic bump. The system of d i f f e r e n t i a l  

equations f o r  the  plane motion is then 

dR s i n  e - E 
&g = s i n  e + cos E 

d~ e d~ a P ' 

& - s i n e  + w _ i g + ~ H - l g . ,  
dS a P P U  mow P U  

I f  EU = 0, U is a constant and the  system reduces t o  its f i r s t  th ree  equations. 

2. p p  
"Freett means here the  absence of any e l e o t r i c  f i e l d  or  magnetic bump, and 

accordingly the ve loc i ty  U  is  conetant. The system (1) becomes 

dR s i n  U - d_& s i n g + c o s c r  - 
dS e S dS a P 

One can s t a t e  : 

The necessary and s u f f i c i e n t  condit ion f o r  a p a r t i c l e  of f ixed ve loc i ty  U t o  be 

e jected is  t h a t  its radius R reaches the  value Re with a n  angle cr pos i t ive ,  

and inversely : 

The necessary and s u f f i c i e n t  condition f o r  a p a r t i c l e  which is moving outwards t o  

be repel led inwards ( a t  l e a s t  f o r  a while) is tha t  e becomes zero before R has reached 

Re. 
A s  long as the  motion remains ins ide  C the  successive minima of R a r e  smaller than 

e' 
R and t h e  successive maxima l i e  i n  the in te rva l  (R Re). i i' 

This theorem concerns only "centred" t r a j e c t o r i e s ,  meaning t r a j e c t o r i e s  which 

have the cyclotron centre  on t h e i r  concave side. 

3. wCaee"ur f aces 

We w i l l  use i n  the  following a representa t ion i n  the  R, e, a space. 
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Consider f o r  a  f ixed ve loc i ty  U the t r a j e c t o r i e s  C and C of r a d i i  Ri and Re; 
i 8 

they a r e  s t r a i g h t  l i n e s  i n  the  R, E, a  space (see  Fig. 3). C. may be s t a b l e  o r  
1 

unstable. 

It can be shown t h a t  the t r a j e c t o r y  Ce is always unstable. In the l i n e a r  

approximation f o r  be ta t ron  o s c i l l a t i o n s  about Ce there  e x i s t  two one-parameter famil ies  

of motion 

e  
P 

3) , AR, = Aqr (a)  exp(-va) , et = A - (a)  (-v91 + da 

where AR = R - Re ; v > 0 ; cpl  and cp2 periodic with period 2ri-/N and with d e f i n i t e  s igns;  

e/p is evaluated along Ce; and A and B a r e  a r b i t r a r y  constants. The f i r s t  motion 

vanishes as a  -, + W, the second as a  -, - W. 

From t h i s  we may i n f e r  t h a t  a l s o  f o r  the exact  system (2), there  e x i s t s  a one- 

parameter family of t r a j e c t o r i e s  which tend towards Ce as a  + + W, and another family 

which tends towards Ce as a  -, - W. They a r e  asymptotic t o  t h e  motions i n  the l i n e a r  

approximation (3). In the  R, E ,  a  spaae these  t r a j e c t o r i e s  generate two surfaces  Z1 

and Z2 which have the s t r a i g h t  l i n e  R = Be i n  oommon. We w i l l  consider only the  l e f t  

pa r t s  of these surfaces (R S lie). Both L* and 2, a r e  periodic i n  a  with period %/N. 

They a r e  cylinder-l ike surfaces,  and cut  the  R, a  plane a t  abscissas  smaller  than R 
i ' 

To bui ld  these su r faces  i t  is simpler, r a t h e r  than using the  two fami l i e s  of asymptotic 

t r a j e c t o r i e s ,  t o  consider e  as a function of R, a  obeying the p a r t i a l  d i f f e r e n t i a l  

equation 

s i n e + c o s e  s i n  E c& + (si: e  + cos E )  6C - 
e  6R P 8 a  a P P U  ' 

e  
f o r  the boundary condit ions a t  El  : E = 0 and (g), I - (-v + 1 *) fop R = Re, and 

P 91 da  
de e  at L2  : c  = 0 and (11. = I,  ( V  + L h) f o r  R = Re. This c o n s t i t u t e s  a speoial  ease 

(P2 da  
of ~ a u c h y ' s  problem. 

For the case t h a t  the  s e t  of real(meaning i n  the median plane, not  i n  the R, e  , a  

space) equil ibrium t r a j e c t o r i e s  has a symmetry axis ,  the two surfaces  2, and 22 w i l l  jo in  

t angen t i a l ly  i n  the R, a  plane with v e r t i c a l  tangent planes t o  form a s i n g l e  surface 2. 

The junction l i n e  (per iodic  i n  a )  is e n t i r e l y  t o  the l e f t  of R s ince  the r e a l  t r a j ec -  is 
t o r i e s  en te r  more inwardly than C i* 

When the  s e t  of r e a l  equil ibrium t r a j e c t o r i e s  has no symmetry a x i s ( a s  f o r  s p i r a l  

r idge  s e c t o r s ) ,  one may consider t h i s  s e t  as derived from a symmetrical one by the 

va r i a t ion  of a  parameter; and, i f  one  admit^ t h a t  the so lu t ion  of Eq. (4)  depends 

continuously on t h i s  parameter, the two surfaces  Zl and C, w i l l  s t i l l  jo in  as i n  the 

case of symmetry. 
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A s  above, these  r e s u l t s  concern only t r a j e c t o r i e s  of s u f f i c i e n t l y  large  

energies t o  be centred. 

The tube-like surface Z def ines  two regions i n  the R, E, a space, and no 

t r a j e c t o r y  except those which l i e  on C can oross C. Hence, t h e  i n t e r i o r  of t h i s  

surface is the  non-ejection zone, and any p a r t i c l e  following a t ra jec to ry  or iginat ing 

from a point outside C is ejected. We c a l l  C the "cagen surface,  t o  d i s t ingu i sh  it 
from s t a b i l i t y  boundaries, which might, a t  l e a s t  a p r io r i ,  e x i s t  ins ide  or  outside C 

without any c ~ n n e c t  ion ejection.  

The behavior of the t r a j e c t o r i e s  is p r r t i c u l a r l y  simple in  the case of a n  

a z i m t h a l l y  uniform f ie ld .  The Eq. (2)  becomes 

cos B $ = s i n e  , k = -  & = ( f ~ s - L !  
d9 R ' dS R R U  

where R, a now a r e  the  ordinary polar coordinates. This system is integrable  (8tormer's 

invar iant  ), with the so lu t ion  

R 
Here K is a constant and @(R) = 9 dR with 4 arbi t rary .  This leads t o  the  

surface  C of Fig. 4,  the  cross-section of which is given by Eq. (6) fo r  K = @(Re) - Re; 

any t ra jec to ry  ins ide  Z l i e s  on a tube T c h a r a c t e r i ~ e d  by a value K > K = - Ri i 
( the  value fo r  c i )  and c Ke = @(Re) - Re* 

4. Extraction 

The purpose of any extract ing device i s  of course t o  displace  the R, E, a conditions 

from the  ins ide  t o  the outside of the  surface X. Let us consider what the  above 

theoret ica l  considerations imply on the  means fo r  doing this.  

The e f f e c t  of the RF acce le ra t ion  is gradual ly  t o  shrink the  surface C a s  U r i s e s  

(Fig. 2). Even i f  Cireklains s t a b l e ,  t h i s  shrinking causes the  inner points near C,  

corresponding t o  r e a l  t r a j e c t o r i e s  of large  amplitudes, t o  t raverse  C and hence be 

ejected. Moreover, C ,  may become d e f i n i t l y  unstable. In  t h i s  case, for  a given energy, 
1 

the  inner t r a j e c t o r i e s  a r e  probably unrol l ing asyslptotically towards C, and t h i s  

obviously enhances t h e i r  tendency t o  oross C during the  acceleration.  

A f a s t  ex t rac t ion  w i l l  occur when by some def lec t ing  device the  p a r t i c l e  is 

given a s u f f i c i e n t l y  large  kick i n  R, e, a for  the point J i t s e l f  suddenly to  cross  

C (Fig. 4). 

Let us now examine the case of repeated smaller kicks ( e l e c t r i c  def lector  o r  

magnetic bump) described by the last two terms of the  th i rd  Lq. ( l ) .  The process can 

be e a s i l y  followed f o r  non-accelerated p a r t i c l e s  i n  an azimuthally uniform field. Each 

kick causes a change i n  the value of the  constant K of Eq. (6),  and the R, E ,  a point 
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thereby t o  pass from one tube T t o  another. I f  the per turbat ion  per tu rn  is small 

enough (as  by regenerat ive ex t rac t ion) ,  K increases monotonioly from Ki, reaches 

and exceeds K whereby the  e j e c t i o n  is accomplished. I f  t he  per turbat ion  is su i t ab ly  
e' 

small, K undergoes a s e r i e s  of o s c i l l a t i o n s ,  the  extrema of which always occur a t  

p rac t i ca l ly  the same azimuth with the maximum or  the  minimum a t  the  mean a z i m t h  of 

the def lec tor .  Then two p o s s i b i l i t i e s  oan occur, presumably according t o  the  form of 

the de f l ec t ing  f i e l d  : a )  There is no trend i n  the o s c i l l a t i o n s  of K, and the  R, C , a 

t r a j e c t o r y  l i e s  from time t o  time on a tube very near C, thus providing a s o r t  of 

storage. The maximum radius  ( m  Re) is always reached at the same a z i m t h ,  and it is 

theore t i ca l ly  possible t o  give the  p a r t i c l e  a supplementary kick t o  ext raot  i t  without 

using any septum. I f  i n  p a r t i c u l a r  the perturbing f i e l d  is qu i t e  small, a s  w i l l  be 

the case i n  the i n t e r i o r  of the cyclotron,  where the ac t ion  of the  de f l ec to r  vanishes, 

there is a n  adiabat ic  e f f e c t  by whioh the  o s c i l l a t i o n s  of K cancel. b)  The o s c i l l a t i o n s  

of K do have a trend,  and the maximum of R approaches smoothly its ex t rac t ion  value R e' 
always a t  t h e  same azimuth. 

,) These r e s u l t s  a r e  obviously connected with the  phenomena of resonant ex t rac t ion  , 
1 s p i l l  beam2 ), and experiments on beam debunching i n  FM cyclotrons3 . The inclus ion of 

RF acce le ra t ion ,  a s  well as f i e l d  modulation, w i l l  complicate the r e s u l t s ,  but 

probably not  e s sen t i a l ly .  

h m p l e  of Approximate Solution : Fast  Extraction 

Consider Eq. (1)  where we s e t  r) = 0, 9 = f  (R, a ) ,  and assume EU negl ig ib le  
m0 W 

t h  U s t i l l  a constant. An approximate method of so lu t ion ,  based on picard 's  process 

of i t e r a t i o n ,  is t h e  following : we neglect  i n  a f i r s t  s t e p  the influence of the f i e l d  

modulation i n  e, p, a, replace  %(R, a) by an  average function E N ( ~ ) ,  and hence f ( ~ ,  a )  

by a n  average function g(R). Eq. (1)  then reduces t o  Eq. (5) with the  ex t ra  term z(R) 
i n  the last equation. T h i s  system is still in tegrable  and y i e l d s  

R COS C - @(R) + G(R) = Dt , a = 1 oat C f , (7)  

R 
where G(R) = /R Rt;(R)dR. Away from the de f l ec to r ,  one suppresses G(R) and obtain 

0 

again Eq. (6). 

The e j e c t i o n  condit ion i n  Section 2 may be wr i t t en  i n  accordanoe with these 

equations, g iv ing : 

where R. r e l a t e s  t o  t h e  entrance, and RC t o  the  e x i t  of the def lec tor .  Given the 

angular  extent  Aa of the de f l ec to r ,  R. may be found from the  second equation (7) ;  f o r  

instance, i f  c. = 0 , R. = Ri(u), one obtains !% (9 ENILiba)2 >l5(; - l ) d ~ ,  a 
2 mow 
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condition f o r  the s t reng th  of the deflector.  

Let us  now denote the  solut ions  of Eq. (7) by R, (S), e, (S), a, (S). The second 

s t e p  of the  approximation is obtained by introducing these on the r i g h t  hand s ides  of 

Q. (1). Then, by simple quadratures, new solut ions  R, (S), e2 (S), a2 (S) may be found. 

Let us take R, = R a s  the independent var iable  instead of S, and s e t  p = r ( 1  + h), 

e = 1 + U. Then by Eq. (6) one has f ~ a  = 0 and firda = 0 over a f u l l  equilibrium 

t ra jec to ry ,  and we get ,  

dR dac dR 
= l + P [R, a 1 ( ~ ) 1  , dap = 

1 + h(R, a , )  + a(R, a t )  

which improves the approximation and yet  can be t reated analyt ical ly .  Im par t icular  

the f i r s t  equation permits one t o  optimize the  azimuthal posi t ion of the de f lec to r  by 

the va r ia t iona l  equation 1 Re 
= 0, o r  dR = 0. 

R0 

This method can a l s o  be  used f o r  slow extract ion;  i t  gives  some of the  r e s u l t s  

s t a t e d  i n  Section 4. 
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