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Abstract cal development effort at GSI, was optimised for relatively

- . . _short-term effects with well-resolved betatron oscillations
The head-tall instability represents a potential intensity | 4 o act self-consistent space charge solvers, while the

limitation for bunched beams in the synchrotrons of the.., 111 code. created at CERN. was designed histori-
FA.IR project. Parametr.|cal Studies with numerlcall SlrnuE:ally for longer-term phenomena, including electron-cloud
lations over very long time spales are necessary in Qrdgffects, with an option of very fast once-per-turn modus.
to understand the effect of direct space charge, nonhnergBr the code validation in the range of moderate and strong

_synchrotrqn oscillations and image cha_rg_es, which_are as!bace charge we suggest to use the model of an airbag
important in the FAIR synchrotrons. Existing analytic aPhHunch in barrier potential. This bunch model, being rather

proaches either neglect space charge or describe simplifi ificial, has a simple analytical solution [7], can be easily

mo_dels, which require a numen.cal or experlment_al Va“fmplemented in a simulation and, as we demonstrate here,
dation. For our simulation studies we use two differen

. @]ives very useful insight into physics of head-tail modes
computer codes, HEADTAIL and PATRIC. In thisworkwe _ .., - ; ;
. . . with incoherent interactions.
verify models for wake-field kicks and space-charge effect
using the analytic solution for head-tail mode frequencies

and growth rates from the barrier airbag model. PHYSICAL MODEL

An analytical solution for head-tail modes in bunches
INTRODUCTION with space charge has been derived in Ref.[7]. The model
assumes the airbag distribution in phase space and the
Modern synchrotrons, as SIS-100 and SIS-18 of thgyare-well (barrier) potential and thus a constant line den-

FAIR [1] complex, will operate with ion bunches underg;y, The |ongitudinal momentum distribution has then two
conditions of strong space charg®Qs. > @, or mod- ing fi f particlés 5 th
erate space charg&Qs. > Qs, whereAQ.. is the shift °PPOSING llows ot par 'C% (vo — ) + 8(vo + Ub)}’ €

of the betatron tune due to space charge@gpdbs the syn-  Synchrotron tune in this bunch @, = vy, /2m, R fo, where
chrotron tune. Transverse head-tail instability, which is on® is the full bunch length in radiar is the ring radius

of the main concerns for the high-intensity operation, caAnd fo is the revolution frequency. The model considers
be Strong|y modified by the effect of space Charge_ C|a§f|g|d S"CES”, i.e. Only d|p0|e oscillations without trans-
sical theories, such as the model of Sacherer [2], do n¥erse emittance variation are included. It is also assumed
include interactions of a head-tail mode with any incoherthat all betatron tune shifts are small compared to the bare
ent tune spreads. Recent works [3, 4] propose approaciéBe [AQ| < Qo. The resulting tune shift due to space
to treat head-tail modes with space charge. However, nu-
merical simulations appear to be indispensable for a com-
prehensive stability analysis in different beam parameter
regimes and with various collective effects taken into ac-
count.

A study for head-tail modes with space charge requiresgy
extensive parametrical scans of long time scale (tens
thousands of turns) runs. In the case of the weak head-tad
instability it is not possible to scale up e.g. the impedancex
and hence reduce the run time, since mode coupling ex-
cites strong head-tail modes above the associated thresh-
old. For reliable stability predictions it is thus necessary to
use code modules, in this case primarily space-charge and
wake-field implementations, which have been validated ac- 4=0Qgc/ Qg
curately, and are applicable for long time scale runs. In
the present work we use two different particle tracking
codes,PATRIC [5] and HEADTAIL [6], in order to take Figure 1: Tune shifts of five head-tail modes versus space
the advantage of different kinds of implementations aneharge parameter ¢ as given by the airbag theory Eq. (1),
thus treat the task. ThRATRIC code, a part of numeri- thedashed lineis theincoherent betatron tune Qo — AQsc.
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charge (without wake) is given by

aQ= By [ fpg: ()

where "+" is for modes: > 0, AQs. is defined as a pos-
itive value. These space-charge tune shifts are illustrated
in Fig.1, where we introduce a space charge parameter
q= AQSC/QS'

The solution for weak head-tail instability is ob-
tained in Ref.[7] assuming the wake potenti#l(r) =
W exp(—ar) with a sufficiently short range compared to
the bunch lengtha, > 1. For the modé: = 0, which is
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not affected by space charge, the tune shift is given by 2.22 2.24 2.26 2.28 |
tune
AQ = AQo(a/¢ +1), 2)
where we defineAQ, as the growth rate for the mode Figure 2: Dipole bunch spectrum from simulations (the
k=0, HEADTAIL code, airbag bunch) with moderate space charge
g = 3. The bare tune i§)9=2.25,Qs = 0.01, the black
AQo = G kW 3) dashed line is the incoherent tuf@, — AQ.), red dashed
0 a? 2Qq lines are head-tail modes from Eq. (1)
here ( = ¢&Qo/n is the normalized chromaticity,
AQ&/QZSAP/Z)’ and T L T T
quion = 723—133 :+13+z 3+3 3+4 3+5,
— 4 R ' [
2mymBewg ® 5 1070 ) R
g i Lo
whereg, v are relativistic parameterg, is the beam cur- 3 b
rent,qion IS the ion charge andy is the angular revolution g 104 _
frequency. L Lo
For modesk # 0 this theory predicts £
= 10-16
Ag £ /AZ + 4k2Q2A, 3
AQ = —AQ. + VA LAV, ©® & |
10'18 Sl
where 218 220 222 224 226

tune
Ao = AQo(a/C+1) + AQsc ,
AL = 1- [AQOW}Q

. Figure 3: Dipole bunch spectrum from simulations (the
20Qsm, PATRIC code, airbag bunch) with strong space charge
g = 8. The legend and the tunes correspond to Fig. 2.

SPACE CHARGE SIMULATIONS

In order to verify the space-charge implementation for
long-time simulations with a particle tracking code, wenoderate; = 3 and strongey = 8 space charge. Predic-
have introduced the barrier-airbag bunch distribution i§on of the airbag theory is laid over in red.
both PATRIC andHEADTAIL codes. For space charge, the In our parametric studies we have found that even for
frozen electric field model was used, i.e. a fixed potentignoderate and weak space charge it is not enough to exe-
configuration which follows the mass center for each sircute only one space-charge kick per turn. At least one kick
gle slice. This approach is justified for the “rigid-slice” per approximately 1rad phase advance is necessary for an
regime, which is also a basis assumption for the airba@ccurate description of space-charge effect. In the example
theory [Eq. (1)] we compare with. A homogeneous an@resented her€), = 2.25, this means at least 16 kicks per
round transverse bunch profile (K-V distribution) was usetlrn, and for the SIS-100 tun@, = 18.7 this means 120
in simulations in this work, a linear rf force was assumed.Kicks per turn.

A good agreement between theory and simulations with In order to test the relevance of the airbag theory for real-
space charge has been achieved with both codes. Figuigtsc bunches we have performed simulations with a Gaus-
2 and 3 show the coherent bunch spectrum, which is tlstan bunch, i.e. Gaussian line density profile and Gaus-
Fourier transform of the total transverse bunch offset, fasian momentum distribution. For comparisons between
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bunch profiles, the line density of the airbag-bunch is takefwhere AQ,/Qs ~ 0.2) the modek = —1 does not ap-
to be equal to the density in the middle of the Gaussiaproach the: = 0 mode anymore, although in reality they
bunch. Especially for strong space charge a surprisingshould cross and produce mode coupling, but the latter is
good agreement between the airbag theory and simulatiaot included in this theory. The observation that space
results for the Gaussian bunch is found, see Fig. 4. The freharge suppresses the largest growth rate anicad is
quency shift of head-tail eigenmodes due to space charget general and depends on parametess (s, etc. Here
seems to be a very robust effect, which does not depend e takean, = 40 (in the simulations presented below as
the details of the bunch form and distribution, especiallyvell), for other parameters space charge can cause an in-
for strong space charge. crease in the largest growth rate amadng- 0. Finally,
it should be noted that in a real bunch with space charge
the k < 0 modes are strongly damped by any betatron-
and synchrotron tune spread, additionally these modes are
damped by the non-resonant dipole behaviour [9].
In the simulations we can observe only the dominant
k = 0 mode, but it is possible to resolve real tune shifts
also fork # 0, at least for small wake amplitudes. Our
first comparison between simulations and the theory is for
the case without space charge, see Fig. 6. Particle tracking
simulations reproduces fairly well weak head-tail instabil-
] ‘ ity from the theory, both growth rates and real tune shifts.
100 “ B ‘ 1+ Only close toAQy ~ 0.002 discrepancies appear, because
0.0 0.2 0.4 0.6 0.8 the airbag approach breaks down, as we discuss above.
Q-QY/Q, The next step is to combine the wake-field effect with
space charge. Results of this parametric scan are pre-
Figure 4: Dipole bunch spectrum from simulations for &8€nted in Fig.7, where a constant space charge tune shift
Gaussian bunch with strong space chagge 20. Red A@sc = 3Qs was assumed. This is related to an increas-
dashed lines are head-tail modes for the airbag bundR9 impedance, not increasing beam intensity. Also here
Eq.(1). To clarify the notation we note that the tuneVe Successfully reproduce the theory results for the head-
shifts without space charge areQ/Q, = 1 for k = 1, tail instability with space charge. In agreement with the
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AQ/Q, = 2for k = 2, etc. theory the simulations demonstrate that space charge does
not affect theék = 0 mode and strongly changes other head-
tail modes.

INSTABILITY SSIMULATIONS Another test for the relevance of the airbag theory for

realistic bunches is to perform simulations with the expo-
For wake-field verifications the exponential wake potennential wake for a Gaussian bunch. Space charge intensity
tial W (7) = Wy exp(—ar) has been implemented in the ; = 5 in the middle of the bunch is assumed;, = 10 is
codes. The wake momentum kick for a bunch stiggor
z;) is calculated [8] as

9 ) )\t, q=2AQgc/ Qs
Ay = I (t,7) T(t, )W (19 — 7)dr = o 1 2 3 4 5 6 7 8 9
R —Tb )\O T T T T T TT T T TT
2T Gion K _ e T 7
= Mo R2 Z NiziW (zj — ), (6) e k=-1, no SC
i>j . 08FfF -
g k=+1, with SC
where\(t, 7) is the bunch line density for the tinten the ; 06 L =rL W 4
bunch positiorr, Ao is the peak line densitgis the trans- Q' el s
verse slice offsety’ = dx/ds, N; is the particle numberin E 04 k=-1, with SC 7
theith slice, ands is given in Eq. (4).
The analytic solution for the exponential wake poten- 021 k=+1, no SC
tial with the airbag bunch [Egs. (2)-(5)] predicts the mode 0 ! .
k = 0 to be the most unstable head-tail mode. As we il- 0 0.001 0.002 0.003
lustrate in Fig. 5k # 0 modes always have smaller growth AQq
rates thamA Q. Here we normalize InQ) by the growth _ _
rate of thek = 0 mode. In this example the = —1  Figure 5: Growth rate given by the airbag theory Egs. (2)-

mode becomes more unstable than the= 0 mode at (5). The beam intensity increases along the horizontal
AQo ~ 0.003, which is due to the fact that the modelaXxis, thus the wake amplitude (lower axis range) and space
breaks down. As we can see in Fig. 6, affef), ~ 0.002 charge (upper axis range) grow proportionally.
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Figure 6: Growth rates (upper plot) and real tune shiftsigure 7: Growth rates (upper plot) and real tune shifts

(bottom plot) of head-tail modes without space charggbottom plot) of head-tail modes in the airbag bunch with

Symbols: simulation output (th@ATRIC code, airbag space charge = 3. The legend corresponds to Fig. 6.

bunch); lines: airbag theory Egs.(2)-(5). Re&p) for Re(AQ) for k = £1 is shown only for smalAQ,. The

k # 0 is shown only for smalAQy. theory lines for cases with/without space charge are shown
for comparison.

taken. Simulations with and without space charge showed ]

a dominatingt = 0 mode which is not affected by SpaCesyn.chrotro.ns — long bunches and Iong—range que fields
charge. Figure8 demonstrates that if growth rates argt 1S not included. In order to do this we again con-
real tune shifts from simulations are multiplied by a facSider a problem which has an analytical solution. Take
tor 1.89, a good agreement with the airbag theory Egs. (&) coasting beam without effects of chromatic tune spread
is achieved. This means that head-tail modes in a Gau&®ero chromaticity, or a space-charge induces large gap be-
sian bunch correspond, accurate to a constant factor, #€en coherent frequency and incoherent spectrum) and
the airbag theory, although the Gaussian bunch has totalfje resistive-wall impedance in the thick-wall regime. The
different linear density and momentum distribution. Obvilatter implies that the skin depthi = /2¢/Zoow e is
ously, this scaling factor depends on bunch parameters ap@ll compared to the pipe wall thickness. This impedance
wake-field properties. Frequencies/of£ 0 modes were IS given by

difficult to resolve in this case, which may be related to N Liw
the distribution type. However, one would suspect that this Re (er) = 93
scaling factor is not effective fdr # 0 modes due to effect

of space charge. The appropriate way to clarify this issu(s wwo Is the coherent frequency of the coasting beam.

m imulations for parameters whérg: 0 m r ; . .
ay be simulations for parameters whérg 0 modes are o1 e large for small frequencies as/v/Q, the
the most unstable. This should be investigated in further. w . .
studies. eigenmode with the_smallest frequency is the most un-
Finally it is worth to mention that in our verification stable. As the coasting-beam unstable spectrum is repre-

sented by slow wavel.;, = (n—Qo)wo, the resistive-wall

study we have proved that it is enough to apply the Wak(?ﬁwpedance mostly excites the eigenmode with

field kick once per turn. Still, in the case with space charge

ZO 6sk ’ (7)

where Z,=376.7 Ohm,b is the pipe radius an@., =

numerous kicks are necessary for the space-charge module. Qb =1—-0Q¢ (8)
and with the mode index, which is the closest integer
WAKE FIELD IN LONG BUNCHES above the bare tun@,. Here(Qs is the fractional part of
The validation of the wake-field module with the ex-Qo- The growth rate of a coasting-beam mode is
ponential wake potentidV (7) = Wjexp(—ar) is not ~ Iogion n
complete, since the most important case in e.g. SIS- Im(AQen) = 47rc7mQ0w0Re(Z ) ©)
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AQo Dashed line is the analytic result Eq.(9) for the mode
Eq. (8) and for the impedance Eq. (7). Circles: simulations

Figure 8: Growth rates and real tune shifts of the- 0 with the wake field Eq. (10).

head-tail mode with space charge= 5. Circles are sim-

ulation results for a Gaussian bunch, both i) and 1 T T T T T
Re(AQ) are scaled by 1.89. Lines are given by the airbag 0.8
theory. 0.6
0 0.4
In our verification simulations we consider a coasting 5 0.2

beam with Gaussian momentum distribution, wake-field g 0
kicks are implemented according to Eqg. (6). The resistive- 53,
wall wake function which corresponds to the impedance 04
Eq. (7) is given by e

06

3/2 _0 8 1 1 1 1 Il
Wiw(2) = L (B 2o (10) ' 400 -200 0 200 400
b o\ Z Orw z (m)

In our parametric study for coasting beams we compajf&gyre 10: Transverse offset structure over the circumfer-
the theory of the impedance Eq.(7) and the slow-wavgnce of an unstable coasting beam from an exemplary sim-
Egs. (8) and (9), on the one hand, with simulation resultgjation. Dashed line is the fixed-location signal, the solid
for the wake field Eq. (10), on the other hand. Figure Qne is the corresponding snapshot signal.

demonstrates this comparison, where the growth rate is nor-

malized by the parametek@,q, which is the value of

Im(AQ.1) calculated for2., = wp, or formally@s = 0.  betatron tune i§) = 2.532 here, accordingly, we observe

For this good agreement it was essential to include previotisen = 3 mode.

turns in the wake module Eq. (6), which seems to be obvi-

ous, since the “head” (talking in bunch terms) is strongly CONCL USIONS

kicked by the “tail” from the previous turn in a coasting

beam. Furthermore, the wake function Eg. (10) is a long- Space-charge and wake-field modules, suitable for long

range potential, basically non-saturating. However, eveime scale simulations of the weak head-tail instability,

for small (1 — Qs) it was enough to include three previoushave been verified with the airbag-barrier model [7], which

turns to achieve an adequate description. has an analytical solution for the exponential wake poten-
The coasting-beam mode type we could verify with théial.

resulting beam-offset structure. Figure 10 shows an exam-Simulations for moderate and strong space charge

ple of the dipole moment pattern (which is equal to thelemonstrated a good agreement betw@a@RIC and

beam-offset for the dc beam) of an unstable beam fromREEADTAIL simulations and the theory. It was found that

HEADTAIL simulation. The dashed line is the fixed-locatiorbetatron oscillations should be well resolved in the parti-

signal A, (z), which is the natural output of our simula- cle tracking for a correct description of space-charge ef-

tions, and the solid line is the snapshot sigh&*?(z) = fects. Simulations with a Gaussian bunch showed that the

e~"@z/E A (z), which we would see at a certain time. Theairbag theory Eq. (1), although considering a simple bunch
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model, describes rather accurately effects of space charge,
especially for strong space charge.

Instability simulations reproduced fairly well the theory
predictions concerning growth rates and real tune shifts,
both with and without space charge. Simulations with
a Gaussian bunch demonstrated that the airbag theory
Egs. (2)-(5) can be very helpful even in understanding ef-
fects of space charge for the head-tail instability in real-
istic bunches. Our wake-field validation with a coasting
beam has proved that the method can be surely used for
long bunches and long-range wake potentials.
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