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The depo la r i za t ion  of a po la r i zed  beam of charged p a r t i c l e s  du r ing  a c c e l e r a t i o n  

i n  a c i r c u l a r  acce l e ra to r  has been s tud ied  by F r o i s s u t  and Stora '  ) a t  Saclay, 

(iarren' ) at  Berkeley, Lobkowicz and  hornd dike' ) a t  Rochester ,  b our ant' ) a t  Brookhaven, 

cohen5), and Khoe and ~ e n ~ ' )  a t  Argonne. Ref. 5 is  a numerical s tudy us ing  an 

e l e c t r o n i c  computing machine; the  o ther  r e f e rences  t r e a t  the problem by va r ious  

a n a l y t i c a l  approaches under d i f f e r e n t  approximations. He s h a l l  p re sen t  here a 

s impl i f i ed  a n a l y t i c a l  t rea tment  fol lowing the approach of Ref. 6. 

Since we a r e  dea l ing  wi th  the  average value o r  expec ta t ion  va lue  of the s p i n  of 

a l a rge  ensemble of p a r t i c l e s  and s i n c e  expec ta t ion  va lues  obey c l a s s i c a l  equations,  

we can employ t h e  c l a s s i c a l  s p i n  equation f o r  t h i s  ana lys i s .  R e l a t i v i s t i c  covar iant  

s p i n  equations were given by h.enle17) i n  1926 with the  r e l a t i v i s t i o  sp in  e x p r e ~ s e d  

a s  an antisymmetric 4-tensor,  and by Bargmann, Michel, and ~ e l e g d i ' )  i n  1959 with the  

s p i n  r ep resen ted  by a n  a x i a l  4-vector. These equat ions  a r e ,  of course,  e n t i r e l y  

equiva lent  ( see ,  e.g., Ref. 6 f o r  d e t a i l s ) .  For an  electromagnetic  f i e l d  which is  

approximately uniform i n  space s o  t h a t  t he  i n t e r a c t i o n s  between the f i e l d  g rad ien t s  

and t h e  magnetic moment of t he  p a r t i c l e  a r e  neg l ig ib l e ,  the s p a t i a l  components of 

these equa t ions  g ive  i n  the r e s t  frame of  the  p a r t i c l e  t he  usual  Larmor equat ion  

and i n  t h e  l abo ra to ry  frame the equat ion  

( 1  Work performed under the  auspices  of the USAEC. 
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where A = o X 1, 

e = oharge of p a r t i o l e ,  

m = r e s t  mass of p a r t i c l e ,  

g/2 = gyromagnetio r a t i o  of p a r t i c l e  

= r a t i o  of p recess ion  frequenoy t o  r evo lu t i on  frequency. This  i s  no t  the  

usua l  d e f i n i t i o n  of t h e  gyromagnetic r a t i o ,  but i t  is convenient  here  t o  

de f ine  it t h i s  way. 

G f - l = anomalous gyromagnetic r a t i o ,  
-k 

v = l abo ra to ry  v e l o c i t y  of p a r t i c l e ,  
4 

t = l abo ra to ry  time, 

T = proper  time, 

s u p e r s c r i p t s  (R) and (L) denote laboratory-frame and rest-frame q u a n t i t i e s  

r e s p e c t i v e l y  

and 2 i s  t h e  s p i n  of the p a r t i c l e  def ined  as t h e  s p a t i a l  components i n  t h e  rest-frame 

of e i t h e r  t h e  sp in  antisymmetric &tensor  of Frenkel o r  the s p i n  a x i a l  4-vector of 

Bargmann, Michel, and Telegdi .  Note here t h a t  t he  s p i n  of a p a r t i c l e  i s  meaningful 

only i n  i t s  rest-frame. Eq. 2 is a c t u a l l y  a hybr id  equa t ion  g i v i n g  the  labora tory-  

time development of the (rest-frame) sp in ,  expressed  i n  terms of l abo ra to ry  

components of the e lec t romagnet ic  f i e l d .  

When %(L)  = 0, Eq. 2 becomes 

-'(L) where g L )  and z i L )  denote r e s p e c t i v e l y  t he  components of B t r ansve r se  t o  and along 

the  d i r e c t i o n  of motion. Eq. 3 is i d e n t i c a l  t o  t h a t  given by F r o i s s a r t  and S t o r a  1 )  

and by Telegdi  and winstone) .  The appearance of y i n  t he  c o e f f i c i e n t  of ?lL) show. 

t h a t  the  gyromagnetio r a t i o  becomes an i so t rop i c  a s  t h e  p a r t i c l e  energy i nc rea se s  and 

t h e  r a t i o  f o r  t r a n s v e r s e  f i e l d  i nc r ea se s  w i th  i n c r e a s i n g  energy. This  change of the 

gyromagnetic r a t i o  w i th  energy in t roduces  t h e  p o s s i b i l i t y  t h a t  a t  c e r t a i n  energy the 

p r eces s ion  frequency may equal  t h e  frequency of some o s c i l l a t o r y  component of the  

f i e l d  experienced by the p a r t i c l e ,  thus producing a  cond i t i on  f o r  r e sonan t  depo la r i -  

za t ion .  

I n  a sector-f  i e l d  c i r c u l a r  a c c e l e r a t o r ,  t h e  only component of the magnetic f i e l d  

which does not vanish when averaged over  a p a r t i c l e  t r a j e c t o r y  is the  a x i a l  component. 

For a p a r t i c l e  moving i n  t h i s  f i e l d  w i th  s p i n  p o i n t i n g  approximately i n  t he  a x i a l  

d i r e c t i o n ,  t h e  predominant s e c u l a r  motion of i ts  s p i n  i s  a precess ion  about t h i s  mean 

a x i a l  f i e l d .  C l ea r ly ,  t h i s  p r eces s ion  does not a f f e c t  the  a x i a l  p o l a r i z a t i o n  of the  
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p a r t i c l e .  Furthermore, s i n c e  t h i s  f i e l d  component i s  t r ansve r se  t o  the motion, the  

frequency of  t h i s  p r eces s ion  is, accord ing  t o  Eq. 3, dependent on t he  energy of t h e  

p a r t i c l e .  A l l  o t h e r  f i e l d  components i nc lud ing  those which inf luence  t h e  p o l a r i z a t i o n  

a r e  o s c i l l a t o r y  wi th  zero  mean va lue ;  hence, they do no t  con t r i bu t e  l a r g e  s ecu l a r  

depo la r i za t i on  ef f  e c t s  u n l e s s  t h e r e  is  a resonance between the frequency of the 

precess ion  about  the mean a x i a l  f i e l d  and t h e  frequency of one of the  o s c i l l a t o r y  

depo la r i z ing  f i e l d  components. 

I n  the  laboratory-frame, we s h a l l  employ an or thogonal  c u r v i l i n e a r  co-ordinate  

system ( the  o r b i t  co-ordinate  system) where the y  co-ordinate  runs a long  the 

equi l ib r ium o r b i t ,  the  z  co-ordinate p o i n t s  i n  the a x i a l  d i r e c t i o n ,  and the  X co- 

o rd ina t e  l i e s  i n  the median p lane  and perpendicu la r  t o  the equi l ib r ium o r b i t .  The 

depo la r i z ing  f i e l d  components a t  t h e  p o s i t i o n  of the  p a r t i c l e  a r e ,  then, the X and y  

components, which can be  w r i t t e n  i n  expanded forms about  the  equ i l i b r i um o r b i t  

where X and z  a r e  displacements  of t h e  p a r t i c l e  from the  equi l ib r ium o r b i t ,  and where 

use  is made of the  niaxwell equa t ion  c u r l  ;(I1) = 0 i n  g e t t i n g  the  second express ion  f o r  

each component. The d i f f e r e n t i a l  c o e f f i c i e n t s  a r e  eva lua ted  on t h e  equi l ib r ium o r b i t  

and have the  p e r i o d i c i t y  of the s e c  t o r .  From the  Floquet  theorem we know t h a t  X and z  

possess ,  i n  a d d i t i o n  t o  t h e  s e c t o r  p e r i o d i c i t y ,  a l s o  t h e i r  r e s p e c t i v e  be t a t ron  

o s c i l l a t i o n  p e r i o d i c i t i e s ;  namely 

( n  = i n t e g e r )  

where N is the  number of s e c t o r s ,  Q i s  an angle  v a r i a b l e  which r ep l ace s  y  and is  
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1 
de f ined  by 2 = T;; ( l eng th  of equi l ib r ium)  = R = equ iva l en t  r a d i u s  and a n f  and 8,' 
a r e  c o n s t a n t  phase angles.  Expanding t h e  c o e f f i c i e n t s  i n  Eq. 4 i n  Four ie r  s e r i e s  and 

s u b s t i t u t i n g  Eq. 5, we o b t a i n  

r 

I (k,m = i n t e g e r s ,  8 = odd i n t e g e r s )  

03 

r, 
k,e,m=O *ken cos [(kN 2 l v z  .* w X )  @ + Bken 1 

w h e r e a  a n d B k e m a r e  n e w c o n s t a n t p h a s e  angles .  The lowest o rder  terms i n E q .  4 
klm 

g ive  terms w i th  e = l and m = 0 i n  Eq. 6. The f r equenc i e s  of these  f i e l d  components 

r e l a t i v e  t o  the o r b i t  co-ordinate  system a r e ,  t h e r e f o r e ,  

where O(L) is  the r e v o l u t i o n  frequency of the  p a r t i c l e  given by 

w i th  (;('))denoting t h e  mean a x i a l  f i e l d .  An o s c i l l a t o r y  depo la r i z ing  f i e l d  can 

be decomposed i n t o  two oppos i te ly  r o t a t i n g  components. Near a resonanc  the 

components which r o t a t e  i n  t h e  same d i r e c t i o n  a s  the precess ion  about  +(L)) may 

cause l a r g e  secu la r  depo la r i za t i on ;  the  o the r  component may be ignored. This  i s  

analogous t o  inducing t r a n s i t i o n s  between s p i n  s t a t e s  by t h e  process  of nuc lear  

magnetic resonance. 

The frequency of preoess ion  about  (L) (;(L)), as given by ~ q .  3, is  ( I  . 
This  should be reduced by t he  r evo lu t i on  f requency  of the p a r t i c l e  to  g ive  

f o r  the preoess ion  frequency r e l a t i v e  t o  t he  o r b i t  co-ordinate  system employed here.  

This  i s  c l e a r  from the cons ide ra t i on  t h a t  i f  t h e  anomalous gyromagnetic r a t i o  C is 

zero  t he  p r eces s ion  should j u s t  fol low t h e  r e v o l u t i o n  of t h e  p a r t i c l e  and the s p i n  

would appear t o  s t a n d  s t i l l  i n  t h e  o r b i t  co-ordinate  system. The resonance cond i t i on  

i s ,  t he r e fo re ,  w(L)= o r  
P  

yG = kN + 4vz 2 mux (k,m = a l l  i n t e g e r s ,  8 = odd i n t e g e r s ) .  (10) 
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The order  of a  resonance is de f ined  a s  L + m, and is equal  t o  the  degree of t h e  

lowest  c o n t r i b u t i n g  terms i n  t h e  expansions Eq. 4 of t he  depo la r i z ing  f i e l d .  Thus, 

we can expect  h igher  order  resonances t o  be r e l a t i v e l y  weaker. Furthermore, a l l  the  

resonances g iven  by Eq. 10 may be c a l l e d  i n t r i n s i c  because they a r e  exc i ted  by f i e l d s  

having i n t r i n s i o  s e o t o r  p e r i o d i c i t y  N. When f i e l d  e r r o r s  a r e  present ,  resonances 

wi th  even L may be e x c i t e d  by mid-plane e r r o r s  and resonances similar t o  Eq. 10 b u t  

w i th  t h e  kN term rep laced  by a l l  o the r  p o s i t i v e  i n t e g e r s  may be exc i t ed  by s e a t o r  

e r r o r s .  These imperfec t ion  resonances being exo i t ed  only  by f i e l d  e r r o r s  a r e  

expected t o  be weaker than the  i n t r i n s i o  resonances. 

The degree of d e p o l a r i z a t i o n  is most e a s i l y  c a l c u l a t e d  i n  

mean a x i a l  f i e l d  (S(') ) being t r ansve r se  t o  t h e  ao  t i o n  beoomes 

when transformed t o  t h e - r e s t  frame by the  1,orent.z t ransformation.   h he frequency of '  

the precess ion  about ( S ( ' ) )  i n  the  r e s t  frame i s ,  then, by iq. 1 

where f o r  the l a s t  express ion  we have s u b s t i t u t e d  Eq. 9. Obviously, t h e  same t r ans -  

formation a p p l i e s  a l s o  t o  the frequency of the r o t a t i n g  component of t he  o s c i l l a t o r y  

depo la r i z ing  f i e l d  Bx and B and toge ther  wi th  Eq. 7 g ives  
Y' 

f o r  t h i s  frequency i n  the  r e s t  frame. 

I n  the r e s t  frame we s h a l l  employ a co-ordinate system which fol lows the  

depo la r i z ing  f i e l d  component r o t a t i n g  wi th  frequenoy W@). With r e s p e c t  t o  t h i s  co- 

o r d i n a t e  system t h e  s p i n  Eq. l becomes 

where :(R) i s  a v e c t o r  i n  the a x i a l  d i r e c t i o n  wi th  magnitude given by Eq. 12 and % 
denotes  t he  depo la r i z ing  f i e l d  perpendicular  t o  t h e  a x i a l  d i r e c t i o n  which, now, appears  

a s  a  c o n s t a n t  vec to r  i n  t h e  r o t a t i n g  co-ordinate system. Eq. 13 can be w r i t t e n  a s  
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+ 
where the  e f f e c t i v e  f i e l d  Be i s  def ined  by 

-b 

Eq. 14 shows t h a t  i n  the r o t a t i n g  co-ordinate system precesses  about B with the 
e 

frequency 

(R) 
where q = 

P 

Let  us assume t h a t  a t  r = 0, 2 is  p a r a l l e l  t o  6")) ( a x i a l  d i r e c t i o n )  . 
+ 

I n  a proper-time i n t e r v a l  r the  sp in  w i l l  desur ibe  an angle w r about  Be. 
8 + 

Denoting the angles  between 2 and (;(R)) by P and the angle  between Be and 

by a ,  r e  have the geometrical  r e l a t i o n s h i p  ( see  Fig. 1). 

r with a given by t an  a = - 
l-¶ 

. I f  P and P a r e  the  p r o b a b i l i t i e s  of f i n d i n g  
1 

r e spec t ive ly  p a r a l l e l  and a n t i p a r a l l e l  t o  G'')) , we hare  

Pi - P2 = cos 8 and P + P2 = 1. 
l 

Together wi th  Eq. 16 and Eq. 17 t h i s  g ives  

1 - cos 8 P2 = 2 = s i n 2 a  s in2& (we r )  

Proceedings of the International Conference on
Sector-Focused Cyclotrons and Meson Factories

Geneva, April 23-26, 1963 CYC63C05



Sess ion  111 

R (in.) 

R (in.) 

Fig. 2 Amplitudes of second and third harmonics of the axial field rolative 
to its noan value. 

The t r a n s i t i o n  r a t e  i n  the res t - f rame from s p i n  

p a r a l l e l  t o  a n t i p a r a l l e l  is 2 and the  maximum 

d e p o l a r i z a t i o n  is d~ 

pig. 1 Geometrical relationship 
of Eq. 17. 

~t resonance w (R) = (R) p , q = l, and 

P? = l; i.e., we ge t  complete depo la r i za t i on .  

I n  t he  d i s cus s ion  above, i t  was assumed t h a t  the e f f e c t  of the oppos i te ly  

r o t a t i n g  component of t h e  o s c i l l a t o r y  depo la r i z ing  f i e l d  is neg l ig ib l e .  From Eq.  20 

we see  t h a t  t h i s  assumption i s  indeed j u s t i f i e d  s ince  near  a  resonance f o r  t h i s  

oppos i te ly  r o t a t i n g  component 1 - q 2 >> r and, therefore ,  the i nc rease  of P2 

due t o  t h i s  component i s  e n t i r e l y  neg l ig ib l e .  

For a  numerical example, we g ive  the da t a  from t h e  model measurement f o r  the 

converted 54 in.  3-sec t o r  isochronous cyc lo t ron  a t  fi'ashington Univers i ty  i n  S t .  Louis. 

The ampli tudes of t h e  second ( a2 )  and t h i r d  (a ) harmonics of the a x i a l  f i e l d  r e l a t i v e  3 
t o  i t s  mean va lue  a r e  p l o t t e d  a s  func t ions  of t h e  r a d i u s  R i n  Fig. 2. From t h e  c a l c -  

u l a t e d  va lues  of vx and vZ we f i n d  the  fol lowing resonances to  be r e l evan t :  

(1)  The f i r s t - o r d e r  imperfec t ion  resonance yG = 2-vZ w i l l  be encountered a t  

y = 1.014 (13 MeV) and R = 16 in .  I n  the laboratory-frame, t he  second harmonics of 

t he  X and y components of t he  f i e l d  a t  the p o s i t i o n  of the p a r t i c l e  r e l a t i v e  t o  t he  

mean a x i a l  f i e l d  a r e  r e s p e c t i v e l y  

[a2 COS (28 + phase)]  a &2 z - cos  (20 + phase) , 
a R 
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and 

a z 
z  - 

ay  
[a2 cos  (20 + phase)] - - - a [a2 cos  (28 + phase)] - R a Q  

2a2 = - z  s i n  (28 + phase)  , 

a a a 
a Y 

a 
When transformed t o  the  r e s t  where we used the  r e l a t i o n s  a and - = m . 

frame the ampl i tudes  of t he se  components become r e s p e c t i v e l y  aa2 a and. 3 
a~ z YR Where 

aZ is t h e  ampli tude of t he  a x i a l  b e t a t r o n  o s c i l l a t i o n .  Therefore,  t h e  ampli tude of 

t he  r o t a t i n g  d e p o l a r i z i n g  f i e l d  component i n  the r e s t  frame i s  given by 

J 
For az = 2 in., t h i a  g i v e s  r = 5 X 10 . Using Eq. 11 and no t ing  t h a t  yr = t = 

l abo ra to ry  time we can  r e w r i t e  Eq. 19 as 

-5 
S u b s t i t u t i n g  q  l, y m l, r = 5 X 10 , (1 + G )  = 2.8 ( f o r  p ro ton) ,  

n(L)  = 2r (20  X 106) = 1.2 X 10' ( r e v o l u t i o n  f requency  = 20 &/S) we g e t  

Assuming a n  energy ga in  pe r  t u r n  of 140 keV, even i f  the resonance is  14 MeV wide 

and t akes  100 r e v o l u t i o n s  o r  t = 100 = 5 X 104 sec  t o  c r o s s ,  we w i l l  on ly  
20 X 106 

g e t  a  d e p o l a r i z a t i o n  of P2 = 0.002, which i s  completely n e g l i g i b l e .  

( 2 )  The second-order i n t r i n s i c  resonance y G  = 3 - vZ - vx w i l l  be encountered 

a t  y = 1.006 (5.6 MeV) and R  = 10 in .  S imi l a r  cons ide ra t i ons  give,  i n  t h i s  case 
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where a  and a a r e  the  
X z  

ampli tudes of t h e  r a d i a l  and 

a x i a l  be t a t ron  o s c i l l a t i o n s  

r e spec t ive ly .  For ax = aZ 
l -3 = in. we g e t  r = 1.5 X 10 . 

Fig. 3 The quantity 11 - g1 as a funetion of y. 

0 .0  10 

0.005 

0 

Y 1.005 < y < 1.0075, and t h a t  

ou t s ide  t h i s  range l l - q l  >> r 

I n  Fig. 3, the  quan t i t y  I l - q l  - 
is  p l o t t e d  as a  funct ion  of y. 

To e s t ima te  the  i n t e g r a t e d  
- 

degree of depo la r i za t ion  i n  

c ros s ing  t h i s  resonance we 

and t h e  depo la r i za t ion  e f f e c t  may be neglected. With an  energy ga in  per  t u r n  of 

1.005 1.010 1. 015 
assume t h a t  q = 1 f o r  the  range 

1.000 

140 keV, s t r a igh t fo rward  s u b s t i t u t i o n  i n  Eq. 21 g ives  P2 = 0.19, which is c e r t a i n l y  not 

n e g l i g i b l e ,  but  may s t i l l  be to l e rab le .  
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DISCUSSION 

RIM : We want t o  a c c e l e r a t e  po la r i zed  deuterons i n  the Birmingham 40" cyclo t ron ,  so 
we need to c a l c u l a t e  the depo la r i za t ion  phenomena. The d e f i n i t i o n  of the anomalous 
p a r t  of the magnetic moment f o r  the deuteron is  very  d i f f i o u l  t. Applicat ion of the 
idea  of the c l a s s i c a l  r e l a t i v i s t i c  equation of s p i n  motion shows t h a t  i n t r i n s i c  
resonance cond i t ions  f o r  the  deuteron can come out  a t  ene rg ie s  of more than GeV. I n  
t h e  Birmingham cyclo t ron ,  two o r  t h r e e  resonances can be produced by t h i r d  harmonics 
of t he  magnetic f i e l d  (main harmonics) f o r  po la r i zed  pro tons  i n  the l w  energy region.  
The t o t a l  amount of depo la r i za t ion  can be 3%. What va lue  d i d  you take,  f o r  both the 
v e r t i c a l  and hor izonta l  amplitude of the be t a t ron  motion? 

TENG : I assumed &" o s c i l l a t i o n  amplitude. Actua l ly  the re  is  one way of avoid ing  
resonance, reducing  i t  anyway, and t h a t  is  j u s t  t o  have the v e r t i c a l  be t a t ron  
o s c i l l a t i o n  ampli tude as small a s  poss ib le .  Tn o the r  words, i n j e c t  as c lose ly  t o  t he  
median plane as you can. 
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