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Abstract 
It is well-known that an electron trajectory in an 

undulator is influenced by the magnetic field focusing 
properties (both horizontal and vertical). Approximate 
solutions of the equations of motion for electrons in a 3-
dimensional magnetic field, which describes these 
focusing properties, are usually found, in literature, by 
means of averaging over the short-length oscillations. At 
variance, the equations of motion can be solved 
numerically, for example by applying the Runge-Kutta 
algorithm. It is shown in this paper that there are cases 
where the numerically computed trajectories, which can 
be considered, for our purposes, as exact, differ 
considerably from the corresponding approximate 
solutions obtained through the averaging method. This 
means that the undulator field influence on the electron 
trajectory is complicated and that approximations found 
in literature should be used with extreme care.  

INTRODUCTION 
As far as we know, horizontal and vertical focal lengths 

of an undulator were first calculated in [1]. In a planar 
undulator with infinitely wide magnetic poles and hence 
without horizontal focusing, the vertical focusing was 
analysed in [2, 3]. In [4, 5] trajectories in the presence of 
focusing undulator magnetic field were calculated up to 
the lowest order in the initial positions and angles of the 
electrons. Some general relations dealing with undulator 
focal lengths were derived in [6 – 8]. Long-length-scale 
anharmonic betatron motion of electrons in very long 
undulators was studied in [9]. All these studies were 
carried out within the following limits: the focusing 
effects were calculated averaging over the undulator 
period and only terms, which are linear in the electron 
initial positions and angles, were taken into account.  

In this paper we discuss the limits of this 
approximation when one needs to calculate the electron 
trajectory with high accuracy. Consider, for example, the 
line width of FEL radiation, which is related to the 
dimensionless Pierce parameter . It has typical values 
for XFELs of the order of 10-4. Since an accuracy of the 
fundamental wavelength is about , the 
requirement on the accuracy for the undulator deflection 
parameter K  is very strict, 410K . The expression 
for the phase of spontaneous radiation in the general case 
[10] gives the following relation for K , see Fig. 1:  
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Here u  is an undulator period,  is an electron reduced 
energy, x  is its reduced horizontal velocity, being of the 
order of K . It can be derived from (1) that the 
necessary accuracy for x  is of the order of 

9103Kx . It is doubtful whether known 
analytical (approximate) solutions for trajectories, 
obtained with the averaging method, provide so high 
accuracy. In fact, we will show in this article that they 
should be used with extreme care.  

TRAJECTORY EQUATIONS IN 3-D FIELD 
We model the three-dimensional magnetic field by the 

following expressions which satisfy Maxwell equations:  
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Here akx 1 , uzk 2 , 22
zxy kkk , u  is the 

undulator period length. The linear parameter a  gives the 
field non-uniformity along X -axis and is of the order of 
the width of the undulator poles. 

 
Figure 1: Sketch of a permanent magnet undulator. 

 
We will use the exact equations for trajectory [11]:  
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yzx ByxBxByyxqy )1(1 222 . (6) 
Here  and  are the electron reduced velocity and 

energy respectively, )( 2mceq  and an apostrophe 
indicates a derivative with respect to z .  

A computer code was written, which solves the systems 
of Eqs. (2) – (6) by using the Runge-Kutta algorithm.  
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FOCUSING SOLUTION 
By neglecting all quadratic in x , x , y  and y  terms 

in Eqs. (5) and (6), we get the electron trajectory:  
)sin()()( 001 zkpzxzx ,  (7) 

zyyzy 001 )( .   (8) 

Here )2()( 2
0 mceBK u  is an undulator deflection 

parameter, )(Kp , px00  and zkz .  
We may generalize these expressions, searching for 

“focusing” solutions for Eqs. (5) and (6) in the form: 
)sin()()()( zsf kpzxzx ,  (9) 
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where )(zxs  and )(zys  are slowly varying functions. 
Substituting Eqs. (9) and (10) into (5) and (6), and 
averaging over the undulator period (thus cancelling the 
fast oscillating terms), we get the following equations 
found in previous works [4] and [5]:  
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where )2()( zxx kpk  and )2()( zyy kpk  are 
the dimensionless betatron oscillations periods in units of 

u  along the horizontal and the vertical directions. 
Solving these equations, we get for )(zx f  and )(zy f : 
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The main result of this paper is to point out that 
although relations (13) and (14) have been universally 
accepted, in some practically important cases they may be 
in sharp contrast with more accurately calculated results. 
Therefore, Eqs. (13) and (14) should be used carefully. 

NUMERICAL SIMULATIONS 
Let us compare the trajectory computed numerically 

via the Runge-Kutta algorithm (marked as “RK”) with 
those given by Eqs. (13) and (14) (marked as “focus”).  

Since focusing effects are much smaller than linear 
parts of trajectory 1x  and 1y (see (7), (8)), we will extract 

1x  and 1y  from trajectories RKx , RKy , fx  and fy :  
)()( 1 zxzxX RKRK ,    )()( 1 zyzyY RKRK , 
)()( 1 zxzxX ffocus ,    )()( 1 zyzyY ffocus . 

We will consider here two simplest examples, namely, 
electrons moving along a single undulator segment with 
initial zero horizontal shift and zero horizontal deflections 
relative to the equilibrium trajectory: 00x  and 00 , 
while the vertical initial coordinates are equal to 

0,03.0 00 ymmy  and mradyy 002.0,0 00  
(Figs. 2 – 4 and Figs. 5 – 7 correspondingly).  

The simulations were performed with the European 
XFEL parameters listed in the Table 1 (see [12]).  

Table 1: European XFEL Parameters for Simulation  

Electron beam energy  17.5 GeV 

Normalized emittance n  10-6 m rad  

RMS beam emittance n  2.9*10-11 m rad 

Averaged beta-function 15 m 

Undulator period u   40 mm  

Undulator deflection parameter K  4 

Horizontal non-uniformity a  50 mm 

Number of undulator periods N  124 
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Figure 2: Analytically calculated focusX  (red line) vs. 

numerically simulated RKX  (black curve) horizontal 
coordinates of trajectories with 0,03.0 00 ymmy .  

0 1000 2000 3000 4000 5000

0,0

5,0x10-10

1,0x10-9

1,5x10-9

2,0x10-9

2,5x10-9

3,0x10-9

X'
focus

X'
RK

X
'

Longitudinal coordinate, mm
 

Figure 3: Analytically calculated focusX  (red line) vs. 

numerically simulated RKX  (black curve) horizontal 
velocities of trajectories with 0,03.0 00 ymmy .  
 
We mention that 0focusfocus XX  for this case 

(red lines), while numerical simulations show non-zero 
horizontal shift of trajectory. It can be easily estimated 
from Fig. 3 that the average horizontal velocity is about 
1.3*10-9, giving about 1.3*10-9*4960=6.448*10-6 mm 
horizontal shift at the 4960 mm undulator length (Fig 2). 
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Figure 4: Analytically calculated focusY  (red curve) vs. 

numerically simulated RKY  (black curve) vertical 
velocities of trajectories with 0,03.0 00 ymmy .  
 

Figs. 5 - 7 show the electron trajectories with the initial 
coordinates 0000 yx , mrady 002.00 .  
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Figure 5: Analytically calculated focusX  (red line) vs. 

numerically simulated RKX  (black curve) horizontal 
coordinates of trajectories with mradyy 002.0,0 00 .  
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Figure 6: Analytically calculated focusX  (red line) vs. 

numerically simulated RKX  (black curve) horizontal 
velocities of trajectories with mradyy 002.0,0 00 .  
 

Figs. 2, 3, 5 and 6 show that initial shift and deflection 
of electrons in the vertical direction result in additional 
horizontal oscillations of electron velocities, about 

9105.2  in amplitude in our case.  

 
Figure 7: Analytically calculated focusY  (red curve) vs. 

numerically simulated RKY  (black curve) vertical 
velocities of trajectories with mradyy 002.0,0 00 . 

 
Figs. 4 and 7 show that Eq. (14) gives relatively small 

errors for vertical components of trajectory, see also [13].  
Note that Eqs. (2-6) can also be approximately solved 

by means of a perturbation theory approach, which allows 
one to find analytical results with higher accuracy than 
(13) and (14); preliminary results are published in [14], 
and more extended studies will be the subject for future 
works. These analytical results, whilst much more 
sophisticated compared with Eqs. (13) and (14), are in 
excellent agreement with those computed numerically 
with the help of the Runge-Kutta algorithm, also 
confirming the numerical results presented here.  
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