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Abstract

In Ref. [1] a technique to suppress the instability with

the help of a reversible electron beam heater was proposed.

It employs transverse deflecting cavities synchronized in a

way that one of the cavities, located before a bunch com-

pressor, generates a slice energy spread, while the other one

removes it after the beam passes through the bunch compres-

sor. In this paper we demonstrate that a reversible heater

equivalent to that of [1] can be designed using much simpler

elements: bend magnets and quadrupoles in combination

with the energy chirp of the beam.

INTRODUCTION

The performance of modern free electron lasers is often

limited by the microbunching instability in the electron beam

that develops during its acceleration and transportation to the

undulator. A search of new methods for effective suppres-

sion of the instability is crucial for future FELs, especially

the ones that use external seeding. One of the promising

approaches to this problem is the idea of a reversible elec-

tron beam heater proposed in Ref. [1]. It employs transverse

deflecting cavities (TDS) synchronized in a way that one

of the cavities, located before a bunch compressor, intro-

duces a slice energy spread, and the other one removes it

after the bunch compressor. Being an attractive concept, it

however imposes extremely tight tolerances on the synchro-

nization of the cavities. It also adds a considerable cost of

the RF structures and an additional RF power system to the

accelerator.

An ideal reversible heater has to perform two actions.

First, it should increase the slice energy spread in the beam

before the bunch compressor to the level that suppresses

generation of microbunching instability due to coherent syn-

chrotron radiation in the compressor, and to remove it af-

terwards restoring the beam to the original energy spread

(amplified by the compression factor). Second, it is also

desirable that the heater destroys energy and density mod-

ulations in the beam which are accumulated before the

compressor—these are usually associated with the longi-

tudinal space charge impedance and earlier compressing

stages. Of course, the heater should not noticeably increase

the transverse emittance of the beam.

In this paper we show how a reversible heater can be

implemented using DC magnets without TDS. We simplify

our analysis by assuming thin elements and neglecting the

optics associated with drifts between them.

REVERSIBLE HEATER USING TDS
Here we give a brief description of the reversible heater

based on transverse deflecting cavities and analyze, follow-

ing [1], its effect on the energy spread of the beam and the

beam emittance. While our analysis can be easily extended

for a broader range of distribution functions, to evaluate the

effect of the heater, for specificity, we consider an initial 4D

Gaussian distribution function of the beam

f0(x, x ′, z, η) = A exp
⎡⎢⎢⎢⎢⎣
−1
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,

(1)

where x and x ′ are the transverse coordinate and angle, z
is the longitudinal coordinate in the beam, η = ΔE/E is

the relative energy deviation, and σx0, σx′0, σz0 and ση0
are the standard deviations for the corresponding variables.

In the distribution function (1) we ignore the transverse

coordinates y and y′. The normalization constant A is such

that
∫

f0dxdx ′dzdη = 1.
When the beam with the initial distribution function (1)

passes through a system under consideration the distribu-

tion function is transformed, f0(x, x ′, z, η) → f1(x, x ′, z, η),
where f1 is the distribution function at the exit. To find
f1, we use the formalism of linear optics with 4×4 beam
transport matrices that act on vector (x, x ′, z, η). To take
into account the acceleration before the BC that generates

an energy chirp h (that is a linear correlation between the
energy η and the longitudinal coordinate z) we will use the
matrix Rc(h),

Rc(h) =
�����
�

1 0 0 0

0 1 0 0

0 0 1 0

0 0 h 1

�
�

. (2)

For a bunch compressor (BC) we will use the matrix

RBC =
�����
�

1 0 0 0

0 1 0 0

0 0 1 r
0 0 0 1

�
�

, (3)

with r being the {5, 6} element of the 6-dimensional transport
matrix of the compressor.

In linear optics, the R-matrix for a short transverse de-
flecting cavity is given by

RTDS(K ) =
�����
�

1 0 0 0

0 1 K 0

0 0 1 0

K 0 0 1

�
�

, (4)
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where the parameter K (K has dimension of inverse length)

defines the strength of the transverse deflection, K =

eωrfVcav/γmc3 with ωrf the cavity resonant frequency and
Vcav the cavity voltage. The {4, 1} element of this matrix in-
troduces an energy spread in the beam that is proportional to

the beam transverse size. As a result, after passing through

the cavity the beam energy spread increases from ση0 to ση
where

σ2η = σ
2
η0 + K2σ2x0. (5)

This is a reversible “heating” of the beam that can be used to

suppress the microbunching instability and can be removed

by a second TDS with opposite polarity. In addition to the

slice heating, there is also another unavoidable side effect

of the TDS: it tilts the beam in the x ′-z plane and increases
the beam projected transverse emittance. Calculations show

that the beam emittance ε x after the cavity is given by

ε x = ε x0

√
1 + K2σ2

z0
/σ2

x′0 , (6)

where ε x0 = σx0σx′0 is the initial emittance before the
cavity (we remind that there is no initial correlations in the

beam between x and x ′).
In the reversible heater [1], the needed slice energy spread

is generated by a first TDS placed before the bunch com-

pressor, and then removed from the beam by a second TDS

after the BC. The full transport matrix Rrh of such reversible
heater, from the entrance to the RF section that generates the

energy chirp to the exit from the second TDS, is obtained as

a product of several matrices [1]

Rrh = RTDS (−CK ) · RBC · RTDS(K ) · Rc(h) (7)

where C = (1 + hr)−1 is the compression factor. Matrix
Rc(h) on the right hand side accounts for the beam energy

chirp h needed for compression, and matrix RTDS(−CK )
removes the energy spread introduced by RTDS(K ). Multi-
plying the matrices we find1

Rrh =
�����
�

1 0 0 0

−CK2r 1 0 −CKr
Kr 0 1

C r
CKhr 0 h 1

�
�

. (8)

Note that the second TDS also compensates the emittance

growth (6) introduced by the first TDS. While this compen-

sation is not complete, the residual emittance growth after

the reversible heater for the parameters of Ref. [1] is small,

Δε x/ε x0 ≈ 1.3%.
Finally, as is shown through computer simulations in [1],

the TDS reversible heater satisfies the second condition out-

lined in the introduction: it smears out initial energy and

density modulations accumulated in the beam before the

compression. In Appendix we demonstrate the smearing in

an analytical model of a cold beam.

1 Matrix Rrh differs from the corresponding matrix in [1]. We believe that

this is due to an error in the original publication—the matrix in [1] is not

symplectic.

BEAM HEATING WITHOUT TDS
A reversible energy spread generated by TDS is not a

unique property of deflecting cavities—it can also be ob-

tained in passive systems that do not require RF power (as-

suming that the beam has already an energy chirp). To

illustrate this statement we begin from a simple observation:

a combination of a beam energy chirp and a bend magnet

introduces a slice energy spread in a cold beam.

Let us assume that the beam with the distribution func-

tion (1) passes through an accelerating system that generates

an energy chirp h and then through a thin bend magnet with
a bending angle θ. For simplicity, we consider the case of a
cold beam, ση0 = 0. The transport matrix for the bend, Rb,
is

Rb(θ) =
�����
�

1 0 0 0

0 1 0 θ
−θ 0 1 0

0 0 0 1

�
�

. (9)

The combined effect of the chirp and the bend are given

by the product Rb(θ) · Rc(h). It transforms the initial vari-
ables to the final (indicated by the subscript 1): x1 = x,
η1 = η + hz, x ′

1
= x ′ + θ(η + hz), z1 = z − θx. Expressing

from these equations x, x ′, z, η through x1, x ′1, z1, η1 and sub-
stituting them into (1) gives the distribution function after the

bend f1(x1, x ′1, z1, η1) (hereafter, we drop the indices in the
arguments of f1). To find the beam distribution over η and
z we integrate f1 over x, x ′. A straightforward calculation

gives

∫
dx dx ′ f1(x, x ′, z, η) = A1 exp �

�
− η

2

2σ2η
+ aηz − bz2�

�
.

(10)

with the slice energy spread after the bend as

ση =
|hθ |σz0σx0√
θ2σ2

x0
+ σ2

z0

≈ |hθ |σx0, (11)

and parameters a and b that are of no interest for what follows.
In the last equation we assumed |θ |σx0 � σz0. We can see

from (10) that each slice in the beam with a given value of

coordinate z has now a Gaussian distribution in energy with

the rms spread proportional to the product of the bending

angle and the energy chirp.

The mechanism behind this heating is illustrated in Fig. 1.

An initial cold beam distribution of a chirped beam in the

longitudinal z-η phase space is a narrow line shown in the left
part of the figure. After passage through the bend, particles

with different horizontal coordinates, x, in each slice of the
beam are shifted along z by −θx, as shown by the horizontal
arrow, due to the {31} element of matrix Rb, see Eq. (9).
This widens the original thin-line distribution of the beam

into an ellipse, and introduces slice energy spread ση shown
in the right plot.

A unavoidable side effect of the slice heating in this pro-

cess is increasing of the beam transverse emittance through
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Figure 1: Illustration of beam heating.

tilting the phase space x-z. A direct calculation of the beam

emittance ε with the distribution function f1 gives the fol-
lowing expression for ε :

ε =
√
ε02 + h2θ2σ2

z0
σ2

x0
, (12)

where ε0 = σx0σx′0 is the initial emittance. Note a similar-
ity with the TDS case, Eq. (6).

To illustrate the magnitude of the heating and the emit-

tance increase, we consider the following numerical example:

the beam energy E = 100 MeV, σz0 = 1 mm, h = 0.01/mm
corresponding to 1% of the total energy, σx0 = 0.2 mm,
θ = 50 mrad. Using Eq. (11) we find

σηE ≈ |hθ |σx0E ≈ 10 keV. (13)

In addition, assuming the initial horizontal projected nor-

malized emittance ε x0 = 1 μm we find from (12) that the

final beam emittance, after the chirp-bend system, will be

increased to about 20 μm, that is twenty times.
It is important to emphasize that the heating and the emit-

tance increase due to the mechanism discussed above are

reversible. Adding two bending magnets of opposite polar-

ity before and after the bunch compressor would lead to an

effective increase of the slice energy spread (11) (“beam

heating”) prior to the compressor, and removing the en-

ergy spread after the passage through the system (“beam

de-heating”). This should result in the suppression of the

beam microbunching due to the coherent synchrotron ra-

diation of the beam inside the BC [2–5]. Note that in this

arrangement, due to the bends, the beam line becomes tilted

at an angle with respect to the direction of the beam line

before (and after) the auxiliary bending magnets. Note also

that while this arrangement is similar to the setup proposed

in Ref. [6], it is however not the same: in particular, the beam

energy chirp in Ref. [6] is generated between the bends, and

in our case it is outside of the bends.

A simple reversible heater using the two bend magnets is

not completely satisfactory: it does not suppress the incom-

ing energy and density modulations in the beam. Indeed,

if we calculate the R-matrix of the sequence “bend–bunch
compressor–bend of opposite polarity” we find that this ma-

trix is equal to the original RBC matrix,

Rb(−θ) · RBC · Rb(θ) = RBC. (14)

This means that while suppressing microbunching due to

CSR in the BC, the system converts an energy modulation,

accumulated by the beam in the linac before the compres-

sion, into a density modulation through the r matrix element
exactly the same way as without the auxiliary bends. In the

next section we will show how this can be improved with

the help of additional accelerating cavities that modify the

beam chirp after the first bending magnet.

REVERSIBLE HEATER WITHOUT TDS
We first show that the TDS matrix itself can be imple-

mented as a combination of energy chirps, bends and focus-

ing. In this analysis we use the following thin-quad matrix

with the focal length F:

Rq (F) =
�����
�

1 0 0 0

−1/F 1 0 0

0 0 1 0

0 0 0 1

�
�

. (15)

With the matrices defined earlier, it is a matter of simple

matrix multiplication to show the product of the matrices

Rq ( f ) · Rb(−θ) · Rchirp(−h) · Rb(θ) · Rchirp(h), (16)

is identical to the matrix RTDS(K ) given by Eq. (4) if param-
eters F and h and θ are chosen such that

F = − 1

Kθ
, h =

K
θ
. (17)

For a given K , the bending angle θ in these relations can be
considered as a free parameter.

Eq. (16) proves that the TDS matrix can be implemented

as a sequence “energy chirp–bend–opposite energy chirp–

opposite bend–quad”. With this result, it is not surprising

that full matrix (8) of the reversible heater can be imple-

mented as a sequence of the following elements: “energy

chirp–thin bend–energy de-chirp–bend of opposite sign–thin

quad” (as above, we keep ignoring the transverse optics ef-

fects due to the finite length of each element). Indeed, as

can be verified by direct matrix multiplication, the following

combination R(1)
rh
= Rb(θ1) · RBC · Rchirp (−h(1 + θ/θ1)) ·

Rb(θ) · Rchirp(h) gives the matrix

R(1)
rh
=

�����
�

1 0 0 0

hθ(θ + θ1) 1 0 θ + θ1
−C−1(θ + θ1) 0 1

C r
hθ (θ+θ1)

θ1
0 − hθ

θ1
1

�
�

, (18)

where the compression factor now is C−1 = 1 − rhθ/θ1. It
is easy to check that selecting the angles θ and θ1 such that

θ = −C2Kr
C − 1 , θ1 =

CKr
C − 1, (19)

reduces R(1)
rh

to matrix (8). Note that because angles θ and θ1
have different absolute values, the result of the system (18)

is the rotation of the beam line by the angle θ1 − |θ |, which
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imposes a certain constrain on the geometry of the beam

line.

To illustrate that the system with the matrix (18) offers a

practical approach, we calculate the bending angles θ and
θ1 that make the reversible heater without TDS equivalent
to the one with TDS from Ref. [1] with the parameter K of

the first TDS equal to K = 9.6 × 10−4 cm. Following [1] we
take the beam energy E = 360 MeV, the compression factor
C = 13, r = −138 mm. Using Eqs. (18) we find the bending
angles of the dipole magnets in our system

θ1 = 10.8°, θ = −0.83°. (20)

The heating inside the bunch compressor will be

σηE ≈ |hθ1 |σx0E ≈ 10 keV. (21)

The projected emittance growth inside the BC will be

ε x/ε x0 ≈ 32; it will be almost completely removed at the

exit from the heater.

BUILDING BLOCKS FOR REVERSIBLE
HEATER

Using a bend magnet as an elementary building block of

a reversible heater has an evident disadvantage that, if not

compensated by a subsequent bend of opposite polarity, it

might require the downstream beam line to be angled relative

to the direction at the entrance to the heater. As pointed out

above, matrix (18), results in rotation of the downstream

beam line by an angle θ1 − |θ |. In this regard, it might be
advantageous to replace bends as elementary building blocks

with a sequence of magnetic elements that neither rotate not

displace the beam line. One of such examples is provided

by the following combination:

Rb

(
1

4
θ

)
· Rd (l) · Rq (F) · Rd (l) · Rb

(
−1
2
θ

)

· Rd (l) · Rq (F) · Rd (l) · Rb

(
1

4
θ

)
· Rq

(
F
2

)
, (22)

where Rd (l) is the R-matrix of a drift of length l. Choosing
an arbitrary F and l = 2F and multiplying the matrices

gives matrix (9). Since the total bending angle in (24) is

zero, replacing bends in our previous analysis by this se-

quence eliminates beamline tilts and offsets for the price of

additional complexity of the beam line.
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APPENDIX: EFFECT OF THE
REVERSIBLE HEATER ON INITIAL

MODULATION
To analyze the effect of the reversible heater on an initial

beam modulation, we make two simplifying assumptions.

First, we assume a cold beam, ση = 0. Second we consider
a long bunch, formally corresponding to the limit σz → ∞.
The latter is justified if the period of the modulation λ0 is
much smaller than 2πσz .

We consider two cases: an initial energy modulation and

an initial density modulation of the beam. In the first case

the initial beam distribution function is

f0(x, x ′, z, η) =
n0

2πσxσx′
exp �

�
− x2

2σ2
x0

− x ′2

2σ2
x′0

�
�

× δ(η − Δη sin k0z), (23)

and in the second case we have

Δ f0(x, x ′, z, η) =
Δn0 cos(k0z)
2πσxσx′

exp �
�
− x2

2σ2
x0

− x ′2

2σ2
x′0

�
�

× δ(η). (24)

In these equations, k0 = 2π/λ0 is the wavenumber of the
modulation, Δη is the amplitude of the energy modulation,
Δn0 is the amplitude of the density modulation, and n0 is
the beam density (number of particle per unit length). Note

that in the second case we consider only the part Δ f of the
distribution function responsible for the density perturbation.

To evaluate the effect of the heater on modulations we will

compute the Fourier component of the density perturbation

Δn̂(k) before and after the the heater. For the first case,
we do not have an initial density perturbation and hence

Δn̂0(k) = 0. For the second case we initially have

Δn̂0(k) =
∫ ∞

−∞
dz dx dx ′dη e−ikzΔ f0(x, x ′, z, η)

= Δn0

∫ ∞

−∞
dz e−ikz cos(k0z)

=
1

2
Δn0(δ(k − k0) + δ(k + k0)). (25)

To calculate n̂(k) after the system we need to transform

the distribution function from the initial (Eq. (23) or (24))

and then to calculate the Fourier integrals again. The trans-

formation from the initial to final coordinates according to

the R-matrix (8)

x1 = x, z1 = Kr x +
1

C
z + rη,

η1 = CKhr x + hz + η, (26)

where the subscript 1 indicates the variables after the heater

and the variables without the subscript are before the heater

and C = (1 + hr)−1. Instead of expressing the initial coor-
dinates in terms of the final ones and substituting then into

the distribution function, one can, equivalently, integrate the

initial distribution function replacing the final coordinate in

e−ikz1 by e−ik (Kr x+z/C+rη) . Hence, one needs to compute

Δn̂(k) =
∫ ∞

−∞
dz dx dx ′dη e−ik (Kr x+z/C+rη) f0(x, x ′, z, η).
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In the case of the energy modulation, Eq. (23), we have

Δn̂(k) =
n0

2πσx0σx′0

∫ ∞

−∞
dz dx dx ′dη e−ik (Kr x+z/C+rη)

× exp �
�
− x2

2σ2
x0

− x ′2

2σ2
x′0

�
�
δ(η − Δη sin k0z). (27)

For comparison, consider first the effect of the bunch com-

pressor, that is when there are no TDS cavities, K = 0.

Integrating over dx and dx ′ and using the identity

e−ia sin ζ =
∞∑

m=−∞
eimζ Jm (−a) (28)

we find

Δn̂(k) = n0
∞∑

m=−∞
Jm (−krΔη)

∫ ∞

−∞
dze−iz (k/C−mk0)

= 2πCn0
∞∑

m=−∞
Jm (−mCk0rΔη)δ(k − mCk0). (29)

This is the standard effect of conversion of the energy mod-

ulation into the density one through r (augmented by the
compression factor C). We see that Δn̂(k) consists of in-
finitely many harmonics of the initial wavenumber k0 with
the harmonic number given by the integer m.
Returning to the original equation (27) with nonzero K

we find that Δn̂(k) given by (29) is now multiplied by an

additional suppression factor

1√
2πσx

∫ ∞

−∞
dx eimCk0Kr x exp

(
− x2

2σ2x

)

= e−(mCk0rKσx0)2/2. (30)

We see that if the exponent in this equation is large enough

the final density modulation converted from the initial energy

modulation is exponentially suppressed by the heater.

For the initial density modulation, Eq. (24), we have

Δn̂(k) =
Δn0

2πσx0σx′0

∫ ∞

−∞
dz dx dx ′dη e−ik (Kr x+z/C+rη)

× cos(k0z) exp �
�
− x2

2σ2
x0

− x ′2

2σ2
x′0

�
�
δ(η) (31)

=
1

2
CΔn0e−(Ck0rKσx0)2/2(δ(k − Ck0) + δ(k + Ck0)).

We see that it is compressed by a factor of C and suppressed

by the same factor (30) with m = 1.
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