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SASE Saturation at LCLS
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Spontaneous Undulator Radiation
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Shot Noise

….....
Tb Z=0 Z=Lw

undulator
electrons SASE

t j : arrival time of jth electron at z=0

t j stochastically distributed over 0< t j <Tb
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Radiated Field in Linear Regime Before Saturation
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Distributions for Instantaneous Power and Pulse Energy

Central Limit Theorem implies instantaneous power 
follows the Negative Exponential Distribution:
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Distribution of Pulse Energy:
Gamma Distribution

Distribution of Energy after 
Monochromator:

Exponential Distribution

TTF/DESY

E. Saldin et al (1998)

S.O. Rice (1945)
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In exponential regime, the Green’s function (red) is well

approximated by a Gaussian (blue).
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Simulation of Intensity and Phase Evolution
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Red: Intensity; Blue: Phase 
2

)exp()()(),( ∫
∞

∞−

−−∝ dttitEtEI FROG ωττω

LEUTL: FROG Measurements

FROG Traces

Y. Li et al (2003)
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Distributions Characterizing Intensity Spikes
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ζ

8.12 ≅≅ tbwpM

Pulses with the highest energy had lowest 

time-bandwidth product (tbwp).

LEUTL: FROG Measurements

Y. Li et al (2005)
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SASE Statistics: Time Domain

ωσσ tM 2≅

tpT σπ2≡

ωσπ // ≅≡ MTT pcoh

πδ 2/cohTt ≅

ωσπ /2≅Δ t

Number of Modes in Pulse

Average Spike Separation
RMS Spike Width

Coherence Time

Average Pulse Duration
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Ωcoh Ωp
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SASE Statistics: Frequency Domain

Number of Modes in Pulse
Average Spectral Width

Range of Spectral Coherence
RMS Spike Width

RMS Spike Separation
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Mathematical Formalism
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Definition of Pulse Width

( )

( )
22

22
1

⎟
⎠
⎞⎜

⎝
⎛

=

∫

∫

tEdt

tEdt

Tp

Top Hat Distribution: ( )
⎭
⎬
⎫

⎩
⎨
⎧ ≤≤

=
otherwise

TtE
tE

0
02

02

TTp =

Gaussian Distribution: ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−= 2

2
2
0

2

2
exp

t

tEtE
σ

tpT σπ2=



20 BROOKHAVEN SCIENCE ASSOCIATES

( ) ( )

2

2

2

~

1

~
21

221
W

EE
dd

M

ωω
π
ω

π
ω

∫
=

( )

( )
22~

22~

1

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=

Ω

∫

∫

ωω

ωω

Ed

Ed

p

( ) ( )

( )
22~

2

2

~

1

~

21 *

ωω

ωωωω

Ed

EEdd

M
p

coh

∫

∫
=

Ω
=Ω Range of Spectral Coherence

Spectral Width

Frequency Domain



21 BROOKHAVEN SCIENCE ASSOCIATES

( ) ( ) ( ) ( ) ⎥⎦
⎤

⎢⎣
⎡ −= ∫

2
2

2
1

2
2

2
121

2 tEtEtEtEdtdtWσ

( ) ( ) ( ) ( ) ( ) ( ) 2
2

2
1

2
2

2
1

2
21 * tEtEtEtEtEtE −=

( ) ( )
2

2

2

2
2121 *1

WW

tEtEdtdt

M
Wσ== ∫

For Gaussian Process with Zero Mean

(SASE Before Saturation)

Energy Fluctuation



22 BROOKHAVEN SCIENCE ASSOCIATES

Simplified Model of SASE Pulse
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Frequency Chirped SASE

Energy chirped electron beam
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Region Near Pulse Length Minimum:
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Spectrum of HGHG at SDL/BNL and unsaturated SASE at 266 nm 
under the same electron beam condition
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