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Transverse-longitudinal emittance coupling gives better beams

= FEL (LCLS, Emma 06’, Kim 03"

& Heavy ion fusion




Emittance dynamics from covariance matrix

& Two issues with coupled emittance dynamics

2 /

Ty
Wl o () ey IR
(o) () () (]

o (s) = M(s)" o, M(s)
Transfer matrix for Initial covariance
coupled dynamics matrix



Previous work and present study

& Emittance exchange in one pass through the coupling component.
Q Emma et al 06°, Cornacchia et al 02’, Kim 03’

® Figen-emittance
A Williamson’s theorem 36’°.
Q Dragt’s book, Yampolsky et al 11°.

Q Kishek et al 99’.

@ How about the transfer matrix M(s) 7 ~

« How about a coupled lattice? > Present study

A Emittance exchange?



2D coupled transverse dynamics

What is M (t)?
— M(t) € Sp(4,R)

skew-quadrupole

10 free parameters



Transfer matrix

Original Courant-Snyder theory
for uncoupled dynamics:

Non-commutative generalization

for coupled dynamics:

S0(2)
A
Vo N
w 0] COSQ s'mgo\ w0
O Y Ronibnd
A w

/

scalar

Mc(t) — [

DO

:

X 2




Envelope equation

Original Courant-Snyder theory
for uncoupled dynamics:

Envelope scalar

|
w”(s) + w(s)w(s) = w *(s)

Non-commutative generalization
for coupled dynamics: v

w”(s) + ui(‘f’)ﬁ‘(b) — Ty Ly 1T

/

2% 2 envelope matrix



Courant-Snyder Invariant

Original Courant-Snyder theory

Aw o —wllw 0]q
for uncoupled dynamics: 1 :(%9) 0 w |- wlld

2

— 4:;2 -+ (mj — ?bq)2

w: envelope scalar T

Non-commutative generalization
for coupled dynamics: ‘l,

0 w’ —w  wllz

R 'w_l —?bl fm_lT Ollz
.
I = (T T ) ]

_ (:Z:'."w—l

’w_lrr.'l'?) + (:I-FT’H}T — ﬁ,"?"ib’r)(‘lﬂil-? — ‘li]iI?)

w: 2X2 envelope matrix



Phase advance

Original Courant-Snyder theory
for uncoupled dynamics:

Non-commutative generalization
for coupled dynamics:

0 —w?
P = € s0(2
w2 0 ] (2)
P=Pp
COS sin
p=| "% "W¥les0(2)
—siny cosy
v
i 0 —qw Myt
P = . € so(4
w P! 0 ] ()
P—= Py
P —P
P= [ ' P les0(4)
B B




Phase advance

Original Courant-Snyder theory
for uncoupled dynamics:

Non-commutative generalization
for coupled dynamics:

0 —w?
P = € s0(2
w2 0 ] (2)
P=Pp
COS sin
p=| "% "W¥les0(2)
—siny cosy
v
i 0 —qw Myt
P = . € so(4
w P! 0 ] ()
P—= Py
P —P
P= [ ' P les0(4)
B B




Twiss functions

Original Courant-Snyder theory B =uw
for uncoupled dynamics:

Non-commutative generalization
for coupled dynamics: v

T ./
O =—Ww w

v = (wTw)_l +ww'’




How did we do it? General problem

/

/

1.
Hzﬁqlﬂ(t)q

o = - AT
1= (3:153:29'"3mnsmlsmﬁv"ﬁmn )

Hamiltonian Eq.

| 0 I
i=JVH, J=
I 0




Time-dependent canonical transformation S(¢)

Symplectic group: SJST =J

Target
Hamiltonian

S —JAS —SJA

Two transformations to A(t)=0



Dynamics of physical emittance

* Kignen-emittances are invariants.

e But physical emittance measures beam qualities

e,, =\ Detlo] =€, (s =0)



Focusing strength

Coupling skew-quad

Envelope matrix w

Matched solution of the envelope
matrix w

0.2 0.4 0.6 0.8 1.0
s/ S



Interesting dynamics of physical emittance

3.0

25 ] -
me -

2.0 i _

BTN PN LV P |

L0 ' J

0.5- c - _
0.0 o - _ O e

0 H 10 15 20 0 o 10 13 20
s/ S 3/8

Emittance

Q Interesting dynamics
v Emittance does not match the lattice.
v No emittance exchange.
v Classical uncertain principle and minimum emittance theorem.

A But can be explored for beam better property at the focal point.



An interesting case

Emittance

2.0

15/

0.5

0.0""

15 20

But, e =¢ = const.



Conclusions

& Coupled focusing lattice generates interesting emittance dynamics.

& Generalized Courant-Snyder theory for coupled dynamics is the
tool to understand the coupled emittance dynamics.

& Coupled emittance dynamics can be explored for better beam
properties at the focal point.



Courant-Snyder theory for uncoupled dynamics

q"(s) + K(s)a(s) = 0

Phase advance

w(t)=ft -

3

envelope

0w (1)

Courant (1958)

14+ aay

BBy

siny +

Oy —

BBy

\/%[cowﬂr apSine|

\/ﬂ_ﬁosimp

\/%[COSgpozsingp]




Courant-Snyder theory for uncoupled dynamics

q"(s) + r(s)a(s) = 0

Courant-Snyder
invariant

w

2
2
I’ = q—2+(wq’—w’q) = const.




Kapchinskij-Vladimirskij (KV) distribution (1959):

Uncoupled
The only known solution
for = Y, 6 L — il 1
S ’
Ty z Y
y A
’ : . \2 Y’ : . \2
I :EJr(’wzx—xwx) : Iy :FJr(wyy—ywy)

0
.o _ _3 ) . _3
Wy + KWy = Wy ™y Wy + KWy = Wy, ",

K = — 2K, o — e 2K,
T a(a+b) Y Y b(a+b)
a=+e,w,, b= £,W, . Uncoupled

Kezy = Kgye = 0

By



Many ways [Teng, 71] to parameterize the transfer matrix

Symplectic rotation form
|[Edward-Teng, 73]:

A 0
1 - B 1
uncoupled |F = Im‘?(ﬁ D" sing M(t)_F[O B]F
—Psm(b I cos ¢ i

Y \

No apparent . uncoupled CS
physical meaning No § function transfer matrix

Have to define beta function from particle trajectories?
[Ripken, 70], [Wiedemann, 99]



A hint from 1D C-S theory

\/E[COSgo—i—oaOSingo] BBy sing
M(t)= Bo
1 +@O;?O sing + Oj;)ﬁ;ﬂjCOSgp %[cosso —asing]|

B(t)=w?(t), a(t)=—wi, ¢(t)= fti

0B(t) .
\

M(t)—[?f) [1]][ P

w —||—siny cosy
w

wg! O
—wy Wy




Application: Strongly coupled system
Stability completely determined by phase advance

Theorem 1:

Unstable < P (¢) has an eigenvalue with |\ |= 1

one turn generalized phase advance

Theorem 2:

Stable <= J [PCT (t) — P.(t)] is positive (negative)-definite




Application: Weakly coupled system
Qtahilitv r]ofnrmi

LJUuUJ..I.J.UJ AU UGLUAL L1

o
¢®
o
=n
2
-
3
S

Theorem 1:

Unstable < P (t) has an eigenvalue with |\ |= 1

Unstable = uncoupled tune cos¢ = cos cby

uncoupled tune v_ =+ v, =mn

(sum and difference resonace)



Application: Weakly coupled system
Stability determined by uncouplied phase advance

Theorem 2:

Stable < J [PCT (t)— P.()] is positive (negative)-definite

|

stable <= sin¢_ = sin (by

|

unstable = v+ v, =n (sum resonace)




Numerical example — mis-aligned FODO lattice

mis-alignment angle

/

cos[20(s)] sin[20(s)] ]

”:*‘Q[sin[ze(s)] _cos[20(s)]] ~ (Barnard, 96]




Envelope matrix w
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Rotation matrix P,

=57
ik | A B=5T ]
a A\
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Rotation matrix P,

20

0 5 0 15 20

l

20



dynamics

Step I

H zlzTApz z=(z,y,%,9)"
] 2 b R4 Rl & R H_lzTEIE EL[!{))I 0
AU:FE, 0,5',: Ky Ky ¢ 9 = 0 B

0 I Ky Ky

S =JA.S —SJA,
Se S,) \=I o)lo B )\Sy Sy) \S3 S )—T 0Jlo I




’U]ES4

A

v

W= 32w — wk

B=pr!

S is symplectic:

B luww! =1

v

Non-Abelian envelope Eq.

T

J&}kJr WK = ('w_l )T w_l('w_l)

\

2 X2




Step II

x|
I
~
N
|
I
)

= ( R ! |
i _ _ i v
~ 1 - = 1 U I
- B —7T 4 — A 1 i
= l A i | H i
H = Z L R A L B — 1 1 -
b 1 ) § I . 1 >
3 \ 4 _ |
. I O .y - 1
) 1 L w /
vV }

P=—PJA,

i )




Generalized KV distribution in coupled focusing lattice

qry qyr .. N\T AT
w+w/<,:<w 1) w 1(w 1)
Rz ’%sxy]

K’syz ’{sy

—V =—KX, kK, = [
s Ieg = X w w Hx + ()'(TwT . )(wx — WX )

—V§ — KX = =KX, K= K, + K,

(z,9,8) f dzdyfyy

Nb|w| [105 _1]

bk Nb/A,OSlew Ty <¢,
Ixv = Aem € :{

0, < xTw tw1Tx.




Envelope matrix equation

.o _1 T _1 _1 T 'y&
W+ wKk = (w ) w (w )
{1-(8)
(ONAT
o ><
Fee Ky Coupled
Ky =
Y 5" = !l
2K, (1/a O ~1 —1 g% _[)‘1 0]
Ks_a—l—b [ 0 1/b]Q \Q oS 0 XN
Q:(’Uh%)

a = 5/)\1 b:\/c‘f/)\z



XTﬂ*X — ¢, /8* — ,w—l,w—lT

2 2
A0 " X ov:
D

Q=(n) o(5) -]

QlBQ= [

F\E
8]Y
S
| |
™
>

_\/5/>\2
Coupled

[awlax] [:BJ
= e = —K

oYl o ;

wﬂg = yo [awax] 2K, [lla 0 ][X]

=i b a 8] — p

— Y +0b 1 Y
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Generalized KV beam: pulsating & tumbling

~ (cos[20(s)] sin[20(s)]
“_Hq{sin[%(s)] —COS[QH(S)]]

/

Skew quad rotation angle




