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Abstract
We calculate the spectral distribution of spontaneous

emission and the gain of electronsmoving in plane wig-
gler with inhomogeneous magnetic field. We show
that electrons do complicated motion consisting of
slow(strophotron) and fast(undulator) parts. We average
the equations of motion over fast undulator part and ob-
tain equations for connected motion. It is shown, that the
account of inhomogenity of the magnetic field leads to ap-
pearence of additional peaks in the spectral distribution of
spontaneous radiation and the gain.

INTRODUCTION
Free-Electron Lasers are powerful, tunable, coherent

sources of radiation, which are used in scientific re-
search, plasma heating, condensed matter physics, atomic,
molecular and optical physics, biophysics, biochemistry,
biomedicine etc. FELs today produce radiation ranging
from millimeter waves through to ultraviolet, including
parts of the spectrum in which no other intense, tunable
sources are available [1], [2]. This field of modern sci-
ence is interesting from the point of view of fundamental
research and very promising for further applications.
Usually FEL [3], [4] use the kinetic energy of relativis-

tic electrons moving through a spatially modulated mag-
netic field(wiggler) to produce coherent radiation. The fre-
quency of radiation is determined by the energy of elec-
trons, the spatial period of magnetic field and the mag-
netic field strength of the wiggler. This permits tuning a
FEL in a wide range unlike atomic or molecular lasers.
In usual FEL magnetic field of wiggler is supposed to be
uniform. But really the magnetic field is inhomogeneous
in transverse direction(see for example [5]). It is impor-
tant to take into account this inhomogeneity. This account
leads to complex motion of electrons: fast undulator os-
cillations along the wiggler axis and slow strophotron mo-
tion [6], [7], [8], [9], [10], [11] in transverse direction .
In the Sec II we describe the equation of motion of elec-

trons moving along the axis of the wiggler with transversal
inhomogeneous magnetic field. In the Sec. III and IV we
calculate the spectral distribution of spontaneous emission
and the gain correspondingly.
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EQUATIONS OF MOTION
The vector potential of undulator’s magnetic field has a

form [12]

−−→
AW = −H0

q0
cosh q0x sin q0z ĵ (1)

where H0 is the strength of magnetic field and q0 =
2π/λ0, λ0 - period of wiggler, ĵ unit vector in y direction.
Corresponding magnetic field is

�H = rot �A = î

(
∂Az

∂y
− ∂Ay

∂z

)
+ ĵ

(
∂Ax

∂z
− ∂Az

∂x

)

+ k̂

(
∂Ay

∂x
− ∂Ax

∂y

)
= −î

∂Ay

∂z
+ k̂

∂Ay

∂x

= îH0 cosh q0x cos q0z − k̂H0 sinh q0x sin q0z (2)

So
Hx = H0 cosh q0x cos q0z; Hy = 0;

Hz = −H0 sinh q0x sin q0z. (3)

These fields satisfy Maxwell’s equations div �H = 0 and

Δ �H = 0.
Equations of motion in the fields (3) have a form

dpx

dt
= e[�v �H]x = e(vyHz − vzHy) = evyHz

dpy

dt
= e[�v �H]y = e(vzHx − vxHz) = evzHx −evxHz

dpz

dt
= e[�v �H]z = e(vxHy − vyHx) = −evyHx (4)

and change of energy

dε

dt
= 0, ε = const (5)

Further we consider paraxial approximation when
q0x < 1 (6)

Taking into account (6) the magnetic field (2) becomes

Hx = H0

(
1 +

q2
0x2

2

)
cos q0z; Hy = 0;

Hz = −H0q0x sin q0z (7)

Then we can write equations of motion
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dpx

dt
= −eH0q0xvy sin q0z

dpy

dt
= eH0

[
vz

(
1 +

q2
0x2

2

)
cos q0z + q0vxx sin q0z

]

dpz

dt
= −eH0vy

(
1 +

q2
0x2

2

)
cos q0z (8)

or taking into account (5) (px,y,z = vx,y,zε)

ẍ = −eH0q0

ε
xẏ sin q0z

ÿ =
eH0

ε

[
ż

(
1 +

q2
0x2

2

)
cos q0z + q0xẋ sin q0z

]

z̈ = −eH0

ε

(
1 +

q2
0x2

2

)
ẏ cos q0z (9)

One can see, that
(

q0x
2

2
sin q0z

)′
= q0xẋ sin q0z +

q2
0x2

2
ż cos q0z (10)

and ∫
ż cos q0z dt =

∫
cos q0z dz =

sin q0z

q0
(11)

Using relations (10) and (11), we can integrate the sec-
ond equation of (9) and obtain

ẏ =
eH0

εq0

(
1 +

q2
0x2

2

)
sin q0z (12)

Plugging ẏ(12) into first and third equations of (9), we
obtain(taking into account (6))

ẍ = −
(

eH0

ε

)2

x sin2 q0z

z̈ = − 1
2q0

(
eH0

ε

)2

sin 2q0z(1 + q2
0x2) (13)

After averaging first equation of Eq.(13) on period 2π/q0

and taking into account that sin2 q0z = 1/2 we have

ẍ + Ω2 x = 0 (14)

which has a solution

x = a0 cos(Ωt + θ0) (15)
where

Ω =
eH0√

2ε
; a0 =

√
x2

0 +
α2

Ω2
;

cos θ0 =
x0

a0
; sin θ0 = −α/Ω

a0
;

θ0 = − arctan
α

x0Ω
(16)

Averaging of the second equation of Eq.(13) gives

¨z(0) = 0; ˙z(0) = v; z(0) = vt. (17)

The solution of the second equation of Eq.(13) using
Eq.(15) and Eq.(17) has a form

δz = − Ω2

2q2
0

t +
Ω2

4q3
0

sin 2q0t

+
a2
0Ω

2

16q0
sin{2(q0 + Ω)t + 2θ0}

+
a2
0Ω

2

16q0
sin{2(q0 − Ω)t− 2θ0} (18)

So, for z we have

z = t

(
1− 1

2γ2
− Ω2

2q2
0

)
+

Ω2

4q3
0

sin 2q0t

+
a2
0Ω

2

16q0
sin{2(q0 + Ω)t + 2θ0}

+
a2
0Ω

2

16q0
sin{2(q0 − Ω)t− 2θ0} (19)

Here we take into account, that 1 − v = 1
2γ2 , where

γ = E
mc2 is a relativistic factor, m- mass of electron, c-

velocity of light and E- energy of electrons.
Limitations used in above consideration are

a0q0 < 1;
Ω
q0

< 1; a0Ω0 < 1 (20)

In longitudinal direction(along axis z, wiggler’s axis)
electrons perform fast undulator oscillations, while in
transverse direction they perform slow strophotron oscil-
lations in one direction(x direction) and fast undulator os-
cillations in another direction(y direction).

SPONTANEOUS EMISSION
Now using the solutions for x Eq.(15), ẏ Eq.(12) and z

Eq.(19), we can find the spectral intensity of a spontaneous
emission. The spectral intensity of emission in the z axis
direction(wiggler’s axis) is determined by the formula [13]

dε

dωdo
=

e2ω2

4π2

∣∣∣∣∣
∫ T

0

dt[�n× �v]eiω(t−z)

∣∣∣∣∣
2

(21)

where do is an infinitely small solid angle in the z direction
and T is electron traveling time through wiggler.
Using formulae [14]

e−iA sin x =
∞∑
−∞

Jn(A)e−inx (22)

with Bessel functions Jn(A) we find

dε

dωdo
=

e2ω2Ω2T 2

8π2q2
0
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×
+∞∑

n,m,k=−∞

[
(In+1,k,m − In,k,m)2

sin2 uy

u2
y

+
a2
0q

2
0

2
(In,k,m+1 − In,k,m)2

sin2 ux

u2
x

]
(23)

where

uy =
T

2

[
ω

(
1

2γ2
+

Ω2

2q2
0

)
− (2n + 1)q0 − 2mΩ

]

ux =
T

2

[
ω

(
1

2γ2
+

Ω2

2q2
0

)
− 2nq0 − (2m + 1)Ω

]

Inkm = Jn−k(Z1)J k+m
2

(Z2)J k−m
2

(Z2);

Z1 =
ωΩ2

4q3
0

; Z2 =
ωa2

0Ω
2

16q0
(24)

Equation Eq. (23) describes the spectrum of emis-
sion consisting of a superposition of the spectral lines lo-
cated at the combination frequencies of odd harmonics
(2n+1)ωres,und and even harmonics 2mΩres,st, and even
harmonics 2nωres,und and odd harmonics (2m+1)Ωres,st,
(m,n = 0, 1, 2, ...) where

ωres,und =
2γ2q0

1 + γ2 Ω2

q2
0

, ωres,str =
2γ2Ω

1 + γ2 Ω2

q2
0

(25)

are resonance frequencies in undulator and strophotron cor-
respondingly.

THE GAIN
The gain can be found from the above derived spec-

tral intensity of a spontaneous emission (Eq. (23)) using
Madey’s theorem [15].
But in a derivation of these general relations between

spontaneous and stimulated processes, some assumptions
are used. They require a check in any new case. Therefore
we prefer a direct derivation of the gain from equations of
motion.
Now let electromagnetic wave propagates along z (wig-

gler axis) with vector potential

−→
AL = −E0

ω
sin ω(t− z)

(
î cos α + ĵ sin α

)
(26)

where ω is the frequency of electromagnetic wave and E0

its electrical field strength, α is angle between x direction
and vector of electric field strength of the propagating elec-
tromagnetic wave, î and ĵ are the unit vectors in x and in y
directions correspondingly.
The equations of electron motion in the wiggler(1) and

electromagnetic(26) fields are

dpx

dt
= −eH0q0xvy sin q0z

+ eE0 cos α(1− vz) cos ω(t− z)

dpy

dt
= eH0

[
vz

(
1 +

q2
0x2

2

)
cos q0z + q0vxx sin q0z

]

+ eE0 sin α(1 + vz) cos ω(t− z)
dpz

dt
= −eH0vy

(
1 +

q2
0x2

2

)
cos q0z

+ eE0 cos α vx cos ω(t− z) (27)

and the rate of energy change is [13]

dε

dt
= e−→v −→E = eE0(vx cos α+vy sin α) cos ω(t−z) (28)

We are interesting in linear gain to find which is suf-
ficient to obtain the first-order corrections x(1)(t), y(1)(t)
and z(1)(t) to x(0)(t) Eq.(15), y(0)(t) Eq.(12) and z(0)(t)
Eq.(19). These first-order corrections obey the equa-
tions(obtained from Eqs. (27))

dp
(1)
x

dt
= −ε0Ω2x(1)

+ eE0 cos α(1− v(0)
z ) cos ω(t− z(0))

dp
(1)
y

dt
= eE0 sin α(1 + v(0)

z ) cos ω(t− z(0))

dp
(1)
z

dt
= eE0 cos α v(0)

x cos ω(t− z(0)) (29)

The linear(field-independent) gain is determined by the
second order(∝ E2

0 ),

dε

dt
= eE0

(
v(1)

x cos α + v(1)
y sin α

)
cos ω(t− z(0))

+ eE0ω
(
v(0)

x cos α + v(0)
y sin α

)
z(1)

× sin ω(t− z(0)) (30)
which is found from Eq.(28)

Now finding x(1)(t), y(1)(t) and z(1)(t) from Eqs.(29)
and using x(0)(t) Eq.(15), y(0)(t) Eq.(12) and z(0)(t)
Eq.(19) we obtain expression of electron emitted energy
(Δε) during time T and gain (G = 8πNe

E2
0

Δε, Ne is elec-
tron beam concentration).
All these calculations are simple, although rather cum-

bersome. Here we present only the found result:

G =
e2ω2Ω2T 2

8π2q2
0

×
+∞∑

n,m,k=−∞

[
(In+1,k,m − In,k,m)2 sin2 α

× d

duy

sin2 uy

u2
y

+
a2
0q

2
0

2
(In,k,m+1 − In,k,m)2

× cos2 α
d

dux

sin2 ux

u2
x

]
(31)

From Eq.(31) we conclude that maximum gain is
achieved when vector of electromagnetic wave E0 is di-
rected in y direction(α = π/2).
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We calculate the spectral distribution of spontaneous
emission and the gain of electrons moving in plane wiggler
with inhomogeneous magnetic field. It is shown, that elec-
trons do complex motion consisting of slow(strophotron)
and fast(undulator) parts. We average the equations of mo-
tion over fast undulator part and obtain equations for con-
nected motion. It is shown, that the account of inhomo-
geneity of the magnetic field leads to appearance of addi-
tional peaks in the spectral distribution of spontaneous radi-
ation and the gain. Having much peaks and using the well-
known mode-locking one can obtain ultrashort impulses.
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