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Advances i n  teohnology during the  pas t  years have resu l t ed  i n  improved grades 

of s tee l .  Consequently, f lux  d e n s i t i e s  up t o  23 kG a r e  now oomonly used i n  the  

planning and oonstruotion of large  magnets. These g rea te r  f l u x  d e n s i t i e s  inorease 

the  d i f f i o u l t i e s  i n  the  est imation of the proper magnetio po ten t i a l  drop ins ide  the  

s teel .  Flux measurements made by the  in tegra t ion  method help  i n  t h i s  ease only t o  

looate  possible sa tu ra ted  seotions and t o  oorreot the  yoke or  pole p r o f i l e  of simple 

geometries. However, for  de tec t ion  of looal  sa tu ra t ion  e f feo t s ,  as fo r  example i n  

the  Rose s h i m ,  even t h i s  method beoomes ineffeot ive  beoause it gives  only the  average 

f lux  i n  a oross-section. Until  now the  most helpful  method has been the  use of the  

model magnets, but the neoessary shape of shims o r  pole-shoe p r o f i l e s  oan be obtained 
l )  only by laborous and protracted magnetic f i e l d  measurements . 

The problem is becoming more pronounced f o r  the  AVF-oyolotron magnets with 

f l u x  d e n s i t i e s  a t  the h i l l  seotor  i n  the range of 20 kG, and over. The differenoe 

between the  f l u x  d e n s i t i e s  i n  the h i l l  and i n  the  val ley develops a f lux  equalizing 

prooess ins ide  the  s teel .  The r e s u l t  is a broad v a r i e t y  of f l u x  d e n s i t i e s  i n  the  

magnet pole, whioh, i n  turn, cause various magnetio potent ia l  drops i n  the s t e e l  a t  

d i f fe ren t  radi i .  I f ,  f o r  example, a radial-seotor type is required and the f i e l d  

oorreotion f o r  the  isoohronism should be m d e  only by a ohange of the f l u x  densi ty  at  

the  h i l l ,  the shaping of the  pole-shoe surfaoe w i l l  ohange the  f l u x  and resiatanoe at 

a l l  radi i .  It is, therefore,  impossible t o  p e d i c t  f o r  f l u x  d e n s i t i e s  over 1 8  kG the 

f a s t  gap length at  a s p e c i f i c  radius. Unti l  now several  experiments and repeated 

reshaping of the pole face on model magnets w a s  neoessary fo r  f i n a l  solutien. 

Another possible way f o r  solving problems of t h i s  kind makes use of theoretical 

oaloula t ions  based on ~ iaxwel l s ' e~ua t ions .  For regions with no eurrent,  the  magnetio 

f i e l d  may be represented as a gradient of the magnetia po ten t i a l  Vm. The general 

d i f f e r e n t i a l  equation f o r  Vm is, then, of the  form AVm = - grad (lnp) X grad Vm, where 

p is the  absolute permeability of the medium. This potent ia l  equation degenerates t o  

the Laplace equation for mater ia ls  with constant p. 

I f  the permeability is a function of coordinates, t h e  use of the  r e l a t i o n  

f i  = k/IIn (k is approx 23, i f  H is i n  ki looers ted,  n approx 0.9), whioh is very well 

s a t i s f i e d  f o r  f lux  d e n s i t i e s  between 12 and 25 kG, leads t o  a quasi l inear  partial 

d i f f e r e n t i a l  equation for  V, of the seoond order. The combination of the  Laplaoe 

equation for  air and the potent ia l  equation f o r  s t e e l  regions, under oonsideration of 
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boundary conditions at  the t r a n s i t i o n  from air t o  s t e e l ,  w i l l  completely describe 

the  potent ia l  d i s t r i b u t i o n  f o r  a c e r t a i n  pole-face geometry. Generally, f o r  

p r o f i l e s  appearing i n  practice,  an ana ly t i ca l  so lu t ion  f o r  such a combination of 

equations does not e x i s t ;  the problem may be solved e i t h e r  by e l e c t r i c a l  networks 
1 with var iable  r e s i s t o r s 2  , o r  by the  methods of numerical mathematics. 

I f  the use of l a rge  computing machines is possible,  the  numerical methods show 

some advantages, of which accuraoy and speed a r e  the  most important. The so lu t ion  

of c e r t a i n  problems can be obtained by the di f ference method. The region i n  question 

m e t  be covered by a l a t t i c e  and the potent ia l8  at the in te r sec t ions  evaluated 

according t o  the di f ference equations converted from the d i f f e r e n t i a l  equations. For 

t h i s  purpose the  potent ia l  Vm near a point V is expsnded i n t o  a Taylor s e r i e s ;  f o r  
m0 

fu r the r  ca lcula t ions  only the  term6 up t o  the cubic a r e  taken i n t o  account. The 

process of ca lcu la t ing  the  po ten t i a l  d i s t r i b u t i o n  must be repeated u n t i l  the d i s t r i -  

bution with the  required accuracy is obtained. 

There a re ,  however, several  d i f f i c u l t i e s  i n  connection with the  numerical 

ca lcula t ions  which mst be explained i n  more deta i l .  A t  f i r s t ,  the  number of 

i t e r a t i o n s  depends very moh  on the required accuraoy. Otherwise, the convergence 

of the V i n  t h e  s t e e l  is very slow and, as an example, with a n e t  of 20 X 30 points  m 
about 100 i t e r a t i o n s  a r e  required f o r  an accuracy b e t t e r  than 1% The number of 

i t e r a t i o n s  depends a l s o  on the zeroth approximation of the potent ia l  d i s t r i b u t i o n ;  it 

is important, therefore,  t o  start with the best  possible approximation. This can be 

obtained i f  the  portion of the maximum poten t ia l  a t  some point  on the s t e e l  surface 

is evaluated under the  assumption of a l i n e a r  change of the  potent ia l  i n  the air as 

well as i n  t h e  steel .  The percentage of the maximum poten t ia l  follows from the 

boundary conditions and the  corresponding value of Vm must be at tached t o  the inter-  

sec t ions  on the surface. If  a large  di f ference i n  f lux  d e n s i t i e s  along the s t e e l  

surface can be expected, as i n  the  AVF cyclotrons,  the  region must be halved and the 

calcula t ion made separate  fo r  h i l l  and va l l ey  sectors. 

The next d i f f i o u l t y  occurs while determining the po ten t i a l  d i s t r i b u t i o n  near 

sharp aorners where the  gradient Vgi is large. The V i n  the neighbourhood of the 
m 

corners w i l l  be calcula ted more exact ly  with a small-mesh grid. However, t h i s  means 

a great  number of in tersect ions ,  which w i l l  the slow r a t e  of convergence. A 

compromise cons i s t s  i n  choosing a l a t t i c e  with large  mesh at the beginning of the  

ca lcu la t ion  and a f t e r  20-40 i t e r a t i o n s ,  depending on the  s i z e  of the region, the  

l a t t i o e  must be doubled. Thus, the  t o t a l  number of i t e r a t i o n s  can be decreased; the 

coarse net  w i l l  de l ive r  f a s t e r  an approximate, although l e s s  exact, d is t r ibut ion.  For 

some cases i t  may be necessary t o  again reduce the mesh of the  complete ne t ,  or some 

its portions near the c r i t i c a l  aorners. Somewhat f a s t e r  and more accurate  r e s u l t  w i l l  

be obtained by taking terms up t o  the seventh order i n  the expansion f o r  V,, but the  

gain can be observed only with coarse nets. 
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To avoid l a rge  o s c i l l a t i o n s  of V values on the boundary due t o  the zeroth  m 
approximation, a specia l  ca lcu la t ion  procedure must be introduced. In p r inc ip le  it 

cons i s t s  i n  considering the constant  i n  the p l a w  as a variable. The po ten t i a l  Vm 

follows then by a l i n e a r  in te rpo la t ion  between the  value of the costant  estimated 

from the boundary condit ion and the ac tua l  constant  given by the magnetic 

c h a r a c t e r i s t i c s  of the  s t ee l .  I f  desired,  the procedure may be repeated severa l  times 

fo r  the same i tera t ion.  

Although i t  is possible t o  show t h a t  a convergence does e x i s t  i t  is very 

d i f f i c u l t  t o  predic t  the r a t e  of convergence of Vm fo r  a c e r t a i n  s t e e l  prof i le .  

Generally, up t o  1000 i t e r a t i o n s  may be expected f o r  ne t s  with severa l  thousand 

in te r sec t ions ,  when no spec ia l  precautions f o r  the net  refinement or zeroth approxima- 

t i o n  a r e  made. The time required f o r  ca lcu la t ion  i n  such a case  by a high-speed 

computer of the  type IBM 7090 would exceed th ree  hours. This i s  r e l a t i v e l y  uneconomic- 

a l  and demonstrates the necess i ty  of introducing the t r i c k s  mentioned above. 

On the b a s i s  of the procedure described above a computer program f o r  two- 

dimensional potent ia l  problems w a s  wr i t ten ,  and the  f l u x  d e n s i t y  d i s t r i b u t i o n  ins ide  

the  magnet pole of an isochronous cyclotron w a s  estimated. The influences of v e r t i c a l  

and tapered t r a n s i t i o n s  from the  h i l l  t o  the v a l l e y  were a l s o  invertigated. The 

r e s u l t s  a r e  i n  good agreement with the measurements except f o r  some e f f e c t s  near the  

edge of the pole, where a trhee-dimensional solut ion is necessary. 
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D IS CUSS ION 

SNOWDON : Have you invest igated any aacelera ted  convergence techniques? These 
techniques amount t o  replacing the Laplace operator by a d i f fus ion  type operator whieh, 
i n  the l i m i t  of a large  number of i t e r a t i o n s ,  reduces t o  the Laplace operator. The 
e f f e c t  is t h a t  the r a t e  of convergence may be increased. For example, a t  MURA, an 
i t e r a t i v e  magnetic f i e l d  ca lcula t ion which was o r i g i n a l l y  performed i n  two hours w a s  
f i n a l l y  run i n  20 min when accelera ted  convergence techniques were employed. 

BERKES : There a r e  a few t r i c k s  which we introduce t o  acce le ra te  t h e  convergence, 
but even with these t r i c k s  we need a net  with 500 points f o r  one i t e r a t i o n  i n  0.4 S. 

T h i s  is a very nice  time but unfor tunate ly  500 points  in te r sec t ions  of l a t t i c e  is not 
enough fo r  c e r t a i n  problems; i f  we use more in te r sec t ions  the time inereases  rapidly. 

RESMINI : What agreement d i d  you get  between calcula ted  values and measured ones i n  
the region where two-dimensional approximation seems t o  be good? 

BERKJlS : We calcula ted  a spec ia l  p r o f i l e  of the  AVF cyalotron, and we made an azimuthal 
cross-section. The agreement between the f i e l d  i n  the  mid-plane obtained by the 
ca lcu la t ions  and otherwise obtained by measurements was c e r t a i n l y  b e t t e r  than 1%. Of 
course, a t  the moment our 2-dimensional solut ion is not va l id  f o r  regions near t h i s  
a x i s  of the machine, and i t  is not va l id  f o r  outer  pa r t s  of the  machine near the edges 
because of some e f f e c t s  due t o  the f l u x  equalizing process i n  the s t e e l  i t s e l f  and due 
t o  the fr inging f ie lds .  
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