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The purpose of our s tudy of c e n t r a l  o r b i t s  i n  a n  AVF cyc lo t ron  is  t o  get  

information about the  hor izonta l  motion, t h e  phase w i t h  r e s p e c t  to the  RF f i e l d ,  and 

the ve r t i ca l - focus ing  p r o p e r t i e s  of the c e n t r a l  region.  

A s  r ega rds  t h e  ho r i zon ta l  motion, one wishes t o  know the p o s i t i o n  of t h e  ion  

source such t h a t  the p a r t i o l e s  a f t e r  s eve ra l  r evo lu t ions  a r e  s i t u a t e d  wi th in  the  

s t a b i l i t y  t r i a n g l e  i n  phase space. 

Furthermore, one is i n t e r e s t e d  i n  t he  RF phase at  which p a r t i c l e s  s t a r t i n g  from 

the ion  can be a c c e l e r a t e d  s a t i s f a c t o r i l y .  For the v e r t i o a l  focus ing  one has t o  know 

the  phase a t  which t h e  p a r t i c l e s  c r o s s  the dee-dummy dee gap. 

To improve the v e r t i c a l  focusing we s t a r t e d  from the  idea  of Smith' ) t o  give 

the  p a r t i o l e s  an increased  p a t h  length  i n  the dee dur ing  the f i r s t  ha l f  revolu t ion .  

From e l e c t r o l y t i o  tank measurements we found a source p u l l e r  geometry g iv ing  a nea r ly  

homogeneous e  l e c  t r i c  f i e l d  between source and pu l l e r .  

The ho r i zon ta l  motion, deduced from t h e  ~ leasu red  e l e c t r i c  f i e l d ,  was fol lawed 

wi th  both  a n  analogue and a d i g i t a l  computer. In  t h i s  way the o r b i t s ,  t h e i r  cen t r e s ,  

and the  phase of  t h e  p a r t i c l e s  were determined f o r  d i f f e r e n t  s t a r t i n g  condi t ions .  

The v e r t i c a l  motion was c a l c u l a t e d  by determining the  focusing p r o p e r t i e s  of t h e  

dee-dumy dee configurat ion.  We s t a r t e d  these  computations from the  beam shape a s  i t  

was observed du r ing  an  experiment i n  which we ex t r ac t ed  the  beam from the ion  source 

wi th  a d.c. v01 tage. 

The E l e c t r i c  F i e ld  

The g e o m t r y  of t he  cyc lo t ron  c e n t r e  is shown i n  Fig. 1. The ion  source i s  of 

t h e  Livingston type2). Cathode and ant ica thode  a r e  placed i n  two chambers connected 

by a g raph i t e  chimney. The d i s t a n c e  between dee and dumy dee i s  2 cm and t h e  d i a -  

meter of the gap i n s i d e  the dee is 25 m. The p u l l e r  is made of copper and has an 

inne r  gap of 6 mm. The i o n  source and p u l l e r  shapes a r e  designed t o  ob ta in  a near ly  

homogeneous f i e l d  wi th  a 20' angle  t o  t h e  dee. The g raph i t e  chimney of the ion  source 

has  an extens ion  f o r  t h i s  purpose. The d i s t ance  between chimney and p u l l e r  is  10 mm. 

The equ ipo ten t i a l  l i n e s  a r e  shown i n  Fig. 1. 

Ca lcu la t ions  

The ho r i zon ta l  motion is descr ibed  by the d i f f e r e n t i a l  equations:  
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where: X and y a re  the coordinates p a r a l l e l  and perpendioular t o  the  f r o n t  of the 

dee; M and e a r e  the  m a s s  and the charge of the  p a r t i o l e ;  Ex and E a r e  components 
Y 

of the  e l e c t r i c  f i e l d ;  and B(x, y )  the magnetio f i e l d .  We have assumed t h a t  

B(x, y) = Bo. 

We reduce the number of parameters a s  follolrs: ( a )  The RF frequency we = eB/Y 

by oe = ( l  + 6)wo, (b)  we ohoose our time u n i t  T so t h a t  wo = l, (o) we represent  the 

e l e a t r i c  f i e l d  by Ex = \ ( X , ~ ) V ~  and E = ly(x,y)VD. VD i s  the dee voltage and Fx, 
Y 

I a r e  the oomponent s of t h e  f i e l d  i n  the model. We o h a r a o t e r i ~ e  the  r e l a t i o n  between 
Y 

VD, B. and e h  by the radius  of ourvature R of a  p a r t i c l e  with an  energy eVD i n  a 

f i e l d  B. Subst i tu t ion  i n  Eq. ( l )  gives: 

i = &R2 Ix(x ,  y) aos ( 1  + G)(T - r0) - f 

We have solved these equations f o r  R = 2, 2 2 and 4 am. R = 2 om oorresponds J- 
t o  50 keV protons i n  a magnetic f i e l d  of 15000 gauss. 

The rep resen ta t ion  of the e l e o t r i o  f i e l d  depended on the  computer we used. For 

the analogue machine ( ~ a a e ,  Eleotronic ~ s s o a i a t e s )  the main p a r t  of the f i e l d  could be 

represented by an e r r o r  function.  The p o t e n t i a l  i n  the model Vm oould be given by 

The point  of symmetry yo and the steepness b(x) va r i ed  wi th  X .  To t h i s  p a r t  we added 

a oorrection f o r  the asymmetry of the f i e l d  ocourring i n  the v i c i n i t y  of the ion source. 

This representa t ion  could be programed i n  the machine. The maohine p l o t s  the 

o r b i t  (X, y) d i r eo t ly .  A seoond p l o t  g ives  X - j and y + i ,  cos ( 1  + 6 ) r ,  and X as 

funct ions  of r (y  + 3 and X - 3 a r e  respect ive ly  the y and X coordinates of the o r b i t  

aen t re  i n  the absenoe of an e l e o t r i o  f ield) .  

The last p l o t  i a  given i n  Fig. 2. The motion of the oent re  is o lea r ly  shown. 

The y-oorliponent of the e l e o t r i o  f i e l d  a t  the r i g h t  s ide  of the ion  souroe, especia l ly ,  

g ives  anapprea iab le  s h i f t  of the  c e n t r e  i n  the y-direction. This can be avoided by 

using a shor t e r  pul ler .  However, t h i s  w i l l  d i s t u r b  the homogeneity of the  f i e l d  

between ohiraney and pul ler .  

I n  s p i t e  of the  l imi ted  oapaoi t y  f o r  s t o r i n g  the e l e a t r i c  f i e l d ,  the analogue 
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Fig. 3 F i r s t  o r b i t s  f o r  d i f f e r e n t  s t a r t i l g  phases 
ca lcu la ted  by d i g i t a l  o o m p t e r  Pascal. 

Pig. 5 a )  A g r i d  i n  phase s p c o  a t  t h e  6th revolution.  
b)  The same p a r t i c l e s  represented  i n  phase space 
a t  the 50th revolution.  The t h e o r e t i c a l  
s t a b i l i t y  t r i a n g l e  is shown. The c e n t r e  of the  
magnetic f i e l d  i s  ind ica ted  by the  small  square. 

I""'" SOURCE 
+ 

Fig. 4 Orbi t  cent re  a f t e r  s i x  revolu t ions  f o r  d i f f e r e n t  
s t a r t i n g  conditions.  R r e p r e s e n t s  the r a d i u s  of 
the  f i r s t  h a l f  revolution.  

Fig. 7 Schematic diagram of t h e  ca lcu la ted  v e r t i c a l  
motion dur ing  the f i r s t  revolu t ions .  The f u l l  
l i n e s  represent  p a r t i c l e s  s t a r t e d  l m above t h e  
median plane i n  hor izonta l  d i rec t ion .  The dot ted  
l i n e s  represent  the p a r t i c l e s  s t a r t e d  i n  t h e  
median plane with a s lope  of 1% I is the  mean 
phase of the  p a r t i c l e s  i n  the r i d d l e  of t h e  
e l e c t r i c a l  l e n s  system. 
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big. 6 The ,on boam ooai~og from t h e  ron source. h e  d . c .  vo l tegs  of t h c  o lce trode  i s  nbuut 1 2  kY. file 

f r o n t  of  ltlc e l ec t rode  had llic same s l ~ n j ~ e  as t h e  l u l l e r .  
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ooaputer is a r a t h e r  aocura te  and convenient machine f o r  s o l v i n g  the problem. The 

d i g i t a l  computer (Pasoal,  P h i l i p s )  o f f e r s  t h e  p o s s i b i l i t y  of ex tending the programme. 

We oan introduoe a magnetio f i e l d  va ry ing  w i t h  X and y. However, we d id  no t  use  t h i s  

f o r  the p re sen t  a a l o u l a t i o n s ,  s i n c e  the inf luence  of the  f l u t t e r  on the ho r i zon ta l  

motion is ve ry  small i n  t h e  cen t r e .  

The input  of the  e l e o t r i c  f i e l d  cons i s t ed  of the  y  va lues  of t he  e q u i p o t e n t i a l  

l i n e s  at e q u i d i s t a n t  X values. From t h i s  t h e  p o t e n t i a l  va lues  a r e  ca l cu la t ed  i n  a 

square gr id .  I n  a square of  t h i s  g r i d  the  p o t e n t i a l  is defined by V = a + b h  + oAy + 
dAxAy, where &c, Ay a r e  the  coordina tes  i n  t h e  square wi th  r e s p e c t  t o  a oorner. The 

a i d e s  of the squares  were 2.5 m. 
The i n t e g r a t i o n  was performed by a seoond-order Runge-Kutta m thod. The aocuraoy 

was ohecked by v a r i a t i o n  of the s t e p  length.  A higher  o rde r  i n t e r p o l a t i o n  was con- 

s ide red  t o  be  u s e l e s s  w i t h  t h i s  r e p r e s e n t a t i o n  of t he  e l e o t r i c  f i e l d .  

We made a number of computations f o r  p a r t i c l e s  l eav ing  the  i o n  source wi th  

d i f f e r i n g  i n i t i a l  phaaes, and f o r  d i f f e r i n g  v a l u e s  of R. Figure 3 g ives  o r b i t s  f o r  

R = 2 on (50 keV protons,  15000 gauss) a t  s t a r t i n g  phases 0, 20, 40, 60' ahead of t h e  

maximum i n  t h e  RF voltage.  The o r b i t s  do not spread apprec iably  so  i t  is not  poss ib l e  

t o  s e l e o t  p a r t i c l e s  of a p a r t i c u l a r  phase wi th  a v e r t i o a l  s l i t .  

I n  Fig. 4 the  o r b i t  c e r t r e s  a r e  shown a f t e r  s i x  r evo lu t ions  f o r  R = 2,  2  and 4. 4- 
For the  X ooordina te  of the o e n t r e  we took t h e  average of t he  va lues  a t  6 and 5* rev-  

o lu t ions .  A s  has been showng), t h e  dev ia t ions  from the equi l ibr ium o r b i t  oan be 

i n t e r p r e t e d  as a motion of t h e  a r b i t  cent re .  Using .the a n a l y t i o a l  formulae fol lowing 

a method analogous to  t he  one deeoribed i n  Ref. 4  the  phase spaoe a f t e r  6 r evo lu t ions  

has  been transformed to t h a t  a f t e r  50 revolu t ions .  The r e s u l t  is  shorn i n  Fig. 5. 

To ob ta in  a beam, a f t e r  50 r evo lu t ions ,  l y i n g  wel l  w i th in  the  s t a b i l i t y  t r i a n g l e  and 

oooupying a not  too d i a t o r  t e d  a r e a  i n  phase spaoe, t h e  aen t r e ,  a f t e r  6 r evo lu t ions ,  

has  t o  be s i t u a t e d  about  5 mm from the  oent re  of the  magnetic f i e l d .  Consequently, we 

have t o  move the i o n  souroe and p u l l e r  oombination i f  we a l t e r  the r a d i u s  of t he  f  i r o t  

ha l f  r evo lu t ion  R. 

V e r t i a a l  MO t i o n  

Since, i n  t he  oent re  of our cyclotron,  n e i t h e r  the f l u t t e r  nor the  g rad ien t  

guarantees lrrgne t i e  beam f  oousing, the  e l e c t r i c  f i e l d  ha8 t o  produae suf f  i o i e n t  

foousing. I n  t h e  appendix i t  is shown t h a t  the focusing p r o p e r t i e s  of t h e  e l e o t r i o  

f i e l d  between the dee and the  dumny dee oan be represented  by th ree  lenses.  The two 

o u t e r  l e n s e s  have oppos i te  s i g n s  and a r e  i n  general s t ronge r  than t h e  inne r  one. The 

f o o d  s t r e n g t h s  of the two ou te r  l e n s e s  a r e  given by t h e  formula: 
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where iP is  the energy of the p a r t i c l e ,  iP'  is the increase  of energy per un i t  of 

path length, and a is the  coordinate of the  path. s = 0 at  the inner  lens. y is  t h e  

phase at E ;. 0. The inner  lene has a s t rength  

where r i s  the a r b i t  radius.  The in t eg ra t ion  extends over the whole e l e c t r i c  f i e l d  

region f o r  a dee crossing. 

We ca lcu la t ed  t h e  v e r t i o a l  motion by determining the  above mentioned paraueters  

a t  the ca lcula ted  hor izonta l  o rb i t s .  After t h i s  we followed the motion by applying 

matrix mu1 t i p l i c a t i o n .  

We s t a r t e d  from the shape of the beam a s  it was observed i n  a n  experiment wi th  

the ion  source. We placed an e lec t rode  of the  same shape a s  the p u l l e r  i n  f r o n t  of the  

ion  source and ex t raoted  the beam from i t  wi th  a negative v01 tage of about 15 kV. 

The r e s u l t  is shown i n  Fig. 6. The v e r t i c a l  dimension of  the beam i n  the  6 mm p u l l e r  

gap i s  about l mm. 

The r e o u l t s  of the ca l cu la t ions  a r e  shown i n  Fig. 7. We s t a r t e d  p a r t i o l e s  l rp 

above the median plane i n  t h e  horieontal  d i r e c t i o n  and o ther  p a r t i o l e s  i n  the median 

plane but with a pos i t ive  slope of 6. Any o the r  caee can be deduced from these by 

l i n e a r  combination. The f ocusing is  s u f f i c i e n t  f o r  p a r t i o l e s  wi th  an i n i t i a l  phase a t  

the ion source of 0 - 60'. P a r t i c l e s  s t a r t i n g  at 80' w i l l  probably not be focured 

v e r t i c a l l y .  P a r t i c l e s  a t  0' h i t  the p u l l e r  (Fig. 3). The appropr ia te  s t a r t i n g  phases 

l i e  between 10' and 60' and we can expect an  aoce le ra t ion  of a l l  these pa r t io l e s .  

A s  can be seen i n  Fig. 7 an image of the  i n i t i a l  beam cross-sect ion is formed at  

a pos i t  ion depending on the  s t a r t i n g  phase. I f  we start a beam of small v e r t i o a l  

dimension under a small angle wi th in  the median plane i t  is possible,  by placing a 

horizontal  diaphragm a t  the pos i t ion  of the focus f o r  t h i s  pa r t iou la r  phase, t o  se l ec t  

only a small phase region of the  beam. 

Appendix 

I f  vZ is the v e r t i c a l  o s c i l l a t i o n  frequency, v: is a good measure fo r  v e r t i o a l  

focusing5). In  the cent re ,  however, t h i s  is not so, s ince  t h e  focusing is concentrated 

i n  small regions (dee gap) and v a r i e s  s t rongly  during the f i r s t  revolutionr.  

For a numerical in tegra t ion  of the  coupled motion one needr i P w ,  f o r  which our 

e l e c  t r o l y t i c  tank measurements give s t rongly  f luc tua t ing  values. Consequently, we 

sought another method a d  used matrix mult ipl icat ion.  We needed the  r t rength  and 

pos i t ion  of the l enses  responsible f o r  the v e r t i c a l  focusing. 

We start from: 
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where: c  i e  the  v e r t i o a l  ooordinate and Fc the  z oomponent of the e l e o t r i o a l  f i e l d .  

We oan evaluate Bz ar 

~ F x  aaa Pc = ,,z = c*- + . . . . (terms of order c', c'. . . . . . . . ), (2) 
ax ax2 

where 4 = E + V = t o t a l  energy of the pa r t io le .  Negleoting higher order terms we get  

f o r  Eq. (1)  

W e  eliminate t a8 in tegra t ion  va r i ab le  by 

Sube t i tu t ion  i n  Eq. (3) givee 

Now we oan eliminate the z '  term by the  t r anofomat ion  

B = sr-1/4 

We now g e t  an equation f o r  S 

and introduoe fop V M 8.0. vo l t rge  

P a r t i o l e r  oroelr the  e l e o t r i o  f i e l d  when ooru(t-  to)  1. By negleoting higher order 

trrme we get ,  a f t e r  r u b e t i t u t i o n  of Eq. (8): 
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The v a r i a t i o n  of t h e  v e r t i c a l  s lope  AS' is  given by 

where f  is t h e  s t r e n g t h  of t he  l e n s  needed f o r  t h e  matrix mul t ip l i ca t ion .  

The f i r s t  and t h i r d  terms remain focus ing  du r ing  in t eg ra t ion .  Looking a t  the  

symmetry p r o p e r t i e s  we oan r ep resen t  the e f f e c t  of t hese  two terms as t h a t  of one l e n s  

i n  t he  symmetry po in t  of the  e l e c t r i c  f i e l d .  The second term changes from focusing 

t o  defocus ing  and can be considered as the combination of two f i r s t  order  lenses  of 

oppos i te  s i g n s  and a second order  l e n s  i n  the middle. The b i g  lenses  a r e  s i t u a t e d  

symmetrically with r e s p e c t  t o  the  inne r  l ens  and the  d i s t a n c e  d between them is of 

t he  order  of t h e  dee gap + t 2  

- a2 
d =  . 

The seoond order  p a r t  fo l lows from i n t e g r a t i o n  of Eq. (9) .  I t  can be added t o  

the  l e n s  corresponding to the  f i r s t  and t h i r d  terms. The r e s u l t  is  

+ 2 + 
1 7 a '  l (P' 1 - Fin  = x ~ d s  + =3-;&ds . - - 
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DISCUSSION 

REShiINI : What is the accuracy of your e l e c t r o l y t i c  tank measurement? 

: I th ink  i t  is 2%. 

POHELL : I n  your p l o t s  i t  looks as i f  the e l e c t r i c  f i e l d  a o t i n g  on t h e  ion  souroe 
s l i t  would be r a t h e r  weak. Did your d.o. experilaent show any space charge e f f eo to?  

KRAMHL : Yes, we saw it. The width of the  beam increased  wi th  output .  

BLOSSER : Could you say a t  what ou r ren t  you began t o  s e e  an  expansion? 

KRAMER : I think i t  w a s  a t  about  1 t o  2 mA d.o. 
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RESMINI : Did you i n  your v e r t i c a l  amplitude ca lau la t ion  take i n t o  aocount the 
r a d i a l  v a r i a t i o n  of magne t i c  f i e l d ?  

KRAMER : No, not  a t  all. Hagedorn made some aalcula t iono on that :  i f  there  is a 
focusing f i e l d  it does not matter  so much; i n  our case since we have a small f l u t t e r  
i n  the cen t ra l  region and a defoausing magne t i e  f i e l d  it becomes r a t h e r  worse. 

RESMINI : So you have not used any magnetic c o i l  i n  the  centre? 

KRAlYIER : No. The f i e l d  b r e  ica s t r i c t l y  isochronous. 
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