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Abstract
This paper reviews the brightness and coherence proper-

ties of radiation from storage rings and free electron lasers

(FELs). Starting from the statistical optics and using mu-

tual coherence function of the radiation field, we define

the transverse and temporal coherence and modes. Spec-

tral brightness can be represented in radiation phase-space

via the Wigner function which is the Fourier transforma-

tion of the transverse correlation function. The brightness

convolution theorem can be employed to calculate the to-

tal source brightness and the degree of transverse coher-

ence of the radiation emitted by an electron beam. Undu-

lator radiation possesses partial transverse coherence until

the beam emittances can be reduced below the diffraction

limit. For x-ray FELs the radiation has excellent transverse

coherence and at least 9 orders of magnitude enhancement

in peak brightness. Seeding can further improve temporal

coherence of FELs. Future development includes diffrac-

tion limited light sources, higher peak and average power

x-ray FELs and compact coherent radiation sources based

on laser and plasma accelerators.

INTRODUCTION
Radiation emission by electrons in an accelerator was

first observed in 1946 in a synchrotron at the General Elec-

trical Research Laboratory in New York. This discovery

opened a new era of accelerator-based light sources. These

light sources have made tremendous progress over the last

60 years and have evolved rapidly through four different

generations. The first three generations are based on syn-

chrotron radiation, with the current third-generation facil-

ities relying on effective insertion devices especially un-

dulators as their work horses. The fourth-generation light

source is a game-changer that shifts the radiation genera-

tion mechanism from synchrotron radiation to the free elec-

tron laser (FEL). The brightness of these sources and their

coherence properties have improved many orders of mag-

nitude over the years. This impressive growth of capabili-

ties have fostered scientific advances in physics, chemistry

and biology as well as practical applications in industry and

medicine.

In the next section, we describe both temporal and trans-

verse (spatial) coherence based on the mutual coherence

function of a radiation field. In Section 3, we discuss spec-

tral brightness first qualitatively and then quantitatively

with the Wigner function. In Section 4, undulator radi-

ation brightness is presented using the Gaussian approxi-

∗Work supported by DOE Contracts No. DE-AC02-76SF00515.

mation. Higher brightness and coherence fraction can be

reached with smaller beam emittances until the diffraction

limit. The dramatic enhancement in brightness and coher-

ence for FEL sources are highlighted in Section 5. Finally, I

conclude with my personal perspectives on future research

and development for this very dynamic field.

COHERENCE
Coherence is a fundamental property of a radiation

source. Most light sources including synchrotron radia-

tion and FELs posses a certain degree of coherence. The

quantitative description of partial coherence is through the

so-called mutual coherence function. Considering a scalar

electric field E (of a particular radiation polarization) that

propagates along the longitudinal z direction, the mutual

coherence function is [1]

Γ(x1,x2, t1, t2) = 〈E(x1, t1)E
∗(x2, t2)〉 , (1)

where x = (x, y) represents the transverse coordinates, t
is the arrival time of the signal at a particular z location,

* means complex conjugate, and brackets 〈〉 indicate the

ensemble average over many radiation pulses. Here z is

considered as the independent variable and is suppressed in

the expressions as much as possible. The complex degree

of coherence is defined as the normalized mutual coherence

function as

γ(x1,x2, t1, t2) =
Γ(x1,x2, t1, t2)√
I(x1, t1)I(x2, t2)

, (2)

where I(x, t) = Γ(x,x, t, t) is the radiation intensity.

Since the typical x-ray pulse duration generated from the

electron bunch is much longer than the coherence time (to

be defined next) of undulator radiation and FELs, then we

can approximate

γ(x1,x2, t1, t2) = γ(x1,x2, t1 − t2) . (3)

Two classes of coherence are separately discussed.

γ(x1,x2, 0) describes the transverse coherence, while

γ(0, 0, τ) characterizes the temporal coherence.

Temporal Coherence
Temporal coherence specifies the extent to which the ra-

diation maintains a definite phase relationship at two dif-

ferent times. Temporal coherence is characterized by the

coherence time, which can be experimentally determined

by measuring the path length difference over which fringes
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can be observed in a Michelson interferometer. The coher-

ence time τc is related to the complex degree of coherence:

τc =

∫ ∞

−∞
dτ |γ(τ)|2 . (4)

The Wiener-Khinchin theorem states that the temporal

coherence function and the radiation spectrum forms a

Fourier pair:

γ(τ) =

∫∞
−∞ dω|E(ω)|2e−iωτ∫∞

−∞ dω|E(ω)|2 . (5)

Here E(ω) is the Fourier transformation of E(t). For

a Gaussian radiation spectrum with the rms width σω ,

Eqs. (5) and (4) lead to

τc =

√
π

σω
. (6)

Hence a narrower bandwidth radiation results in a greater

temporal coherence. The number of temporal modes for a

flattop pulse of duration T is T/τc.

Transverse Coherence
Transverse coherence or spatial coherence describes the

degree to which the phase of the wave is correlated at

two distinct points in the transverse plane. Transverse co-

herence can be measured via the interference pattern in

Young’s double slit experiment. The radiation source il-

luminates two slits located at x1 and x2 at z = 0 plane will

form an interference pattern at an image screen far from the

slits. The total intensity on the screen is given by

Itot =
∣∣〈E(x1, t− t1)〉

∣∣2 + ∣∣〈E(x2, t− t2)〉
∣∣2

+ 2Re
[〈E(x1, t− t1)E

∗(x2, t− t2)〉
∣∣]

=I(x1) + I(x2) + 2
√
I(x1)I(x2)

× Re
[|γ(x1,x2, t1 − t2)|

]
, (7)

where t1 and t2 are the times taken by signals from each slit

to reach the screen at time t, and Eq. (3) is used to simplify

the last step. At the center of the screen where t1 = t2, the

fringe visibility is given by the amplitude of the transverse

correlation function γ(x1,x2, 0).
A single parameter can be used to characterize the total

degree of transverse coherence (coherent fraction) as:

ζ =

∫ ∫ |γ(x1,x2, 0)|2I(x1)I(x2)dx1dx2∫
I(x1)dx1

∫
I(x2)dx2

. (8)

1/ζ is a measure of radiation transverse mode numbers. A

fully transversely coherent source has ζ = 1.

BRIGHTNESS
When there is a beam of electrons with slightly differ-

ent transverse positions and angles, the radiation charac-

teristics of the total source might be quite different from

Figure 1: Undulator radiation from an electron beam has

effective source size Σx and angular divergence Σx′ deter-

mined by the phase space convolution of single electron

radiation and electron beam properties.

that of a single electron (see Fig. 1). To describe the radia-

tion phase space properties of many random emitters (elec-

trons), the brightness concept is introduced. Brightness is

defined as the photon flux per unit area and per unit solid

angle at the source. Brightness is a conserved quantity in

perfect optical systems, and thus is a very useful figure of

merit in designing synchrotron radiation and FEL facilities.

Typical experiments use a monochromator to select a very

narrow spectrum, hence it is conventional to define spectral

brightness (or brilliance) as

B ∼ F (ω)

ΣxΣx′ΣyΣy′(Δω/ω)
. (9)

Following the phase space methods of Ref. [2], the

spectral brightness B(x,φ; z) is defined on the transverse

position-angle phase space (x,φ) via the Wigner transform

of the radiation field in the frequency domain:

B(x,φ; z) =
dω

�ω

ω2ε0
πcT

∫
dξeikξ·φ

× 〈
E
(
x+ 1

2ξ; z
)
E∗(x− 1

2ξ; z
)〉

. (10)

Here the prefactor is chosen so that integrating over posi-

tions and angles yields the total photon flux over the pulse

duration T . Eq. (10) is related to the Fourier transforma-

tion of the transverse correlation function, and the quantity

T B(x,φ) can be roughly interpreted as the total number

of photons per unit phase-space area in the spectral band-

width dω. Due to the wave nature of light, B can take

on negative values, so that B(x,φ; z) is not a true pho-

ton number density. For a given electron beam distribution

function f(x,x′), the total brightness satisfies the convo-

lution theorem [2]

B(x,φ, z) = Ne

∫
dxjdx

′
j

×Bj(x− xj ,φ− x′
j , z)f(xj ,x

′
j , z), (11)

where the index j is meant to refer to any single electron,

since we have assumed that the particle probability dis-

tribution functions are identical and independent. Equa-

tion (10) defines the peak brightness for a single pulse.

Given the pulse repetition rate f , the average brightness

can be calculated via Bavg = BTf .
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UNDULATOR RADIATION
Brightness

The central cone of undulator radiation emitted by a sin-

gle electron has the rms divergence and source size as [2]

σr′ =

√
λ

2Lu
, σr =

√
2λLu

4π
, (12)

where the angular divergence and the effective source size

is chosen to satisfy σrσr′ = λ/4π, and λ = 2πc/ω is the

on-axis undulator resonant wavelength. Strictly speaking,

the undulator central cone distribution is non-Gaussian, and

more detailed approaches have been developed to rigor-

ously describe undulator brightness and transverse coher-

ence [3, 4, 5]. For simplicity, we adopt the Gaussian ap-

proximation to write the undulator brightness at z = 0 as

B1(x,φ) ≈ F1(ω)

(λ/2)2
exp

(
− x2

2σ2
r

− φ2

2σ2
r′

)
, (13)

where F1(ω) is the photon flux of a single electron within a

spectral bandwidth (typically taken to be 0.1%). If we also

assume that the electron beam distribution is a Gaussian:

f(xj ,x
′
j) =

1

(2π)2σxσyσx′σy′

× exp

(
− x2

j

2σ2
x

− y2j
2σ2

y

− x′
j
2

2σ2
x′
j

− y′2

2σ2
y′

)
, (14)

than the convolution theorem (11) yields

B(x,φ) =
NeF1(ω)

(2π)2ΣxΣyΣx′Σy′

× exp

(
− x2

2Σ2
x

− y2

2Σ2
y

− φ2
x

2Σ2
x′

− φ2
y

2Σ2
y′

)
, (15)

where the convolved rms widths are defined as

Σ2
x,y ≡ σ2

x,y + σ2
r , Σ2

x′,y′ ≡ σ2
x′,y′ + σ2

r′ . (16)

The invariant source strength is given by the brightness at

the phase space origin, B(0,0). Two simple limits of the

invariant source brightness can be readily obtained from

(15). In the emittance dominated regime when σx,y 	
σr and σx′,y′ 	 σr′ , we have

B(0,0) =
NeF1(ω)

(2π)2σxσx′σyσy′
=

F (ω)

(2π)2εxεy
, (17)

In the radiation dominated regime when σr 	
σx,y and σr′ 	 σx′,y′ , we have

B(0,0) =
F (ω)

(2π)2σ2
rσ

2
r′
=

F (ω)

(λ/2)2
. (18)

We see that B(0,0) reaches maximum for Eq. (18) when

the beam emittance is much less than λ/4π (the so-called

diffraction limit). To maximize the brightness Eq. (15)

when the beam emittances are not negligible, it is impor-

tance to match the electron and the radiation phase space by

taking beta function in the undulator to βx,y ≈ Lu/(2π).

Figure 2: A pinhole is used to spatially filter a partially co-

herent source to form a small spot after an imaging system.

Spatial filter helps until reaching the diffraction limit.

Transverse coherence
A beam with large transverse emittances emits radiation

comprises of many transverse modes and hence has a small

coherence fraction. Given brightness function Eq. (15), one

can take the inverse Fourier transform according to Eq. (10)

to obtain the transverse correlation function γ(x1,x2).
Then the degree of transverse coherence or the coherent

fraction can be computed from Eq. (8) as:

ζ =
(λ/4π)2

ΣxΣx′ΣyΣy′
. (19)

For experiments carried out in current third-generation

light sources that require full transverse coherence or small

focused spots, pinholes or slits are used to filter out ex-

tra transverse modes of the photon beam. Consider a per-

fect focusing system as shown in Fig. 2. The source size

is determined by pinhole diameter Ds with the source di-

vergence θs (in either x or y plane). A perfect lens con-

serves the radiation phase space so that the image size

Di = Dsθs/θi, where θi is the numerical aperture of

the lens. As we reduce the pinhole diameter Ds, the im-

age size decreases at the expense of photon flux until the

spot reaches the diffraction limit given by Diθi ∼ λ/2.

At that point further reduction in the size of the pinhole

only decreases the photon flux without affecting the fo-

cused spot size. If the source itself is diffraction limited,

i.e., Dsθs ∼ λ/2 in the absence of the aperture, all pho-

ton flux can be used in such an experiment. With Gaussian

approximation, electron beam emittances must be smaller

than λ/(4π) to produce nearly diffraction limit radiation.

FREE ELECTRON LASERS
Transverse Coherence and Brightness

For a sufficiently bright electron beam and a long undu-

lator, the undulator radiation in the forward direction can

be amplified by FEL interaction, leading to an exponen-

tial growth of the radiation power along the undulator dis-

tance as shown in Fig. 3. Such a self-amplified spontaneous

emission (SASE) FEL does not require an optical cavity or

a coherent seed and can operate in the x-ray regime. The

power gain length in the 1D theory is

LG =
λu

4π
√
3ρ

, (20)
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Figure 3: FEL power (blue) and degree of transverse co-

herence (green) along the LCLS undulator distance for 800

eV photon energy based on start-to-end simulations [6].

where ρ is the FEL Pierce parameter [7]. An x-ray FEL

typically requires about 18 gain lengths to reach power sat-

uration. Due to the gain guiding, a single Gaussian-like

transverse mode dominates and the transverse coherence

approaches 100% near saturation. In the x-ray regime, the

transverse mode size and angular divergence are [8]

σr ≈ √
σxσD , σr′ ≈ λ/(4π)

σr
, (21)

where σD =
√
LGλ/(4π). The rms bandwidth is compa-

rable to ρ, which is typically 0.1%. The coherence time τc
is ∼ 1 fs in view of Eq. (6). Since the electron bunch length

and hence the x-ray pulse duration are on the order of 100

fs, the number of temporal modes is about 100.

The SASE transverse field profiles produced by simu-

lations can be used in Eq. (8) to analyze the degree of

transverse coherence. Figure 3 shows such an example in

the LCLS soft x-ray regime [6]. The maximum degree of

transverse coherence is reached near saturation (90%) but

drops to 60% after saturation. Thus, Eq. (18) can be ap-

plied to FEL photon flux at saturation to estimate its bright-

ness. The degree of vertical coherence is measured for

the LCLS beam at the soft x-ray photon energy 780 eV

(λ ≈ 1.6 nm) [9] using the Young’s double slit setup. The

amplitude of the transverse correlation function is mea-

sured as shown in Fig. 4 for a focused beam size (FWHM)

of 17μm after 50 m undulator length. The degree of verti-

cal coherence is about 75% (Fig. 4) while the total degree

of transverse coherence (both x and y) is estimated to be

56%, in agreement with simulations.

A comparison of coherence and brightness of undulator

radiation and FELs in the x-ray regime are listed in Table 1.

Taken together, the improvement of the peak brightness of

x-ray FELs over third-generation synchrotron sources can

be more than nine orders of magnitude (see Fig. 5). The

average brightness of x-ray FELs depends on the linac rep-

etition rate and can still have a large improvement factor.

Figure 4: Young’s double slit experiment to determine the

LCLS transverse coherence at the photon energy 780 eV

(courtesy I. Vartanyants) (details see Ref. [9]).

Table 1: Typical Coherence and Brightness of Present Un-

dulator Radiation (UR) and FEL Sources near 1 Å Wave-

length

Characteristics UR FEL
radiation incoherent coherent

transverse coherence partial close to full

transv. coh. fraction ∼ 0.01 0.5-1

temporal coherence partial partial

# of temporal modes ∼ 106 ∼ 100∗

peak brightness ∼ 1024 ∼ 1033∗

average brightness ∼ 1020 ∼ 1022†

Brightness unit is photons/s/mrad2/m2/0.1%BW.

*Seeding can significantly reduce # of temporal modes and

increase the peak brightness.

†Assume a linac repetition rate of 120 Hz.
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Figure 5: Peak spectral brightness (brilliance) of third and

fourth generation accelerator-based light sources.
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electron beam

photon beam diamond crystal

Figure 6: LCLS hard x-ray self-seeding setup (top). Com-

parison of SASE and seeded spectra at 8.4 keV (bottom),

single shots (left) and average spectra (right).

Seeding to Enhance Temporal Coherence
Although the poor temporal coherence of a SASE pulse

can be improved by a final narrow-bandwidth monochro-

mator, the radiation energy will at least be reduced by the

ratio of the SASE bandwidth to the monochromator band-

width. In order to provide fully coherent x-ray FEL pulses,

the intrinsic noise of the SASE radiation must be overcome

with some form of seeding. Self-seeding [10] is an effec-

tive way to improve SASE temporal coherence. It consists

of two undulators and an x-ray monochromator located be-

tween them (see Fig. 6). The first undulator operates in

the exponential gain regime of a SASE FEL. After the exit

of the first undulator, the electron beam is guided through

a dispersive bypass that smears out the microbunching in-

duced in the first undulator. The SASE output enters the

monochromator, which selects a narrow band of radiation.

At the entrance of the second undulator the monochromatic

x-ray beam is combined with the electron beam and is am-

plified to and beyond the saturation power. A simple self-

seeding scheme in the hard x-ray regime is recently demon-

strated on the LCLS [11] with the bandwidth reduction of

a factor 40-50 (Fig. 6).

FUTURE OUTLOOK
Despite spectacular successes in synchrotron radiation

and FELs, light source development shows no sign of slow-

ing down. For synchrotron radiation sources, there are very

active R&D in diffraction-limited storage rings and energy

recovery linacs. The diffraction limited sources require that

the beam transverse emittances are less than λ/(4π) ∼ 8

pm for λ = 1Å. As shown in Fig. 7, the average bright-

ness of such sources will be another 2 orders of magnitude

brighter than the existing third-generation storage rings in

the hard x-ray photon range. High-gain FEL and x-ray os-

cillator options may be considered to further expand their

scientific reaches.

For linac-based FEL sources, there are still tremendous

potentials to enhance both the peak and average brightness,

Figure 7: Average brightness envelope of existing, new, up-

graded and diffraction-limited storage rings.

and to control the radiation characteristics including po-

larization, pulse durations and spectral profiles. The peak

brightness can be improved by seeding and by tapered un-

dulator in the saturation regime to at least another 2 orders

of magnitude. The average brightness of FELs can be im-

proved several orders of magnitude by high-repetition rate

linacs from kHz up to MHz.

Last but not the least, plasma wakefield and other ad-

vanced accelerator techniques hold promises to generate

extremely bright and ultrashort electron beams. Together

with advances in novel undulator technology, soft x-ray

or even hard x-ray FELs may be produce with footprints

much smaller than the large FEL facilities. Taking advan-

tage of the electron’s betatron motion in the plasma chan-

nel, the beam-radiation interaction in a plasma accelerator

may lead to new ways of coherent radiation generation.
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