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A general  programme f o r  a n  i n i t i a l  t h e o r e t i c a l  de terminat ion  of r e a l i s t i c  AVF 

cyc lo t ron  f i e l d s  has  been w r i t t e n  i n  FORTRAN code f o r  the CERiU IBM 709 computer under 

monitor cont ro l .  The programme is i n t e r e s t i n g  because i t  is based on a completely 

d i f f e r e n t  method of approach than o the r  e x i s t i n g  progranune S,  and permits  a r e l a t i v e l y  

quick survey of a l a r g e  number of machines. The r e s u l t s  a r e  exac t ,  a p a r t  from round- 

o f f ,  i n t e g r a t i o n  and i n t e r p o l a t i o n  e r r o r s ,  i n  the order  of 1 0 ~ .  

The c a l c u l a t i o n  is  performed and a l l  inpu t  and output  i e  presented  i n  cyc lo t ron  

u n i t e ,  i.e. 

Length 0/w0 Mass m 

Charge g F i e l d  m0/q  

Time l/o0 Energy am2 

Velocity c  Momentum mc 

where m and q a r e  the r e s t  mass and charge of t h e  acce l e ra t ed  p a r t i c l e ,  c  the  ve loo i ty  

of l i g h t ,  and uo an a r b i t r a r y  reference  angular  ve looi ty .  The angular  v e l o c i t y  w of 

the  p a r t i c l e  may be chosen as a func t ion  of the  energy. For an  isochronous cyclo t ron  

one chooses conveniently u = 1. 

The computation i s  based on o r b i t  coordina tes  (P ,  U) i n  the median plane,  P 

being the  equiva lent  r ad ius  (c losed  o r b i t  length  d iv ided  by 2 r )  and a the  o r b i t a l  a r c  

length normalised t o  u n i t y  through one machine period.  The curves U = 0 and U = 1 a r e  

the  s e c t o r  edges de f in ing  t h e  machine s p i r a l .  I n  i t s  most f requent  a p p l i c a t i o n  the 

programme determinee the s p i r a l  which f o r  a given azimuthal f i e l d  v a r i a t i o n  B(P,C) 

y i e l d s  a spec i f  i e d  v a r i a t i o n  of t h e  l i n e a r  v e r t i c a l  be t a t ron  frequency Q, ve r sus  

equiva lent  r a d i u s  or  energy. 

Orbi t  Them y 

The magnet f i e l d  f o r  a n  N-sector machine is presented to  the computer i n  t he  

f  orn  

B 1 Y ~ F ( P ,  Q) / g  

where 8 = ~ U / N  i a  the s e c t o r  angle,  

2 4 Y = ( 1  - (UP) 

i s  the  p a r t i o l e  energy ( o r  mass), and the spec i f i ed  func t ion  F must be pe r iod ic  i n  

a with  pe r iod  1 and have mean value 8 to  g ive  the c o r r e c t  mean f i e l d  yw a long the 

o r b i t  p, 
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Considering any equi l ibr ium o r b i t  p t he  f i e l d ,  Eq. (l), as a func t ion  of a r c  

length a and the  o r b i t  energy, Eq. (2),  w i l l  toge ther  determine the geometry of t h i s  

o r b i t ,  but  n o t  i t s  p o s i t i o n  i n  the plane. Introducing d t  = 8 dcr/w, B = -BE wi th  B 

given i n  Eq. ( l ) ,  and the complex v a r i a b l e  z = X + i y  on the  median plane i n t o  the  

fo rce  equat ion  

y dZF / d t2  3: (G/  d t )  X B , ( 3 )  

one ob ta in s  f o r  de te rmina t ion  of the c lo sed  o r b i t s  

a 2 z  / M = i F(P, U) a z  / W. 

By a f i r s t  i n t eg ra t i on :  

a z  /aa = ipeh(p,  a )  , 
where 

is  the  u n i t  normal poin ted  outwards from t h e  o r b i t  P, and 
fc 

The angle 6 ( ~ )  is introduced as a n  i n t e g r a t i o n  cons tan t .  I t  is t h e  ang le  between 

the  x-axis  and the  normal h(@, 0) a t  t h e  s e e t o r  edge a = 0 where G(p, 0)  = l. 

An i n t e g r a t i o n  of Eq. (5)  f i n a l l y  g ives  

w i th  

E = + ( l  + i c o t  (w/N)) , 
a 

H(P, a )  = i I G(P, C) m. 
0 

I t  is  here  assumed t h a t  N > 1, and the i n t e g r a t i o n  cons t an t  has been chosen such 

t h a t  the  c lo sed  o r b i t s  z(p, U) f o r  p const .  a r e  a l l  cent red  a t  the machine cen t r e  

z = 0.  Notice t h a t  & i n  Eq. (8) s i g n i f i e s  a r o t a t i o n  of the o r b i t  as a whole. Thus 

&(p) de f ines  the s p i r a l l i n g  f e a t u r e  of the f i e l d  and is  needed i n  a d d i t i o n  to  

Eq. (1)  f o r  a complete d e f i n i t i o n  of the f i e l d .  

Beta t ron  O s c i l l a t i o n s  

I f  X, Z denote the normal d i s t a n c e s  from t h e  o r b i t  i n  and normal t o  the median 

plane, t h e r  the  b e t a t r o n  o s c i l l a t i o n s  a r e  descr ibed  by the equat ions  
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where F is the f ie ld -def in ing  func t ion  i n  Eq. ( l )  and n the conventional f i e l d  index, 

which we may here  express  a s  

The normal d e r i v a t i v e  a B / a X  is def ined  by 

a B - , 1 (2-2 as), 
ax a p  P @  

which with Eq. ( 1 )  gives  t he  c o e f f i c i e n t s  

where X = ( p & )  d(yo)/dp i s  given from Eq. ( 2 ) .  

The s c a l e  f a c t o r s  v and T a r e  def ined  by the u n i t  normal (6) and the co- 

o rd ina t e  func t ion  ( 8 ) :  

i n  which 

and t he  a s t e r i s k  denotes  conjugate complex q u a n t i t i e s .  The coef f  i c i e n t s  (13) a r e  

hereby completely determined and t h e  b e t a t ron  f requenc ies  Q 
r' Qz may be found by 

i n t eg ra t i on .  I t  i s  important t o  n o t i c e  t h a t  these  frequencies  do not  depend d i r e c t l y  

on the sp i ra l -def in ing  angle  6 ( p ) ,  but  r a t h e r  on i t s  de r i v a t i v e  d / d p  which determines 

the  tangent ol" t h e  edge 6 = 0 ,  i.e. the  s p i r a l  angle  a t  t h i s  po in t .  

Programme Outl ine 

The f u m t i o n  F ( p ,  U) must be presen ted  t o  the  computer i n  the fol lowing 

form (*): 

which permits  the r i d g e  f i e l d  and the azimuthal f i e l d  v a r i a t i o n  to  b e  chosen independ- 

en t ly .  Here I 2 5 ,  J f: - 14. The Ri a r e  t abu la r  o r  polynomial f unc t i ons  of P and the  

Aij,  Mi j, Bi a r e  oanstants .  For each s p e c i f i e d  o r b i t  p t o  be  computed the programme 

immediately s t o r e s  F ,  a F / a p  and a F / a 6  a t  each va lue  of 6 t o  be used i n  t h e  Runge-Kutta 

i n t e g r a t i o n  processes  t o  follow. 

(*) I t  has been found t h a t  a  t abu l a r  p r e se n t a t i on  v e r s u s  Q of the second sums might 
be more convenient. 
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Fig. 1 Field map of B-sector, 846.7 NeV isochronous cyclotron. Q = 2 and spiral 
angle = 60' a t  final orbit. Closed orbits p and f i e ld  contours B shown in 
oyolotron units. 

An i n i t i a l  i n t e g r a t i o n  is f i r s t  performed whereby the func t ions  C, H and K a r e  

determined from the  system: 

u s ing  the i n i t i a l  cond i t i ons  C = 1, H = K = g = 0 a t  c =  0.  The func t ions  S, T  and U 

d e f i n i n g  the o r b i t s  z and rl + ir a r e  then computed and s t o r e d  a t  each U necessary f o r  

the subsequent i n t e g r a t i o n  of the  system (10), (13), (14) f o r  the determinat ion of t he  

f requencies  Qr and QZ. 

The programme may be s e t  f o r  t h r ee  d i f f e r e n t  modes of operat ion:  I n  "Mode 1" the 

sp i r a l -de f in ing  func t ion  6 ( ~ )  i s  spec i f i ed  a s  input  on t abu la r  form. I ts  d e r i v a t i v e  

d6/dp is determined by a  s ix-point  Lagrange formula, whereaf te r  the be t a t ron  f requencies  
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a r e  computed from the Eq. (10) by the usual  matrix method, Two types of ou tput  a r e  

a v a i l a b l e  from t h i s  mode of operat ion.  The f i r s t  i s  a f i e l d  map showing t h e  s e c t o r  

edges U = 0 and U = l, the  c lo sed  o r b i t s ,  and a s e l ec t ed  s e t  of cons tan t  f i e l d  curves. 

An example i s  shown i n  Big. l. The map may be drawn a u t o ~ n a t i c a l l y  by a spec i a l  magnetic 

tape output  f o r  an X-y p l o t t e r .  Secondly, the f i e l d  may be s p e c i f i e d  on a pre-chosen 

p o l a r  mesh w i th in  the s ec to r  (0, 8 ) .  This ou tput  i s  used a s  i npu t  f o r  our general  cyclo- 

t r o n  programmes where one can i n v e s t i g a t e  non-linear e f f e c t s ,  i n t e g r a t i o n  through 

resonances, e t c .  

"Mode 2" i s  a l i t t l e  used procedure i n  which the  frequencie s Qr and Qz a r e  

computed and l i s t e d  a t  each P fo r  a given F and a sequence of va lues  of the  d e r i v a t i v e  

as/dP. 

I n  "Mode 3n t h e  va lue  of &/dp i s  determined and l i s t e d  a t  each P by an i t e r a t i o n  

process  such t h a t  a spec i f i ed  QZ is  obtained. The QZ i s  inpu t  a s  a t ab l e  i n  P. 

Notice t h a t  the i t e r a t i v e  process  only involves the f i n a l  i n t e g r a t i o n  of the  l a s t  of 

Eq. (10) s i nce  the  T and U a r e  unaf fec ted  by the value of ds/dp. Having determined 

t he  func t ion  ds(p)/dp by computation a t  many r a d i i  throughout the machine, the 

computer au tomat ica l ly  i n t e g r a t e s  t h i s  to  ob t a in  6(~), whereafter  a "Mode l" opera- 

t i o n  i s  performed. 

I l l u s t r a t i v e  Example 

A s  an example-consider t h e  N = 8 sec tor  isochronous cyc lo t ron  meson f ac to ry  

def ined  by 

where 
8 

s ( a )  = E COS (2w (23-1) U) 
j= l 

and t h e  harmonic amplitudes A a r e  determined(*) such that the 15 f i r s t  d e r i v a t i v e s  
j 

of S vanish at U = 0 and U = 0.5: 

This  ensures  completely f l a t  and symmetric h i l l s  and v a l l e y s  a s  i l l u s t r a t e d  i n  Big, 2. 

A "Mode 3" computation was performed us ing  a func t ion  Q=(P)  a s  shown i n  Fig. 3. 

I t  r i s e s  sharply t o  the value 0.2 where i t  remains f o r  a l l  P > 0.2. The func t ion  

R(P) i n  Eq. (18) was chosen such t h a t  the s e c t o r  edge U = 0, here s i t u a t e d  a t  mid- 

r idge ,  should be approximately a c i r c l e  of a o e r t a i n  r a d i u s  r. R(P) was i n  f a c t  

(9) I am indebted t o  M r .  Werner Joho, ETH, Zt'rich, who has w r i t t e n  a speoia l  programme 
f o r  providing Four ie r  polynomials of the type here mentioned. 
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Fig. 2 Shape of f i e l d  encountered by part ic le  on closed orbit .  
d 

pig. 3 ~i~~ of versus p towards i t s  constant value 0.2. 

Pig. 4 Uarimum, mean and minimum f i e l d s  versus equivalent 
radius for cyclotron mapped i n  Pig. 1. 
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c a l c u l a t e d  from t h e  approximate formula 

wi th  N = 8, f 2  = <B'>/<B>~ - 1 = R ( P ) ~  <s(c)'> = 0.82 R ( P ) ~ ,  and f o r  a c i r c u l a r  edge 

s i n  e R+ p/2r, E being the  conventional  s p i r a l  angle. The edge r a d i u s  r was chosen a t  

the  va lue  0.48825, which according t o  i n t e r p o l a t i o n  on previous ly  obtained r e s u l t s  

would give a reasonable s p i r a l  ang le  of e x a c t l y  60' when Q reaches  the va lue  2 r 
convenient f o r  resonant  ex t r ac t ion .  

The r e s u l t  i s  the meson f a c t o r y  mapped on Fig. 1. Its f i n a l  o r b i t  cha rac t e r -  

i s t i c s  a r e  a s  fo l lows 

Equivalent  r a d i u s  P 

Max o r b i t  excurs ion  

Energy y 

h l a x  f i e l d  

Nin f i e l d  

Radia l  frequency Qr 

Ver t i ca l  frequency QZ 

S p i r a l  angle  

0.85075 o r  4.33 m 

0.8591 o r  4.37 m 

1.9025 or  846.7 MeV (protons)  

3.1611 o r  19.47 kG 

0.6643 o r  3.97 kG 

2 

0.2 

60' 

The metr io u n i t s  a r e  obta ined  by choosing the r e fe rence  angular  v e l o c i t y  wo = 5.9 X 
7 

10 rad/e corresponding t o  a n  o r b i t a l  frequency of 9.4 NHz. The r idge  and v a l l e y  

f i e l d s  a r e  described as fun0 t i o n s  of p i n  Fig. 4. 

REISER : Are your p lans  now t o  convert  t h e  synchro-cyclotron i n t o  an 850 MeY machine, 
o r  a r e  your i n v e s t i g a t i o n s  presented  here independent of t h i s  problem? 

VOGT-NILSEN : This i S completely independent. 

KHOE : What is t h e  next  s t e p  when you want to f i n d  the  s t e e l  conf igura t ion?  

VOGT-NILSEN : The next  s t e p  would be t o  hand maps l i k e  the  one I showed over t o  our 
magnet people f o r  comrments. One has  c e r t a i n l y  t o  do more computer runs t o  t r y  t o  
conform t o  t h e i r  wishes, and then  perhaps f i n a l l y  f i n d  a s u i t a b l e  design. 

LAPOSTOLLE : How much computer time is necessary t o  ge t  such map. 

VOCT-NILSEN : For t h i s  one I used about  an  hour and a h a l f ,  b u t  t h i s  was the  f i r s t  
one t r i e d ,  and I had t o  search a l i t t l e  t o  f i n d  t h e  method. I would say  half-an-hour 
on the next  case. 

VERSTER : D o e s  t h i s  programme a l s o  allow you t o  spec i fy  the to l e rances  on t h e  f l u t t e r  
s o  the  magnet group could know how accura t e ly  they should t r y  t o  r e a l i s e  the f i e l d ?  

VOGT-NILSEN : Not d i r e c t l y .  I have a second output  from t h i s  programme, which i s  
used a s  input  f o r  general  o r b i t  programmes; on these  we could in t roduce  small e r r o r s  
t o  s e e  what they do. 
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