Saint-Petersburg State University
Faculty of Applied Mathematics and
Control Processes

A. Ivanov, S. Andrianov

— spin dynamics in electrostatic fields

Matrix Formalism
for long-term evolution of charged particle and

speaker:
Andrei lvanov

2012



The aims are

® to derive the equations for numerical
implementation of matrix formalism for ODE
solving;

® to develop tool for Taylor series expansion
and building solution of ODE in matrix form;

® to apply the approach to beam dynamics
modeling;



Matrix Formalism

is an integration method based on map building in 2-dim
matrix form
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A solution can be found as a series with respect to the
powers of initial point

X(1)=3; R¥(1) 1



An example

Orbital motion of a particle in cylindrical deflector can
be described by *
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In matrix form we have
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* Senichev Yu., Moeller S.P. Beam Dynamics in Electrostatic Rings.



An example

[ IS
Following the algorithm for building matrices R *
gy 1
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* Andrianov S. Dynamic modeling of beam control systems.



Numerical implementation

There are 2 ways for map building:

® symbolic mode;
® nhumerical mode.

- ODE :> Symbolic map

R(t) is a time function

Specific time :> Numerical map
T R(T)




Numerical implementation

According to the initial equation for system of ODE and
its solution
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By partial deriving of this equation we can obtain:

dek(t)_Plk( ) o x'*
dt - ¢ [ k] T (*)
o x )

Using a step-by-step integration method for solving equation
(*) we can evaluate matrices R



Map building

- desciption of the equation of the motion and spin
dynamics in analytical form (Newton-Lorentz and
BMT equation);

- Taylor series expansion of these equation;

- buildin ODE with corresponds to the matrices R
following to the algorithm that described above;

- evaluating elements of matrices R by a
numerical integration;



Map building_
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Matrix Formalism
Tools

*Taylor series
expansion;

* Building ODE's for
matrices form;

e Numerical
integration;



Taylor series expansion

The libraries for automatically expansion of a nonlinear
function to corresponded Taylor series up to the necessary
order and symbolic interpretator have been implemented.

® Matnx Formalism Solver

SEIT)
File Settings Help
L
Variables Command Window
e e 1 et
N >> expr=sqrt(a-x)/In(b+x*y)
- o J=a)
ans  TSNode 062 erpr= r~1nl:(5+[z-y]):l:l
_ >> ts(expr)

Sl

::tSiZE = E >> setorder 3

el >> {s(expr)

epr=sartedntt | ans =0.62—0.31.x—0.08-r.y—0.08-2240.0¢4.r2.y—0.04.23
] |%| b ! > >

The function may be a composition of elementary functions
(sin(x), cos(x), tan(x), exp(x), sqrt(x), In(x)) and operators +, -, *, /. 10



Map building for a lattice

You can specify any field
distribution (both electric and
magnetic) in an analytical form for
automatically map bilding. Although
computational code generation is
available.

® DiagramWindow - = | =] g

File
b

Elements

Common

Lattice | Matrix Formalism Fringe Fields
Yisualization length: 0.05 Matrix F i |
atrix Formalism solver
Step-by-step Integration i Tl e msi i
attice
by~ i Releasaiymftestm
Step-by-step integrator Particle Description article E]
Step-by-step solver - P

m: | 1.67262158E-27
q: | 160217646E-19 | &

G | 1.7928473565

Step-by-step integr.

velocity: 179389534.52

[20:53:13]: ready




Particle simulation: demo

{) FreeMat v4.0 Command Window

o | = =

J

@ DB E 0l w T seklbse o

[C:;".ﬁ.ndreiIDeveIument,,fPrujects;"Mat’ixFurmaIismfdechpplicaﬁun}b | @

Variables & ® |-—-> n=10000; -
Mame Class vall[~ ™ x3=mfmap3 ([0.000;0;0;0;0;0;1;0.00015;0], m):
——>» plot(x3(1,1:n), =x3(2,1:n),"'c.")
ans double 409 e }MRiKSiErl:nl‘
n double 100 [, Figure 1 o | B (.
3 double 810 ang =
409.4157 File Tools
Eat
e |BEDQAEED -
- ‘ > 0.0004 -
1| 1 } : : :
History g X 0.0002
MMR(3(5,1:n]) -
clec 0
I n=10000;
x3=mfmap3([0.000,0;0,0,0,0:... 0.0002
plot(3(1,1:n), x3(2,1:n],"r.")
MMRESE,Lin)) A S N S N S SN SR
grid en L4 ﬁﬂnBﬁ’)HM.De+32.ﬂ:—:-+33.l}e+3r1-.De+35.ﬂ:—:-+36.0&+3T.De+38.0&+39.ﬂe+31.ﬂ'e+4

~

X=(x,x"y,Y, Sx, Sy, Sz, dy, t)
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Code generation

File Edit Tools Debug Help

DB 20 XB

mfmap3.m*

1 fcode generation &

2 fmapping function i

3 function ¥ = mfmap (X0, n)

4 fmap generation:

5 RO=[0;0:0:;0;0;0:0;0;1.06369637954473E-06:]

i [ R1=[-0.670513915242833 14.325563163902%9 0 0 0 0 O 35.3231449743497 0O;

7 —-0.0270879171669552 -0.912653250594104 0 0 0 O O 0.332988869053756 0O;

8 0 0 -0.970853028677094 &2.9527681188037 0 O 0 O O;

g 0 0 -0.0113712470855131 -0.2592679232191561 0 O O 0 O;

10 000100007

11 0O0O0ODO0COI1IO0O0 O0;

1z 00O0O0CO0OO0TI1IO0 0;

13 0O0O0ODOCOODO?1 0;

14 3.19743598523805E-09 1.61311298409876E-07 0 0 O O 0O -2.80213794351364E-07 1:]-

15 R2=... R3=...

16 ¥ = zeros(length (X0), n+l): =

17 H(:,1) = XHoO;

N 18 for i=1:n

] X{:, i+l) = mfecalec(X(:,i), RO, R1, R2Z, R3):

20 end

21 end

22 fFone—-tune solution

23 function ¥ = mfecale (X0, RO, R1, RZ, R3)

24 %#initial =state:

25 ®xO=X0O (1) ;=x1=H0O(2) ;=x2=H0 (3) ;x3=X0 (4) ; x4=X0 (5) ;=x5=H0 (&) ;=6=X0 (T) ; x7T=H0 (8) ; x8=H0 (9) ;

26 Fcalculation of kronecker pows:

27 Hl=[=0;=1;x2;x3;x4;:; x5 x6;=xT;x8];

28 He=[m0=*x0,x0*x1;x0~*x2 rx0*xXI w0 x0*x5 X000~ T rx0*x8 X1 1l x1*x2 ) x1 "3 k1~ x1~"K5; =

29 Hi=[=x0*x0=*x0;x0*x0*x] ;x0*x0*x2 ; x0*x0*x3; x0*x0*x4 ; x0*x0*x5; 20*x0* 6 x0*x0*x T x0*x0*x8 ; x0*x

30 Esolution: b

31 ¥N=RO+RI1*¥14+R2Z*¥I+R3*X3;

3z end il
4 [m 3
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Code generation

oo mimapcop - Microsot Visual Sucic A = e ]|

File Edit Wiew Project Debug Team Data Tools Test Window Help
PG A B -E-E | [# [tetBox S5 e B O
PO R A 2|0PRPEBEm A,

mfrap.cpp® X

{Unknown Scope) - -

{@,

8 @, B, B.0101766047500143, B, @, @, B, @, @, 8, -B.B326450695839754, B, @, @, 8, O, 0.B646546452784705, @, (=
{@, @ 9,8, 08,8,08,0, 08, 0,8, 6 6, 8,0, 8, 8, -0.0646546452784705, @, -B.8113712478855131, @, @, @, 1.98812 -
{@a, @, a, -8.0191766047506143, @, @, @, B, @, @, 8, ©.8326450505630754, @, 8, @, @, @, @, @, @.8113712479855131, @,

{@, @, @,@,0,0,0 00,0 6, 6,0,0,0,0,0,6,0, 00,0000, 0, 0000, 0,0 0,0,0,0,0,a,a,
{-5.19204218065750E-10, -1.430051308712005E-08, @, @, @, @, @, 1.31814530325568E-08, @, -2.5160576217460E-07, @, @, @

» a
s 8
double **R2 = new double*[9];
for(int i=8; i<9; ++i)
1

R2[1i] = new double[45];

for(int j=8; j<45; ++j)

R2[1][3] = R2_[1][3];

}

double ** X = new double * [n+l];

for(int i=@;id=n;++i)
X[i] = new double[9];

for(int i=@;i<9;++1)
x[e][1]=xe[1];

for(int i=8;i<n;++1)

double * x_i = mfcalc(X[i], R@, R1, R2);
for(int j=8;j<9;++])

X[+ (31 4315
delete x_i;

}

return X;

¥

Zlimt maindl WS
W% - 4|

Ready
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Matrix Formalism

for Iong term evalutlon

Using a symplectic integration
| algorithm to build a map does
| not guarantee the symplectic
| map (left: phase plane for
100000 turns, symplectic
condition violation)

e i i i i i i i
-0.004  -0.003 -0.002 -D.001 0 0.001 0.002 0.003 0.004

Symplectification is 1504

only matrix elements el
corrections:

M*JM = J,¥Xo,
0.0e+0 -

0 K
J = (—E l])' 5.0e-5 |

1000 000 turns: |

5.0e-5

-0.004  -0.003 -0.002 -0.001 0 0.001 0.002 0.003 0.004




Comparison:
orbital motion in transverse plane (RF ON)

COSY INFINITY

MICHIGAN STATE
UNIVERSITY

Thanks to D. Zyuzin for help with
COSY INFINITY calculation

II- -|l----il----i:- ) } _1_09_4 1 L Il 1 L L 1
003 DT0Z 00 b.coo 0.001 0.002 0.003 0004 0003 -0.002 -0.0071 0 0001 0002 0003 0004

® Step-by-step integration ® Matrix Formalism
16



Comparison: COSY INFINITY

- —— MICHIGAN STATE
fringe fields influence GRrvERSTT
Strange behavior not only in spin dynamics
but
000010 "PIRVER. th&tW
0.0001 Pl .
U Q{ “““‘It 'lll: J%f ¢” ~ i

P

-5e-05

-0.0001

'D.mﬂ15 ] 1 1 1 1 | 1
-0.002 -0.0015 -0.001 -0.0005 0 0.0005 0.001 0.0015 0.002

X
It seems that all particles shrink in time to the

reference particle
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Matrix Formalism:
fringe fields influence

I\ Y O — f—.—_._;l____.__.. ................................. ............ \\\\x\\\\“” ................ .................. |

R S0 A O W | i - '
%’d /)/ 5 0e-5

[ U TR TN T N O W % ................... il

-5.0e-5 -

-1.0e4

)
S

5.0eb

-1.0e4

-1.5e-4 i
0004 -0.003

\N\\\\\\\\W 1504
o0z 0001 X 0001 0002 0003 0.004 B e G e T x e e s i

a) b)
a) transverse plane with fringe fields without energy

conservation
b) energy conservation corrections, when reference orbit

can be foundﬁ_ by following way
X_;_Ef — Z Rli(r)Xr:-jf-
i=I(

X'I"E _ E—Rllj_lﬁlﬂ,
Fo B 18



Conclusion

L I
. matrix formalism as a high- Laptop Intel Core i5
performance mapping approach 3 order, o-cim state |
or SOVING © ® 1000 000 turns for =

implemented in numerical mode 1 point per 3.2 sec

. sofware for beam dynamics (spin-orbital motion) simulation
Is developed

Further development

® implementation of matrix formalism in symbolic mode;

® research on EDM project and spin dynamics
iInvestigation. 19
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