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Abstract

A large class of cold neutral atoms and molecules is sub-
ject to magnetic field-gradient forces. In the presence of
a field, hyperfine atomic states are split into several Zee-
man levels. The slopes of these curves vs. field are the
effective magnetic moments. By means of optical pump-
ing in a field, Zeeman states of neutral lithium atoms and
CaH molecules with effective magnetic moments of nearly
± one Bohr magneton can be selected. Particles in Zeeman
states for which the energy increases with field are repelled
by increasing fields; particles in states for which the energy
decreases with field are attracted to increasing fields. For
stable magnetic confinement, field-repelled states are re-
quired. Neutral-particle velocities in the present study are
on the order of tens to hundreds of m/s and the magnetic
fields needed for transport and injection are on the order
of in the range of 0.01-1T. Many of the general concepts
of charged-particle beam transport carry over into neutral
particle spin-force optics, but with important differences.
In general, the role of bending dipoles and quadrupoles
in charged-particle optics is played by quadrupoles and
sextupoles, respectively, in neutral-particle optics. The
neutral-particle analog of charge-exchange injection into
storage rings is the use of optical pumping to change the
state of particles from field-seeking to field-repelled. Pre-
liminary tracking results for two neutral atom/molecule
storage ring configurations are presented. It was found that
orbit instabilities limit the confinement time in a racetrack-
shaped ring with discrete magnetic elements with drift
spaces between them; stable behavior was observed in a
toroidal ring with a continuous sextupole field. An alter-
native concept using a linear sextupole or octupole channel
with solenoids on the ends is presently being considered.

MAGNETIC-FIELD-GRADIENT FORCES

The effective Hamiltonian for a neutral particle in a par-
ticular quantum state subject to field-gradient forces is

H(r) =
1

2
mv2 +mgz +ΔEn (B(r)) . (1)

(Note that everywhere in this paper B stands for |B|, the
magnitude of the flux-density vector). The gravitational
term mgz becomes important for particle velocities on the
order of 100 m/s or less. In the case of neutral atoms (here
we use 7Li as a model particle) the index n refers to one
of the ground-state Zeeman levels (see Fig. 1). Since
the slope of the F=2, mF =2 state of 7Li is constant with
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Figure 1: Zeeman splitting of hyperfine ground states of
7Li. The preferred field-repelled state (F=2, mF =2) and
field-seeking state (F=1, mF =1) are indicated by arrows.

field, the effective magnetic moment of this state is con-
stant and very nearly (minus) one Bohr magneton. The ef-
fective magnetic moment of the F=1, mF =1 varies slightly
with field at low field but also approaches (plus) one Bohr
magneton at higher fields where the slope is constant. If a
particle is initially in one of the quantum states, it will stay
in that state unless it collides with neutral gas molecules,
solid matter, etc., is depolarized by stray radio-frequency
fields in resonance with one of the transitions, or is depo-
larized by passing through a low-field, high-field-gradient
region with a sufficiently high velocity (Majorana transi-
tion). In order to avoid rf and Majorana transitions, a min-
imum field (> 10 gauss) is maintained everywhere that a
pure quantum state is to be maintained. The criterion for
avoiding Majorana transitions with trapped neutral elemen-
tary particles with two spin states (e.g., ultra-cold neutrons)
is that the Larmor frequency of precession of the magnetic
moment of the particle is large in comparison to the frac-
tional rate of change of the magnetic field due to movement
through a field gradient (adiabatic limit). In the case of
atoms with multiple Zeeman levels, we replace 2|μ||B/h̄
with ΔE(B)/h̄, where ΔE(B) is the difference in energy
between the stored state and its nearest other Zeeman level:

1

B
|(v · ∇)B| � ΔE

h̄
. (2)
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The inequality of Eq. 2 is usually easily maintained with
the velocities and field gradients of neutral-particle traps,
but careful attention must be paid to the detailed 3-D field
distributions of real experimental configurations to avoid
unwanted field zeroes. Provided that the adiabatic limit is
satisfied, the force (combined field-gradient and gravity)
becomes

F(r) = −dEn(B)

dB
∇B(r) −mgẑ (3)

In general, magnetic confinement can be divided into two
classes: configurations for which particles are everywhere
trapped, regardless of the direction of movement (abso-
lute confinement), and configurations for which particles
are confined only if the transverse velocity stays within a
certain limit. The latter class is analogous to the class of
charged-particle accelerators and storage rings, for which
in almost all cases the transverse particle momentum is
much smaller than the total momentum; if a particle ac-
quires enough transverse momentum it will be lost. In
the case of neutral-particle confinement with field-gradient
forces, with sufficiently low velocity, it is possible to have
absolute confinement. Assuming a particle starts out in a
negligibly small magnetic field with velocity v0 and ig-
noring gravity, a field-repelled particle in the nth quantum
state is absolutely confined if 1/2mv20 < En(B)−En(0).
The field for which 1/2mv20 = En(B) − En(0) can be
called the turn-around field. For the F=2, mF =2 state, the
turn-around field for v=12.6 m/s is 0.1 T; for 30 m/s, it is
0.56 T.

The magnetic energy ΔEn[B(r)] in Eq. 1 plays the
role of a classical potential. In accordance with conser-
vation of energy, a field-repelled particle slows down as
it enters a high-field region; this causes strong exchange
of energy between transverse and longitudinal degrees of
freedom. Moreover, the force (see Eq. 3) has a factor
of ∇B(r). Near the axis of a standard multipole mag-
net, where the field approaches zero, if there is no super-
imposed solenoidal holding field, the transverse gradient
abruptly changes sign; in the case of a quadrupole, it jumps
by twice the magnitude of the gradient. Sextupoles are
better-behaved because the gradient goes to zero on the
axis; away from the fringe-field regions, in an ideal long
sextupole the gradient force is radially inward and pro-
portional to the radius. In this sense, there is a partial
analogy between quadrupoles in charged-particle transport
and sextupoles in neutral-particle transport. In the fringe-
field regions, however, the neutral-particle gradient force
varies with azimuthal angle even in magnets with pure m-
pole symmetry and includes a large longitudinal compo-
nent. These effects are aggravated by field ripple in non-
ideal multipole magnets (e.g. permanent multipole mag-
nets or PMMs constructed with a finite number of wedges),
since the field magnitude is differentiated to get the force;
in charged-particle transport the force is proportional to the
field itself.

TRACKING RESULTS
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Figure 2: Orbit of a single particle in an azimuthally sym-
metric toroidal sextupole field. Dashed circles are the in-
tersection of the nominal magnet boundaries with the x−y
plane. The particle was tracked for 1.25 s and traveled
100 m.

The first tracking study was carried out with a circular
sextupole toroid. By construction, the field was indepen-
dent of the major azimuthal angle θ. In order to construct
a smooth field, 1000 circular current filaments coaxial with
the major torus axis were placed on a torus of major radius
R =0.5 m and minor radius a=0.05 m. The currents in the
filaments were given a cos 3φ dependence and an amplitude
that gave a maximum field of 1 T. Because of the curvature
of the torus, the field was not pure sextupole. The field was
evaluated numerically by summing over the contributions
of the individual loops, using the usual elliptic-integral ex-
pressions. The field values were fit with a double series of
the form

Br(ρ, φ) ≈
6∑

n=1

6∑

k=n

Ankρ
k sinnφ (4)

Bz(ρ, φ) ≈
6∑

n=0

6∑

k=n

Bnkρ
k cosnφ. (5)

In Eqs. 4 and 5, r and z are the distances from the major
axis and midplane, respectively, and ρ and φ polar coordi-
nates around the minor axis. The best fit was obtained by
shifting the minor axis of the fit to a radius slightly smaller
than the major radius R of the torus. Fields computed with
the fit agreed with fields computed with the loops to better
than one part in 107 and field derivatives to better than one
part in 105. A small toroidal holding field, Bθ = B0R/r,
everywhere perpendicular to the sextupole field, was added
to avoid a field zero near the minor axis. The equations of
motion (see Eq. 3) were numerically integrated in Carte-
sian coordinates by a symplectic leapfrog routine. It was
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found that if a particle was not lost in the first revolution,
motion was stable and quasi-periodic and it would stay in
the torus essentially indefinitely (within the limits of nu-
merical error). Figure 2 is a plot of the orbit of a typical
stored particle. As expected, the average radius is shifted
outward from the torus minor radius. Also, when tracking
ensembles of particles with a finite spread of initial 6-D
phase-space coordinates for a fixed time larger than sev-
eral revolution times, it was found that final positions of
the particles were spread out in θ more or less uniformly
around the ring. A second tracking study was carried
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Figure 3: Orbit of a single particle in a discrete-sextupole
racetrack ring. The inner rectangles are the intersections of
the sextupoles with the x−y plane and the outer rectangles
indicate solenoids. In this case, the particle was lost after
0.4 s and 9 revolutions.

out with a racetrack-shaped array of discrete permanent-
magnet sextupoles and solenoids (see Fig. 3). The PM sex-
tupoles were modeled by a finite number of trapezoidal seg-
ments. In modeling standard permanent-multipole magnets
(PMMs) each segment has a constant volume magnetiza-
tion of Brem of 1.1 T. With the standard Halbach rotation,
Mx = Brem sin[(m + 1)φ̄, My = −Brem cos[(m + 1)φ̄,
where φ̄ is the mean azimuthal angle of the segment. The
field and field derivatives from the magnet segments was
modeled by summing over analytic expressions for the rect-
angular faces with constant surface magnetic-charge densi-
ties σ = M ·N, where N is the unit outward normal vector
to a face. The field contributions from the solenoids were
modeled with elliptic-integral expressions. For the track-
ing shown in Fig. 3, the sextupoles had two segments/pole.
Typical 7Li velocities were 30 m/s.

A first series of tracking runs with standard PM sex-
tupoles showed large instabilities, with particles with initial
distances from the magnet centers of one-half of the mag-
net radius being lost in a quarter turn; particles released
on the magnet axis with small transverse velocities trav-

eled farther, but exhibited exponentially increasing trans-
verse oscillations until they were lost. Some improvement
in stability was achieved by modulating the magnetization
strength in an ad hoc fashion to lower the sextupole field
at the inner radius of the bends. This was done by setting
|M|(φ) = 1/2[1+f+(1-f )cosφ]Brem, with 0 < f < 1.
In practice, such modulation would be better achieved by
using PMMs with a wedge-shaped projection on the x− y
plane (racetrack midplane) to reduce the gaps on the out-
side of the bends, but an analytic model for such elements
is not yet available. The longest trajectories (some particles
were tracked for up to 0.5 s) were achieved with f =0.4 to
0.6. Fig. 3 had magnets with f = 0.5. However, unlike the
case of the smooth sextupole torus, no stable trajectories
were found for the discrete-sextupole racetrack even with
the modifications.

In order to study the effect of curvature on sextupole
channels, tracking studies were done with very long
straight channels (30 m) of equally spaced discrete finite
PM sextupoles with small gaps between them, with added
holding-field solenoids. The unit cell was essentially that
of the straight sections of the racetrack of Fig. 3. No
instabilities were observed in these channels. The above
results only suggest that no stable racetrack configuration
with significant gaps between magnets exists; more stud-
ies, especially with wedge PMMs in the bends are needed.
For velocities less than about 20 m/s, a continuous race-
track of PM sextupoles with no gaps (using wedge PM sex-
tupoles in the bends) would provide absolute confinement
even if the velocity were to be completely in the transverse
direction, since the sextupole field near the inner radius of
the sextupoles would be greater than the turn-around field.
However, such a configuration would not allow for particle
injection. Adding a gap for injection would open up the
possibility of instabilities due to the gap.

ALTERNATIVE CONCEPT

If tracking simulations with racetracks, especially with
an added injection chicane, continue to exhibit unaccept-
able instabilities, an alternative is to use a continuous (no
gaps) linear sextupole or octupole channel with barrier
solenoids at the ends. The design would be based on ab-
solute confinement. This configuration was proposed for
confinement of ultra-cold neutrons [1]. Injection would be
done through the bore of one of the solenoids with par-
ticles in a field-seeking state. After the injected particles
have passed through the peak of the barrier field and have
reached a region with a field less than one-half of the peak
value, the particles are optically pumped to a field-repelled
state and are absolutely confined.
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