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Abstract

An x-ray FEL oscillator (XFELO) is a fully coherent 4th
generation source with complementary scientific applica-
tions to those based on self-amplified spontaneous emis-
sion. While the naturally high repetition rate, intrinsic
stability, and very small emittance produced by an ulti-
mate storage ring (USR) makes it a potential candidate
to drive an XFELO, the energy spread is typically an or-
der of magnitude too large for sufficient gain. On the
other hand, Smith and coworkers showed how the en-
ergy spread requirement can be effectively mitigated with a
transverse gradient undulator (TGU): since the TGU has a
field strength that varies with transverse position, by prop-
erly correlating the electron energy with transverse position
one can approximately satisfy the FEL resonance condition
for all electrons. Motivated by the recent work in the high-
gain regime we investigate the utility of a TGU for low gain
FELs at x-ray wavelengths. We find that a TGU may make
an XFELO realizable in the largest ultimate storage rings
now under consideration (e.g., in either the old Tevatron or
PEP-II tunnel).

INTRODUCTION

Storage rings have served the synchrotron radiation com-
munity with bright x-rays from spontaneous emission for
over fifty years. Additionally, some have produced coher-
ent, intense radiation in the infrared to ultraviolet spectral
range using free-electron laser (FEL) oscillators. Hence,
it is natural to consider whether the storage rings of today
might also drive an FEL oscillator operating at x-ray wave-
lengths. As shown in Ref. [1], such an x-ray FEL oscilla-
tor (XFELO) is feasible with current linac-based e-beams
using a stabilized Bragg crystal-based x-ray optical cav-
ity. Unfortunately, the equilibrium electron beam bright-
ness of modern third generation storage rings is not suffi-
cient for the XFELO: both the transverse emittance and the
energy spread is too large to provide sufficient FEL gain.
With the recent advances in minimum emittance lattices,
however, so-called “ultimate storage rings” are being de-
signed that can satisfy the transverse emittance condition
€z ~ &y S A/4m at hard x-ray wavelengths. On the
other hand, the longitudinal brightness in a storage ring
is still too poor: the equilibrium energy spread is more
than an order of magnitude too large, with a typical value
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oy /v = oy ~ 0.1%.

To make the large energy spread of a storage ring beam
compatible with FEL operation, Smith and collaborators
[2] proposed designing the undulator field such that the di-
mensionless deflection parameter K = eBj/mck,, varies
transversely as shown in Fig. 1 (here B is the peak mag-
netic field, k, = 27/, is the undulator wave-vector, and
e, m, c are the electron charge magnitude, mass, and speed
of light). Then, by combining this transverse gradient un-
dulator (TGU) field with an electron beam whose energy
is also correlated with transverse position, one can imagine
preserving FEL gain even in the presence of large energy
spreads. The TGU concept was recently revisited for high-
gain FELs driven by large energy spread beams produced
by laser-plasma accelerators in Ref. [3], and for high-gain
FELs in a USR by Ref. [4].

In this paper we investigate to what extent one might
leverage the advances in ultimate storage ring design
with a TGU to drive an x-ray free-electron laser oscil-
lator (XFELO). First, we begin by reviewing some ba-
sic low-gain TGU physics, and show that the parameter
regime for XFELOs is somewhat different than that used
in Refs. [5, 6]. Hence, we reinterpret some of their results,
and then use some relatively simple analytic expressions to
describe the TGU effect as it pertains to x-ray parameters.
These expressions can be derived from the more complete
3D gain analysis that we sketch in the Appendix. Next,
we discuss how the ideas developed for the TGU-FEL can
be applied at x-ray wavelengths, and show how XFELO
operation may become viable in a TGU with an electron
beam whose energy spread is of order 0.1%, provided the
emittance is < A\/4m. Finally, we begin to explore what
additional constraints are imposed if this e-beam is derived
from a stable, high brightness, ultimate storage ring (USR).
It appears to be quite difficult to operate the XFELO in a
USR without some sort of bypass line, and we further find
that maintaining sufficient peak current and realistic kicker
times are quite challenging. Nevertheless, we show that
there are a set of parameters for which a storage ring TGU-
XFELO is compatible with the PEP-X ring design [7].

FEL PHYSICS WITH A TGU

FEL gain requires a resonant interaction between the
electrons and the radiation field. Writing the fundamental
radiation wavelength as A\; = 27/k;, the FEL interaction
requires that
1+ K?/2
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be approximately satisfied for almost all of the particles in
the beam, where  is the electron’s Lorentz factor. For this
reason, traditional FELs require e-beams with very small
energy spreads: for a low gain device the FEL bandwidth
scales ~ 1/N, and we require oy K 1/N,. Ref. [2]
showed that this constraint can be relaxed by designing the
undulator field to vary transversely and then sorting the in-
coming electrons such that those with higher energy see a
stronger field than those with lower energy such that the
resonance condition (1) is satisfied for all electrons.

For example, the decreasing undulator gap in Fig. 1 re-
sults in a B-field that is an increasing function of x, mean-
ing that one would ideally position the electrons so that
their energy is a monotonically increasing function of x.
Specifically, we want

1+ K?(x;)/2 _ 1+ K2(z;)/2

A=\, u
27 275 (1 +n;)?

2
for each electron indexed by j, where n; = (v; —v0) /70 is
the normalized energy deviation from the reference energy
Yo. We approximately satisfy Eq. (2) for all electrons by
introducing dispersion upstream of the undulator that cor-
relates the electron’s energy and position according to

rj = Dnj+xg;, 3)

where D is the dispersion strength and x4, is the residual
position whose initial value equals the transverse coordi-
nate before the dispersion section. Assuming a linear de-
pendence of K near the origin, K (z) ~ Ky(1 + az) with
« the transverse magnetic field gradient, we insert the co-
ordinate (3) into the resonance condition (2) to find

1+ K?*(Dnj; +p,)/2
295 (1 +n;)?
1+ K2/2 Kga(Dn; + ;) -
242 1+ K2/2 ’7]

- u

~ A ey

Now, we can eliminate 7); from the resonance condition (4)
and effectively remove the influence of energy spread by
choosing

= : &)

Note that this TGU cancellation is only important if the
beam size in the undulator is dominated by the disper-
sion, namely, if the beam size before the dispersive section
(53) = 0F < Doy

Further analysis of the TGU-FEL was performed by
Kroll, Rosenbluth, and collaborators [5, 6], who found that
FEL emission/gain in a TGU also excites transverse beta-
tron oscillations, and that using a TGU to increase the ac-
ceptable energy spread by a factor of R implied that the
required emittance was reduced by a factor 1/R. These
results apply in the limit that the electron beam executes
many betatron oscillations in the natural focusing provided
by the transverse gradient, which is typically far from sat-
isfied at x-ray wavelengths. In fact, to lowest order we
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Figure 1: Schematic of a transverse gradient undulator,
where the field gradient is due to the variation in the mag-
netic gap obtained by canting the undulator poles. If the
e-beam energy is correlated in x according (5) than the re-
quirement on the energy spread can be greatly reduced.

can typically ignore the natural undulator focusing for the
high energy e-beams required for x-ray FELs, while the
gradient-induced focusing strength is a factor a/k, < 1
smaller; hence, we will discuss a different TGU limit rele-
vant to XFELO operation.

FEL Gain in a TGU

We can acquire some basic understanding of the FEL
gain in a TGU by considering a one-dimensional (1D)
model for an e-beam with a Gaussian energy spread o,,.
The 1D gain G for an undulator of N,, = L, /A, periods
and a beam of peak current [ is

e T RAWE N
oy 141+ KE/227%,%,
1/2
X /dsdz sin[2r N, Av(z — s)] ©)

~1/2

% (Z _ S)e—Q[QﬂNu(Z—S)Un]Z i

Here, Av = v — 1 = (w — wy)/w; is the frequency differ-
ence from FEL resonance, [4 = 4megme® /e =~ 1TkA is
the Alfvén current with €y the permittivity of free space,
the Bessel function factor [JJ] = Jo[K3/(4 + 2K3)] —
Ji[KG/(4+2K3)], and 33 | = 02 | + o7 are the con-
volved transverse sizes in terms of the rms e-beam (o )
and radiation (o, ) sizes. The gain expression (6) repro-
duces the well-known formula for a low-gain FEL when
oy, — 0, and it can be easily related to the standard con-
volution of the mono-energetic gain with the energy spread
(see, e.g., [8]), or derived from the fully 3D analysis of
Ref. [9] and the Appendix.

We simplify the gain equation (6) by assuming that the
Rayleigh range is of order L,, /27 and that the electron and
radiation beam sizes are matched to maximize their over-
lap,

MZ VAL,
Se =8y 2 V20, =/ S & Y (7)
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so that the gain becomes

Ar3 T K22 N2

G=_21 & 2ol
Y g1+ Kg/Q Au
1/2
X /dsdz sin[2r N, Av(z — )] ®)
—1/2

> (Z - 5)672[27rNu(z75)an]2.

If the energy spread can be neglected, meaning that
(2m0,)? < 1/N2, than the integral gives the usual deriva-
tive of the sinc®(27r N, Av) associated with spontaneous
emission. This factor depends only on N, Av, so that the
gain increases as N2 when o,, — 0. In the opposite limit
when the energy spread dominates, the integrand is neg-
ligible unless |z — s| < 1/N,0, and Av = o,, so that
the integral scales ~ 1/N7o7 and G is independent of the
number of undulator periods. Upon maximizing G with re-
spect to Av an accurate fitting formula that describes the
1D gain for arbitrary energy spreads is

4 T K0P M 0.27N2
v Ia1+K2/2 X, 1+ (5.46N,0,)2
N2
= P (5.46Ny0,)2’

GreL =

©))

where we have introduced the constant gg that is indepen-
dent of N, and 0.

On the other hand, from Eq. (4) we see that the reso-
nance spread for a TGU-enabled FEL is given by z5,/D
rather that 7;, while the beam size along x is dominated by
the dispersion. Hence, we can understand the TGU’s gain
properties by making the replacements o, — o0,/D and
Yo = (02+02, + D20727)1/2 ~ Do, in (6); using a sim-
ilar analysis we find that the TGU gain formula analogous
to Eq. (9) is

V2N; /oy,
PDJo, + (546N, )20, /D’

Grou ~ (10)
This expression can also be derived from the 1D limit of
Eq. (27) in the Appendix, for which D, = D, = 1 and
Y4 — 0. For large energy spreads (N2o2 > 1) the ratio

n
of the TGU gain to that of a standard FEL is given by

Doy, V2
or 14+ [D/(5.46N,0,)]?

We see that the gain of the TGU first increases with increas-
ing dispersion D as the larger x-7y correlation mitigates the
variation of the FEL resonance condition. Once the energy
spread effect is effectively cancelled, however, increasing
the dispersion and e-beam size further leads to a decrease
in the FEL coupling and, hence, G. Equation (10) predicts
that the TGU gain is maximized when D /o, = 5.46N,,
in which case we immediately find that that a TGU can in-
crease the gain in a long undulator by a factor of

Gty _

(1)

GFEL

G D
U ~ 5.46Ny0,) = —1 > 1. (12)
FEL Oz
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Figure 2: Gain as a function of the expansion parameter
Do, /o, using the parameters of Table 1. In solid red is the
maximized gain using the theory of the Appendix, while
the green dotted line plots the simple 1D-type prediction of
Eq. (10) scaled to match the maximum of Gipeory. In blue
we plot simulation results using the parameters from the
maximization of Gieory-

Essentially, the gain can be increased in proportion to the
amount that the e-beam size is expanded due to the induced
dispersion upstream of the FEL. This result applies for long
undulators such that N, > 1/c,, when the effects of emit-
tance and diffraction are small (5, < A1 /4m).

We plot the anticipated FEL gain as a function of
Do, /o, in Fig. 2. Here we have used the basic e-beam
and undulator parameters from Table 1, although we vary
D, «, and the e-beam and radiation optics to maximize G
at each point. The red solid theory line graphs the predic-
tions based on the theory of the Appendix [i.e., Eq. (27)],
which has been maximized with respect to the frequency
difference Av, the z-Rayleigh range in Zp_, and the y-
beta-function at the waist §; = o,/e, assuming that
Zr, = B, = 02 /e,; the full theory is closely followed
by the simple 1D-type prediction of Eq. (10), which we
scale to match the maximum of Gipeory. Finally, we plot
in blue the 3D, time-independent simulation results for the
gain. All results predict that a TGU can increase G by more
than an order of magnitude over the standard « = D = 0
FEL that has G =~ 3%. The gain curve from full numerical
simulations is similar to that of our theory, although Gy, is
about 10% bigger at large dispersions D. While this level
of accuracy is to be expected since the next order correc-
tion to the theory scales ~ (G — 1)? ~ 10%, we do not
understand why the discrepancy is asymmetric.

A TGU-enabled X-ray FEL Oscillator

We have discussed how a TGU may enable FEL oper-
ation for beams with large energy spreads, used relatively
simple arguments to show that the increase in gain scales
roughly as (12), and provided an explicit formula (27) for
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Table 1: Sample Parameters for a TGU-enabled XFELO
Operating at a Photon Energy of 14.4 keV

e-Beam Undulator
1 20 A Ny 2500
o./c 2 ps Au 1.63 cm
yome? | 6 GeV L, 40.75 m
oy 0.14 % Ky 1.0
€z =¢&y | 52pm a 34 /m
D 8.8 cm ave gap | 7 mm
By 7.3 m
Radiation FEL output
A 0.886 A P(G=0.2)] 19MW
Zg, 105 m Est. Aw/w; | <1077
ZR, 7.3 m Est. Pout ~ 1MW
linear G 0.44 Est. Ny, out ~ 109

the gain in a TGU including the effects of the applied dis-
persion, the e-beam energy spread and emittance, and ra-
diation diffraction when the natural undulator focusing can
be neglected. In this section we will show results for the
TGU gain using parameters that anticipate those of the po-
tential PEP-X ultimate storage ring [7].

We list representative e-beam, undulator, radiation, and
FEL parameters for a TGU-enabled XFELO designed to
generate 14.4 keV photons in Table 1. The energy, emit-
tance, and energy spread are typical of the very large ulti-
mate storage rings that are presently being considered, but
the longitudinal e-beam width o, and hence, the peak cur-
rent, is somewhat unique to the PEP-X design [7]. The
latter I is considerably larger than, for example, that of the
proposed Tevatron-based USR [10]. Since the linear FEL
gain is directly proportional to I this is an important point,
and we will return to discuss it more fully in the next sec-
tion.

The undulator parameters are quite similar to those first
proposed in [1], with the main differences being that the
XFELO in Table 1 is designed for 14.4 keV photons and the
magnetic field gap along the axis (labelled “ave gap”) has
been increased to 7 mm. The undulator gradient satisfies
the TGU condition (5), with the dispersion D in Table 1
designed for a TGU expansion of Do, /o, ~ 20. We can
estimate the required variation in the magnetic field gap
to produce this « by repeating the arguments of [3] that
are based on the Halbach formula for the on-axis field of a
Samarium-Cobalt permanent magnetic device:

Bo[T] o exp [—/{q (5.47 - 1.8;])]
_ 1dBy _ 369447\ dg

= N 209 2RIALY g
*= B, dz A2 a1

Hence, for the gap g = 7 mm and period A\, = 1.63 cm we
estimate that each pole will have to be angled by ~ 0.07
radians with respect to the horizontal.

Using these nominal e-beam and undulator parameters,
we plot in 3(a) the theoretical FEL gain as a function of the
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Figure 3: (a) Theoretically predicted gain as a function of
By = Zr, = 02 /e, at the undulator center and the -
Rayleigh range Zp, for the parameters of Table 1. (b)
Simulated profile of the FEL mode at its waist as imaged
by 1: 1 optics. We used Zr, = 7.3 m and Zg, = 105 m,
while the aspect ratio of the radiation (e-beam) is measured
to be approximately 3.7 : 1 (20 : 1).

e-beam 3, -function at the waist and the radiation x-Raleigh
range Zp,. Here, we use the theory of the Appendix with
the e-beam focusing such that 3, (L, /2) = 02 /e, = Zg,,
which we have found to yield approximately the maximum
of G. Note that while this theory somewhat underestimat-
ing the actual gain as shown in Fig. 2, FEL simulations
verify that the functional dependence of G on the e-beam
and radiation focusing parameters are quite similar to that
shown here. For example, the gain depends very weakly on
the Rayleigh range Z_, decreasing by only a few percent
as one quadruples Zp_ from about 100 to 400 m. This may
allow one to eliminate one of the focusing mirrors along x
(this is not possible in y since Zg, < 10 m).

In Fig. 3(b) we show the simulated image of the mode
shape at the undulator center when the e-beam (-functions
and radiation Rayleigh ranges are chosen to maximize the
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gain (exact parameters are listed in Table 1). Here, the
mode that maximizes the gain is elliptical, although not as
elongated as the electron beam — while the aspect ratio of
the e-beam is about 20 : 1, it is only about 3.7 : 1 for the
mode of maximum gain. As mentioned earlier we can fur-
ther increase Zr, without significantly changing the gain,
which would yield a more asymmetric mode. Regardless,
since the field is coherent this asymmetry can be removed
with appropriate focusing or with the reflection from an
asymmetric Bragg crystal; for the initial input here that is
Gaussian (M, M, = 1), the field after FEL amplification
was measured to have M, M, < 1.01.

Finally, we list the anticipated XFELO field properties
in the column FEL output of Table 1. For example, we
find that the nonlinear effects of particle trapping reduce
the gain to 20% when the cavity power is about 20 MW,
so that if the total cavity losses are 20% and we couple
5% of the field out of the cavity than the estimated out-
put power is about 1 MW. Since we do not yet have a
time-dependent FEL simulation for the entire TGU-based
XFELO, at this point we only estimate the normalized
bandwith and photon number by scaling previous results
for a standard XFELO. Based on these results, we predict
that the normalized bandwidth can be as low as 2 x 1078,
while we expect that the total number of coherent photons
to be a few x10?; thus, we believe that the numbers listed
in Table 1 are conservative. For this number of coherent
photons the source brightness is between 1033 and 1034
photons/[mm?mrad?s(0.1% BW)].

AN ULTIMATE STORAGE RING-BASED
XFELO

Synchrotron light sources based on electron storage
rings have grown tremendously around the world over the
past two decades. Today these 3™ generation light sources
use high energy, low emittance electron beams and undu-
lator insertion devices to produce high brightness x-rays.
Typical e-beam energies range from 1.5 to 8 GeV, while
the natural emittance of the stored beam is typically be-
tween 1 to 10 nm-rad as determined by the beam energies,
the magnet lattice properties, and the ring circumference.
Advances in lattice design have opened the door to USRs
whose emittances are in the picometer regime. We dis-
cuss some additional constraints required if the ring to drive
XFELO, and then discuss how the PEP-X design is partic-
ularly well-suited for doing this.

USR Constraints from XFELO Requirements

Experience has shown that an FEL oscillator does not
produce stable output when it is operated as a normal inser-
tion device in a storage ring. Rather, the FEL and the ring
act as coupled oscillators in which long time-scale (com-
pared to the time between bunches) oscillations in FEL
power are out of phase with oscillations in e-beam energy
spread and emittance [11]. Since the operation of a TGU-
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Ultimate Storage
Ring (USR)

Electron

\ bunches
T

Figure 4: Schematic of an x-ray FEL oscillator in a bypass
line of an ultimate storage ring.

based XFELO is fine-tuned to the assumed partitioning of
the electron beam phase space, it appears to be best to de-
couple the storage ring beam dynamics with that of the
XFELO by operating a pulsed FEL in a bypass of the USR
as illustrated in Fig. 4.

For an XFELO in a bypass, a sequence of electron
bunches whose temporal spacing matches the round trip
time of the optical pulse in the x-ray cavity Ti,yiy is se-
lected from the storage ring and directed into the bypass
line by means of a fast pulsed kicker magnet. The bunches
drive the XFELO to saturation, with each “used” bunch
being returned to the ring so that the increased energy
spread/emittance can be damped back to their equilibrium
values. If the storge ring damping times 7, . are longer
than the time required for the XFELO to use every stored
electron bunch, than the XFELO must be turned off for the
remaining time.

We assume that the Nyunen > 1 stored electron bunches
in the ring are temporally spaced from one another by
Tounch = Cring/C¢Nbunch as shown in Fig. 4, where Ciing is
the ring circumference. Hence, to operate the bypass line
we require a fast kicker magnet with rise and fall time
Tkicker < Tbunch to direct one electron bunch into the by-
pass at a time. Successive bunches in the XFELO bypass
are temporally spaced by 7¢ayiry, meaning that the kicker
fires at a repetition rate equal to 1/ Ttavity- Thus, the kicker
rise/fall time Tijcker, its period of operation Ttayiy, and the
electron bunch spacing in the ring Tiynch are related by

Tkicker < Tbunch < Tcavity~ (14)

Equation (14) describes the important role played by the
full width duration of the kicker: Tijcker puts a lower bound
on the spacing between the electron bunches, which in turn
leads to an upper bound on the number of stored bunches
Nounch = Cring/Thunch-  Nouneh is critical for determin-
ing how long the XFELO can operate before the FEL in-
teraction degrades the energy spread and emittance of the
stored beam. For a large USR with a sufficient number of
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stored bunches such that the storage ring damping times
Te,y,z <K Nounchcavity, than the beam returns to its high-
brightness equilibrium before being kicked back into the
bypass, so that the XFELO can be constantly operated. On
the other hand, if the 7, , . are too long than the FEL in-
teraction can degrade the beam energy spread and emit-
tance after each bunch is used approximately once. In this
case the XFELO must be turned off after producing x-rays
over a time ~ Npunch T cavity, and only returned to operation
once the ring approaches its equilibrium after 3-4 damping
times.

Fast kickers are currently being developed in a number of
laboratories around the world. One of the most promising
devices that may be adapted to a USR is the International
Linear Collider prototype developed at KEK-ATF, which
has been demonstrated in tests to have Tijerer < 5 ns [12].
Hence, in what follows we will only consider rings whose
bunch spacing Tpyncn ~ 5-10 ns, which in turn typically
limits the XFELO to a pulsed mode of operation so that
the e-beam may be returned to its high-brightness equilib-
rium; further improvements in fast kickers may permit an
XFELO to be run all the time.

The timing relations (14) constrain the bunch pattern in
the storage ring, while requiring the gain to be 2 30%
puts strong limits on the emittance and peak bunch current.
For the largest USRs the emittance ¢, ~ g, < /47 at
angstrom wavelengths, in which case achieving sufficient
peak I is the primary concern.

PEP-X Design

Most third generation storage rings have lattices that are
built with repetitive cells known as double-bend or triple-
bend achromats. To further reduce the emittance in a stor-
age ring one must pack more magnets within a cell or in-
crease its circumference to accommodate more cells.

Recently, a 7-bend achromat lattice was proposed in
Sweden for the MAX-IV project [13], achieving a natural
emittance of 0.25 nm-rad at 3 GeV in a 500-meter storage
ring. This remarkable breakthrough was possible largely
because of a technology of building compact magnets de-
veloped in the MAX-Iab in many years. Simply scaling the
MAX-IV ring from 0.5 to 2.2 km in circumference while
retaining its cell structure, one could have a storage ring
with 12 pm-rad emittance at 6-GeV beam energy.

This simple USR design philosophy was adopted by
Ref. [7] and then extended using an improved method to
optimize the dynamic aperture to propose a potential USR
to be situated in the the old positron-electron project (PEP)
ring. This PEP-X storage ring design reduces the natural
emittance by converting the straight sections of PEP into
arcs to form a circular machine. Additionally, the pro-
posal uses the superconducting RF cavities developed for
the CEBAF upgrade project [14] to longitudinally shorten
the electron bunch. By applying an 80-MV accelerating
gradient at a frequency of 1.5 GHz, the bunch length could
be made as short as 2 ps, thereby increasing the peak cur-
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Table 2: Main Parameters of the PEP-X Ultimate Storage
Ring

Parameter Description Value
Cring circumference 223421 m
~Yomc? beam energy 6.0 GeV
€y X,y emittances | 5.2,5.2 pm-rad
oy energy spread | 1.39 x 1073
o, bunch length 0.60 mm
Tr,y,z damping times | 13, 15,9 ms

rent of a 100 pC bunch to about 20 A. The main parameters
of the lattice are tabulated in Table 2.

As we have shown in Table 1 and Fig. 3, these USR pa-
rameters are sufficient to produce single pass FEL gains
~ 40% for 14.4 keV photons. On the other hand, we
still must determine a bunch pattern that satisfies (14) and
has enough stored electron bunches to have a significant
amount of steady state XFELO operation. Previous studies
have shown that XFELOs similar to that described in Table
1 typically requires ~ 500 passes to reach a steady state
where the fluctuations are < 1%; hence, we would like the
ring to store Nyuuen 2, 1000 bunches to have enough steady
state x-ray pulses for the users, while the total number of
available accelerating buckets is 11170.

We imagine filling every 10" bucket, which implies
that we store 1117 bunches spaced every Tiunch =
Cring /¢Nyunen = 6.67 ns, which is larger than the mea-
sured 5 ns kicker rise/fall time for KEK-ATF prototype.
As shown in Fig. 3, the gain is maximized when Zp ~ 7.5
m, which implies that a reasonable distance between the
mirrors for optical stability is 75-100 m with a round trip
optical path length twice that. This distance is reasonably
well matched to the 186 m path length required if we kick
out every 93" bunch, so that Teaviy =~ 0.647 ps. In ad-
dition, the timing pattern so described uses every electron
bunch exactly once in the FEL before repeating.

Every electron bunch has contributed to the FEL gain
and suffered significant reductions in 6D brightness af-
ter approximately 0.72 ms. At this time the XFELO
must be turned off for at least 37, ~ 45 ms to return
to its equilibrium, meaning that the XFELO duty fac-
tor will be between 1% and 2%. Even when operating
1% of the time, an XFELO producing x-rays with the
single pulse characteristics of Table 1 at repetition rate
of =~ 1.5 MHz will have a time averaged brightness ~
1026 photons /[mm?mrad®s(0.1% BW)].

In principle one might able to operate the XFELO con-
stantly by filling every bucket and increasing the cavity
length by about a factor of 5-8. This, however, would re-
quire confronting two significant technological challenges:
the longer x-ray optical cavity would have more strin-
gent stabilization conditions, and the kicker rise/fall times
would have to be reduced below one nanosecond.
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Other Potential USR-based XFELOs

It appears that there is a rather limited parameter space
for a TGU-enabled XFELO operating at an ultimate stor-
age ring. Nevertheless, we have shown that it may be pos-
sible to operate such a device at the PEP-X USR. Simi-
lar sized rings should also be able to accommodate the re-
quired bunch pattern/spacing for the XFELO bypass. On
the other hand, it may not be as trivial to reproduce the
comparatively high (= 10 A) peak current. The PEP-X de-
sign benefits from a naturally small momentum compaction
and also employs strong 1f to focus the bunch longitudi-
nally, both of which contribute to a short electron bunch
that is still below the microwave instability threshold. We
have found that other ultimate storage rings presently being
considered have insufficient peak currents for FEL gain.

For example, the nominal design of the very large 9 GeV
USR proposed for the old Tevatron initially appeared to
be quite attractive from an FEL standpoint. However, the
nominal bunch length becomes considerably longer once
nonlinear and collective effects are included [10], and the
peak current of about 4 A leads to an FEL gain of only
10%. We have found one way to improve the FEL gain is
by changing the emittance partition/coupling in the storage
ring: while the design in [10] has unit coupling (e, = &),
one might significantly reduce the emittance in the vertical
plane by decreasing the coupling. In this case the nominal
beam size o, can also be decreased. If one then orients the
TGU-FEL such that the gap is vertical (i.e., rotates Fig. 1
by 90°) and disperses the beam along y than the gain can
be improved significantly. The increase in G is primarily
due to the smaller beam size in the dispersed direction for
a given TGU gain enhancement ~ Do, /o, while the out-
put field profile can be round. On the other hand, decreas-
ing the coupling leads to an increase in €, due to intrabeam
scattering, which may not be ideal for operations. Never-
theless, preliminary indications are that G’ can be increased
to 30% in the Tevatron-based USR even with the low peak
currents, while gains twice that shown in Table 1 are possi-
ble at PEP-X.

CONCLUSIONS

We have shown that a transverse gradient undulator can
enable useful FEL gains 2> 30% at hard x-ray wavelengths
for electron beams with o.,/vy =~ 0.1% provided that
€2y S A/4mand I 2 10 A. These beam parameters are
close to those of the largest ultimate storage rings presently
under consideration, and it may be possible to use a fu-
ture USR to drive a TGU-enabled x-ray FEL oscillator in
a bypass line. While the USR is strongly constrained by
the relatively large peak currents and short kicker rise/fall
times preferred by XFELO operation, we have shown a set
of parameters for which an XFELO is possible within the
PEP-X USR design. Such a (pulsed) device would pro-
duce hard x-rays of unparalleled spectral flux and stability
to vastly improve the reach of many scientific experiments.
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APPENDIX: 3D THEORY OF FEL GAIN

The linearized transverse electron equations of motion
including the effects of the TGU are

dx dp,, K?a?

— =, =— = k2 15
dz 7 dz 2% * 2 (15)
dy dpy K2(k2 +a?) 5

& _ Wy _ BT 16
dz Py dz 2% v vy, (10)

which differ from the standard equations by the additional
focusing provided by the undulator gradient cv. In the above
we have assumed that a uniform, static magnetic field of
strength (mc/e)(K?a/27y) has been added to cancel the
net bending that results from the asymmetric wiggle motion
due to the transverse gradient. The longitudinal equations
are

% KOQOzxj /ﬁ

=2k — ky—252— — = (p? + k22?) (17
dz m =g g Bt ke) A7)
dn eK[JJ] wl; ikipx;

szzw/dud¢Eu<¢;z>e iei®®i 4 e,

(18)

where FE,(¢;z) is the electric field amplitude in the
frequency-angular representation, whose coordinates are
the normalized frequency v and the transverse angle from
the axis ¢ = (¢, ¢, ). Note that the energy spread effect in
the phase equation (17) cancels if n; = KZax; /(2 4+ K3),
reproducing condition (5).

The FEL amplification in the low-gain limit can be found
using the method proposed in Ref. [9], in which the lin-
earized equations for the electron distribution function and
the field are solved assuming that the change in E, is
small. We introduce the distribution F,, describing the mi-
crobunching near the fundamental frequency v =~ 1, whose
linearized Boltzmann equation is given by

oF, do

v
0z _Hl/dz +

dﬂ aF”_Fi
dz Ox dz Op

dp OF,  dnOF
: Lo (19)

where F' is the smooth, background distribution around
0 that we assume is in some sense much bigger
than F,,. Hence, the equation governing the background
distribution is approximately independent of F,, and F
evolves along the unperturbed trajectories associated with
(15)-(16).

In terms of F),, the Maxwell equation is

| Z]

(88 + ik, Av + “;1¢2) Ey(¢;2)
) K[J]] o
— 7€TL57 /dnd:de eiikld).wa(na T, P; Z)v

2M\e0m0
where n. is the electron density. As mentioned previously,
the low-gain solution to (19)-(20) was derived for a stan-
dard undulator (&« = 0) in Ref. [9], and a particularly
elegant expression for the gain was determined when the
transverse focusing can be neglected; specifically, it was
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shown that the gain can be written as a convolution over the
brightness fields of the input radiation, the undulator radi-
ation, and the electron beam distribution F. A structurally
similar result for the gain can be found from the equations
above.

Rather than write out the long calculation whose de-
tails closely follow [9], we will merely sketch the steps in-
volved. We first solve the Boltzmann equation (19) by inte-
grating along the unperturbed trajectories (characteristics),
which when inserted into (20) leads to an integral equa-
tion for the electric field. In the low-gain limit a closed
form solution for E, can be obtained using the first term
in the Liouville-Neumann series solution (i.e., the Born ap-
proximation). In the limit of negligible focusing relevant to
XFELOs, 1 > kL, > k;L,, the gain can be written as

— ML[JJ])Z d’r]dpd(}sdmdq BE(qa ¢ + p)

~ AN2egyime
BU(U; T, ¢a ady, O‘pz)%p(na T+ Q7p)
[dpdy Bg(y,v) ’

where the radiation brightness

Bg(z, ¢) = / ¢ e =EEH (b + $)E, (6 - §), (22)

2

while the undulator “brightness”
Ly /2
/ dzds/df ei(Au—n)k'u(z—s)e—z’k'lcc-g

—L./2

BUE

f ) (23)
« etk (P+€/2)%2/2 ,—ik1 (¢p—£€/2)%s/2

y elﬁ(iog‘j?[x+qm+pm(z+s)/2]ku(z—s);
note that By in (23) is the standard undulator brightness
when o — 0, in which case the last line above becomes
unity and the gain formula (21) simplifies to a convolution
over brightness functions.

We can simplify the abstract gain formula (21) to a semi-
analytic expression that we have found to be quite useful
when trying to quickly optimize G by assuming a Gaussian
distribution for both the input field £, and the background
electron distribution function:

.'172 y2
Bi(e.0) = (- o - oy )
T ry

e 42 24)
X exp( -5 = g )
20¢I 20%
2 2
B e /20, 22 y2
F(n,z,p) = 7(2703/25 pu eXP(—W - 22)
z0n T y
vl (25)
1 P2 Dy
X eXp( — 5 T o g ) .
2me, 20, Qpr

Using the brightness fields (24)-(25) and the undulator
definition (23) in the expression of G results in an un-
ruly expression that can be tamed with a number of care-
ful Gaussian integrations; all but two integrals can be done
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analytically. We obtain even simpler final expressions by
assuming that the gradient and dispersion are related by
2+ K2 D’}
ab =" T i o
Ki D20+ 02

(26)

The condition (26) agrees with (5) when 02 < D?07 and
the TGU is effective, while having a straightforward limit
for vanishing « and/or D. Then, the TGU-FEL gain be-
comes

Com® 1 K32 NEN

O LT KRy,
1/2
X /dzds eXp{7W}
-1/2 Q27)

y (z — s) exp[2miN,Av(z — )]

i\/D,D,

[27 Ny Ly (z2 752)D¢7P‘T 0727]2
2(c2 +D20'$])2 ’

X exp {—

where we have defined the transverse factors D, ,, in terms
of the convolved sizes and divergences

5, = \/ag +02 + D22 T, =,/o2 +02 (28
¥y =4/ol+ 02 Sy, =4/02, + Uiy (29)

via

252
IDLy =14+ ZSTM
oy ( L (30)
. 2 Z = 8)Ly
—1 |:(Z — S)leuZ¢L,y + %:l

Note that in the 1D limit D, , = 1 and E%W = 0, so that
the expression above has an identical form to (6).

The general gain formula derived above shows that the
energy spread effect is characterized by the dimension-

less parameter 2w Ny, 0,/ /D? + 02 /o2 when the disper-

sion and undulator gradient are related by (26); G has the
appropriate limits for large and vanishing dispersion, and
at the waist the convolved beam size in = has contribu-
tions from the natural e-beam and radiation widths along
with the beam size increase due to dispersion. The fac-
tor on the last line of (27) limits the gain when the -
divergence disrupts the x-y correlation required for TGU
energy spread compensation; this effect is small provided
(0pNuLy/D)* ~ [(0p/04)Lu]* < 1, which is typically
the case.
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