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Abstract
We calculate the spectral distribution of spontaneous

emission and the gain of electronsmoving in plane wig-
gler with inhomogeneous magnetic field. =~ We show
that electrons do complicated motion consisting of
slow(strophotron) and fast(undulator) parts. We average
the equations of motion over fast undulator part and ob-
tain equations for connected motion. It is shown, that the
account of inhomogenity of the magnetic field leads to ap-
pearence of additional peaks in the spectral distribution of
spontaneous radiation and the gain.

INTRODUCTION

Free-Electron Lasers are powerful, tunable, coherent
sources of radiation, which are used in scientific re-
search, plasma heating, condensed matter physics, atomic,
molecular and optical physics, biophysics, biochemistry,
biomedicine etc. FELs today produce radiation ranging
from millimeter waves through to ultraviolet, including
parts of the spectrum in which no other intense, tunable
sources are available [1], [2]. This field of modern sci-
ence is interesting from the point of view of fundamental
research and very promising for further applications.

Usually FEL [3], [4] use the kinetic energy of relativis-
tic electrons moving through a spatially modulated mag-
netic field(wiggler) to produce coherent radiation. The fre-
quency of radiation is determined by the energy of elec-
trons, the spatial period of magnetic field and the mag-
netic field strength of the wiggler. This permits tuning a
FEL in a wide range unlike atomic or molecular lasers.
In usual FEL magnetic field of wiggler is supposed to be
uniform. But really the magnetic field is inhomogeneous
in transverse direction(see for example [5]). It is impor-
tant to take into account this inhomogeneity. This account
leads to complex motion of electrons: fast undulator os-
cillations along the wiggler axis and slow strophotron mo-
tion [6], [7], [8], [9], [10], [11] in transverse direction .

In the Sec II we describe the equation of motion of elec-
trons moving along the axis of the wiggler with transversal
inhomogeneous magnetic field. In the Sec. III and IV we
calculate the spectral distribution of spontaneous emission
and the gain correspondingly.
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EQUATIONS OF MOTION

The vector potential of undulator’s magnetic field has a
form [12]

H, R
m = ——Ocoshqomsinqoz J (1)
q0
where Hj is the strength of magnetic field and ¢o =
27/ Ao, Ao - period of wiggler, j unit vector in y direction.
Corresponding magnetic field is

~ - . (0A, 0Ay ~ (0A, 0A,
= TOtA—’(ay ‘az>+ﬂ<az‘ ax>
~ (04, 0A,\ .04, -0A,
+k(@av 8y> Z6z+ ox
= iHy cosh oz cos goz — l%Ho sinh goz sinqpz (2)
So

H, = Hcosh qox cos qoz; Hy = 0;
H, = —Hysinh gpz sin ¢y z. 3)
These fields satisfy Maxwell’s equations divH = 0 and
AH =0.
Equations of motion in the fields (3) have a form

d -

5; = ¢[tH], = e(vyH, — v.H,) = ev, H.,

Wy 5, = e(oaHy — v, HL) = v H H
dt - €[U ]y - 6(1]2 xz — Vg z) = CUxlly — €U I,
d -

CZZ = ¢[VH]; = e(v,Hy — v Hy) = —ev H, “4)

and change of energy

d
d—i =0, &=const 5)
Further we consider paraxial approximation when
qoxr < 1 (6)
Taking into account (6) the magnetic field (2) becomes
2,2
H, = H, (1 + 7(]02% ) cos qoz; Hy = 05
H, = —Hyqoxsingoz (7

Then we can write equations of motion
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d
% = —eHyqorvysinqoz
d 2,..2

Py _ eHy [v, | 1+ %% COS oz + qovx sin qpz
dt 2
d 2,.2

5: = —eHyvy, (1 + 11025E> COoS Q2 (8)

or taking into account (5) (Pz,y,> = Va,y,-€)

. eHoqo . .
r = - Ty sin goz
H, 2,.2
yo= i {z (1 + qo;) COS qoZ + qoxT sin gz
€
H 2,.2
3 = ¢t (1+q02$ >ycosqoz 9
€

One can see, that

2.2
Qo

2 !/
(QO; sinq0z> = qoxxsinqoz + zcosqoz (10)

and

/73cosq0z dt = /cosqoz dy = 20907 (11)
q0

Using relations (10) and (11), we can integrate the sec-
ond equation of (9) and obtain

H 2,.2
eHy (1 N %l’) Singo>
£qo 2

Plugging 9(12) into first and third equations of (9), we
obtain(taking into account (6))

(6H0)2 i
— | — | xsin”qoz
€

Y= (12)

1 [eHy\?
T T <eeo) sin2goz(1+ ggz?)  (13)

After averaging first equation of Eq.(13) on period 27 /qq

and taking into account that sin? gpz = 1/2 we have

P2 2=0 (14)
which has a solution
x = ag cos(Q2t + bp) (15)
where
eH, o?
0 = —; ag =\ 22 + =5
\/56 0 0 QQ
Q
costy = @; sin 0y = ——a/ ;
ao an
o}
0y = —arctan — (16)
xOQ
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Averaging of the second equation of Eq.(13) gives

20 =0, 20 =¢; 20 =y, (17)

The solution of the second equation of Eq.(13) using
Eq.(15) and Eq.(17) has a form

0?2 0?2
) = ——=t+ —5sin2qpt
z 2q(2) + 4(18 sin 2qo
a20? |
+ o sm{?(qo + Q)t + 29()}
16q0
0202
in{2(qo — Q)t — 26 18
+ 1640 sin{2(qo — ) o} (18)
So, for z we have
t|1 ! @ + L 2qot
z = - — T —5 sin
2 " ag) ag P
QQ2
+ S0 sin{2(qo + Q)¢ + 26}
16(]0
202
in{2(qo — Q)t — 26, 19
+ 1640 sin{2(qo — ) 0} (19)
Here we take into account, that 1 — v = ﬁ, where

vy = mEcz is a relativistic factor, m- mass of electron, c-

velocity of light and E- energy of electrons.
Limitations used in above consideration are

— <1
do

aopqo < 1; apfly < 1 (20)

In longitudinal direction(along axis z, wiggler’s axis)
electrons perform fast undulator oscillations, while in
transverse direction they perform slow strophotron oscil-
lations in one direction(x direction) and fast undulator os-

cillations in another direction(y direction).

SPONTANEOUS EMISSION

Now using the solutions for x Eq.(15), y Eq.(12) and 2
Eq.(19), we can find the spectral intensity of a spontaneous
emission. The spectral intensity of emission in the z axis
direction(wiggler’s axis) is determined by the formula [13]

2
de e2w?

dwdo ~— 4m2

T
/ dt[ii x 7]e™t=2) 1)
0

where do is an infinitely small solid angle in the z direction
and T is electron traveling time through wiggler.
Using formulae [14]

671'14 sine _ Z Jn(A)efznx (22)

with Bessel functions J,, (A) we find

de e2w202T?

dwdo 8m2q3
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where
T 1 0?2
uy = g [w (272 + 298) —(2n+1)q0 — 2mQ}
T 1 0?2
Inkm = Jn—k(Zl)Jk-;m (ZQ)Jk—Qm (ZQ),
w? wa2)?
7y = ——; Zy=-2 24
1 4q8 ) 2 16q0 ( )

Equation Eq. (23) describes the spectrum of emis-
sion consisting of a superposition of the spectral lines lo-
cated at the combination frequencies of odd harmonics
(2n+ 1)wyes,una and even harmonics 2m&,.s ¢, and even
harmonics 2nwy s, una and odd harmonics (2m+1)Qyes o,
(m,n=0,1,2,...) where

2720
1+42%
5

27%qo

T (25)
0

Wres,und = Wres,str —

are resonance frequencies in undulator and strophotron cor-
respondingly.

THE GAIN

The gain can be found from the above derived spec-
tral intensity of a spontaneous emission (Eq. (23)) using
Madey’s theorem [15].

But in a derivation of these general relations between
spontaneous and stimulated processes, some assumptions
are used. They require a check in any new case. Therefore
we prefer a direct derivation of the gain from equations of
motion.

Now let electromagnetic wave propagates along z (wig-
gler axis) with vector potential

T EO s 2 .

A = v sinw(t — 2) (zcosa—&—jsma) (26)
where w is the frequency of electromagnetic wave and Ej
its electrical field strength, « is angle between z direction
and vector of electric field strength of the propagating elec-
tromagnetic wave, i and j are the unit vectors in 2 and in y
directions correspondingly.

The equations of electron motion in the wiggler(1) and
electromagnetic(26) fields are

dpa

= —eHyqpxv, sinqpz
i 090X Vy S go

+ eEpcosa(l —wv,)cosw(t — z)
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d 2.2

% = eHy |:’UZ (1 + q0296 ) COS qo2 + qov. T sin qpz
+ eFEpsina(l+v,)cosw(t — 2)

d . 2.2

% = —eHyv, (1 + q02x ) COS qoz

+ eFEpcosa v, cosw(t — z) 27)

and the rate of energy change is [13]

de
dt
We are interesting in linear gain to find which is suf-

ficient to obtain the first-order corrections 21 (t), y() (t)
and 2z (t) to 20 () Eq.(15), (¥ (t) Eq.(12) and 2(©)(¢)

—evE = eEy(vy cos a+vy sin o) cosw(t—=z) (28)

Eq.(19). These first-order corrections obey the equa-
tions(obtained from Egs. (27))
dp}”
]Zit = —5()921'(1)
+ eEgcosa(l —v®)cosw(t — ()
dp(l)
di = eEysina(l+v9)cosw(t — 2)
dp(l)
d; = eEycosa v\ cosw(t — 2() (29)

The linear(field-independent) gain is determined by the
second order(x E?),
de 0 (1) (©)
o= eEy (vz cos v + vy sma) cosw(t — z\")
+ eEyw (UZE;O) cos o + 11750) sin a) 2

% sinw(t — z)
which is found from Eq.(28)
Now finding () (¢), ¥y (¢) and 2V (¢) from Egs.(29)

and using () (t) Eq.(15), y*(t) Eq.(12) and 2O (¢)
Eq.(19) we obtain expression of electron emitted energy

(Ag) during time T" and gain (G = 87]:3%7 =Ae, N, is elec-

(30)

tron beam concentration).
All these calculations are simple, although rather cum-
bersome. Here we present only the found result:

220272
G = B
Tqh
—+oo
}: 2 2
X [([nJrl,k,m_In,k,m) S «
n,m,k=—oo
-2 2 2
o d sin”u, aoqo(llC = Loem)?
duy U% 2 n,k,m n,k,m
d sin’u
X cos®a —% 31)
duy  u?

From Eq.(31) we conclude that maximum gain is
achieved when vector of electromagnetic wave Fj is di-
rected in y direction(«v = 7/2).
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We calculate the spectral distribution of spontaneous
emission and the gain of electrons moving in plane wiggler
with inhomogeneous magnetic field. It is shown, that elec-
trons do complex motion consisting of slow(strophotron)
and fast(undulator) parts. We average the equations of mo-
tion over fast undulator part and obtain equations for con-
nected motion. It is shown, that the account of inhomo-
geneity of the magnetic field leads to appearance of addi-
tional peaks in the spectral distribution of spontaneous radi-
ation and the gain. Having much peaks and using the well-
known mode-locking one can obtain ultrashort impulses.
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