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Abstract

We formulate a complete theory of Edge Radiation based
on a novel method relying on Fourier Optics techniques.
Special attention is paid in discussing the validity of ap-
proximations upon which the theory is built. Our study
makes consistent use of both similarity techniques and
comparisons with numerical results from simulation. We
discuss both near and far zone. Physical understanding of
many asymptotes is discussed. As an example of appli-
cation we discuss the case of Transition Undulator Radia-
tion, which can be conveniently treated with our formalism.
This work forms the theoretical basis for understanding the
impact of Edge radiation on XFEL setups, which is dis-
cussed in another contribution to this conference. These
proceedings are based on the article [1] to which we ad-
dress the interested reader for further information and
references.

INTRODUCTION

Synchrotron Radiation (SR) sources from bending mag-
nets are brilliant, and cover the continuous spectral range
from microwaves to X-rays. However, in order to opti-
mally meet the needs of basic research with SR, it is de-
sirable to provide specific radiation characteristics, which
cannot be obtained from bending magnets, but require in-
sertion devices. These are installed along the particle beam
path between two bending magnets, and introduce no net
beam deflection. Therefore, they can be incorporated in a
given beamline without changing its geometry. Undulators
are a typical example of such devices, generating specific
radiation characteristics in the short wavelength range.

The history of SR utilization in the long wavelength re-
gion (from micrometer to millimeter) is more recent than
that in the short wavelength range. Long wavelength SR
sources may have a strong potential for infrared spec-
troscopy or imaging techniques. In fact, they are some or-
der of magnitude brighter than standard thermal sources in
the same spectral range.

Large angles are required to extract long wavelength SR
from bending magnets, because the ”natural” opening an-
gle in this case increases up to several tens milliradians in
the far-infrared range. However, the situation changes dra-
matically if a straight section is introduced between two
bends, like in Fig. 1(a). Long-wavelength radiation emit-
ted by relativistic electrons in this setup is called Edge Ra-
diation (ER), and presents a significantly smaller opening
angle than standard SR from bends.

ER and bending magnet radiation have equivalent flux
and brightness. In fact, the physical process of ER emis-

sion is not different from that of radiation emission from a
single bend. However, radiation from the setup in Fig. 1(a)
exhibits special features, due to a narrower opening angle
of ER over SR from bends. Although for many experi-
ments using infrared radiation one can accept large collec-
tion angles in the horizontal and vertical directions, as the
wavelength gets longer ER can be advantageous in terms
of simplicity of the photon beamline e.g. in infrared mi-
crospectroscopy applications.

FOUNDATIONS

ER theory is a part of the more general SR theory, very
much like Undulator Radiation (UR) theory is a part of SR
theory. Similarly to the UR case, also for ER the knowl-
edge of the applicability region of the far-field formulas
and corrections for near-field effects are of practical im-
portance. In most practical cases, the distance between
ER source and observer (i.e. the first optical element of
the photon beamline) are comparable or even much smaller
than the length of the straight section, which plays the role
of the length of the insertion device for ER. In [1] we de-
veloped a theory of near-field ER based on Fourier Optics
(FO) techniques. These techniques can be exploited with-
out limitations for ER setups, because the paraxial approx-
imation can always be applied in the case of electrons in
ultra-relativistic motion. The use of the paraxial approxi-
mation allows reconstruction of the field in the near-zone
from the knowledge of the far-field data. The solvability of
the inverse problem for the field allows characterization of
any ER setup, starting from the far-zone field, in terms of
virtual sources. These sources exhibit a plane wavefront,
and can be pictured as waists of laser-like beams. Using
this kind of description we develop our theory in close re-
lation with laser-beam optics. In particular, usual FO can
be exploited to characterize the field at any distance, pro-
viding a tool for designing and analyzing ER setups. This
program was carried out in detail in [1].

Similarity Techniques

ER theory can be introduced intuitively and simply by
simulating the spectral energy density per unit angle as a
function of observation angles for the geometry in 1(a), and
studying the parameter space of the problem. For this pur-
pose we take advantage of the code SRW by Oleg Chubar,
which provides a numerical solution of Maxwell’s equa-
tions.

The origin of a Cartesian coordinate system is placed at
the center of straight section. The z-axis is in the direc-
tion of straight section. Parameters of the problem are the
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Figure 1: Four main types of edge radiation setups: (a)
Far-infrared beamline for synchrotron radiation source us-
ing edge radiation. (b) Arrival-time monitor for XFEL
source using optical coherent edge radiation. (c) Electron
bunch length monitor for XFEL using far-infrared coherent
edge radiation. (d) Ultra-short electron bunch diagnostic
for laser-plasma accelerator facility using optical coherent
edge radiation.

radiation wavelength λ, the radius of the bend R, the rel-
ativistic Lorentz factor γ, the length of the straight section
L and, additionally, the position of the observation plane
down the beamline, z. We work in the far zone, operatively
defined as a region where z is large enough, so that the sim-
ulated spectral energy density per unit angle does not show
dependence on z anymore.

ER carries advantages over bending magnet radiation
in the limit for λ/λc � 1, where λc ∼ R/γ3 (here
λ = λ/(2π) is the reduced wavelength) is the critical wave-
length of bending magnet radiation. We will work, there-
fore, in this limit. We set γ = 3.42 · 104 (17.5 GeV),
R = 400 m, which are typical values for XFELs. Note
that in this case λc � 0.1Å. Here we take λ = 400 nm.
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Figure 2: Calculations of the effect of bends separation on
the directivity diagram of the radiation. The bending mag-
net radius R = 400 m, the relativistic factor γ = 3.42 ·104,
and the wavelength of interested λ = 400 nm are fixed,
while the straight section length varies from L = 0 up to
L � γ2λ/(2π) � 100 m. In this setup (as well as in all
others in this paper) λ � λc � 0.1Å. Case (a) is a bending
magnet setup. Case (b) is a complex setup, where the radia-
tion beam divergence is practically the same as in (a). Case
(c) illustrates an ER setup. Bending magnet separation dra-
matically lowers the radiation beam divergence. (d) Opti-
mal bending magnet separation. The straight section length
L � γ2λ/(2π) corresponds to a radiation beam divergence
θ � 1/γ. (e) Further increase of L only leads to the appear-
ance of finer structures in the radiation profile. 2D plots on
the left show the spectral energy density per unit angle as a
function of the horizontal and vertical angles θx and θy for
various lengths of the straight section. Middle plots are ob-
tained cutting the 2D angular distributions at x = 0. Right
plots show a schematic of the considered layout.

We begin with the case L = 0 (bending magnet), and we
increase the straight section length (see Fig. 2). As one can
see from the figure, radiation becomes more collimated, up
to about L � γ2λ � 100 m (case (d)), where the collima-
tion angle reaches 1/γ ∼ 30μrad. Further increase of L
only leads to the appearance of finer structures in the radia-
tion profile. It is important to remark that the total number
of photons in the ±1 mrad window shown in Fig. 2(a) is
roughly the same as in the ±100μrad window in Fig. 2(d).
It is clear that the length of the straight section L is strongly
related with the collimation of the radiation.
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To study ER further we apply similarity techniques.
They allow one to reduce the number of parameters to a few
dimensionless ones that are directly linked to the physics of
the process, and that control it in full. Such parameters are
found by analysis of the underlying equations characteriz-
ing the system under study and allow one to obtain general
properties of the ER process. For the setup in Fig. 1(a), two
dimensionless parameters controlling the radiation charac-
teristics can be extracted from Maxwell’s equations:

δ ≡
3
√

R2λ

L
, φ ≡ L

γ2λ
. (1)

The detector is supposed to be far away from the source so
that the above-given definition of far-zone holds.

The most important general statement concerning ER is
that all possible situations correspond to different values of
the two dimensionless parameters δ and φ.

Note that the working limit λ/λc � 1 means φ · δ � 1
in terms of dimensionless parameters. For any two cases
characterized by the same values of δ and φ, the spectral
energy density per unit angle from the setup in Fig. 1(a)
will ”look” the same in terms of angles scaled to

√
λ/L,

i.e. θ̂ = θ/
√

λ/L. In other words, data for different sets of
problem parameters corresponding to the same values of δ
and φ reduce to a single curve when properly normalized.
We tested the scaling properties of ER by running numeri-
cal simulations with the first principle computer code SRW.
We used two different sets of dimensional parameters cor-
responding to the same case in terms of parameters δ and
φ, and we checked that the spectral energy density per unit
angle normalized to their maximal values are identical.

When δ ∼ 1, the presence of the bending magnet ra-
diation strongly influences the radiation profile. When δ
decreases up to δ � 1, one can neglect bending magnet
contributions: what is left in this case is ER. These situa-
tions are realized, for example, if one works at fixed λ, γ
and R while increasing the length L as in the case of Fig.
2. It follows that δ is responsible for the relative weight of
ER and bending magnet radiation contributions in the radi-
ation profile. Since we are interested in ER emission, it is
natural to consider more in detail the limit for δ � 1. In
this case, results are independent on the actual value of δ,
and the only parameter left is φ.

In the limit for φ � 1, the opening angle of the radiation
is independent of the actual value of φ too. In this case one
talks about a self-similar behavior of the profile of the spec-
tral energy density per unit angle, which asymptotically ap-
proaches the self-similar form I/Imax = F (θ̂x, θ̂y). Note
that the separation distance L between the bends dramati-
cally lowers the radiation beam divergence, but the charac-
teristic angle of emission is still larger than 1/γ. In fact,
radiation peaks at θ � 2.2

√
λ/L. When φ increases, ra-

diation becomes better and better collimated, up to angles
θ ∼ 1/γ. This happens for values φ � 1. Radiation has
reached the best possible collimation angle and further in-
crease of φ only modifies fine structures in the radiation

(c)

(b)

(a)

Figure 3: Geometry for SR from a bending magnet
[adapted from K.-J. Kim, Characteristics of Synchrotron
Radiation, in Phys. of Part. Acc. 184, AIP Conf. Proc.,
Am. Inst. of Phys., New York, 1984].

profile.

Qualitative Description

It is possible to present intuitive arguments to explain
why all problem parameters (R, γ, L and λ) are effectively
grouped in δ and φ. Let us consider first the parameter
δ. By definition, 1/δ is a measure of the straight section
length L in units of a characteristic length 3

√
R2λ.

To explain the meaning of the quantity 3
√

R2λ, we con-
sider Fig. 3(a), and we focus on the region of parame-
ters λ � R and γ2 � 1. A posteriori, this region of
parameters will turn out to correspond to an angular di-
mension along the trajectory 2θ � 1 within the bending
magnet. Radiation from an electron passing through the
setup is observed through a spectral filter by a fixed ob-
server positioned on the tangent to the bend at point P .
Electromagnetic sources propagate through the system, as
a function of time, as shown in Fig. 3(b). However, elec-
tromagnetic signals emitted at time t′ at a given position
x(t′) arrive at the observer position at a different time t,
due to the finite speed of light. As a result, the observer
in Fig. 3(a) sees the electromagnetic source motion as a
function of t. What one needs to know, in order to calcu-
late the electric field, is the apparent motion x(t) shown
in Fig. 3(c), which is a hypocycloid, and not the real
motion x(t′). In fact, the electric field at the observa-
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tion point is proportional to the second derivative of the x-
coordinate with respect to the retarded time t, because the
observer sees everything as delayed. We discuss the case
when the source is heading towards the observer. Using
the fact that θ � 1, one obtains the well-known relation
dt/dt′ = 1/2 · (

1/γ2 + θ2
)
. The observer sees a time-

compressed motion of the sources, which go from point A
to point B in an apparent time corresponding to an appar-
ent distance 2Rθdt/(dt′). Let us assume θ2 > 1/γ2. In
this case one has 2Rθdt/(dt′) � Rθ3. Obviously one can
distinguish between radiation emitted at point A and ra-
diation emitted at point B only when Rθ3 � λ, i.e. for
θ � (λ/R)1/3. This means that, as concerns the radia-
tive process, we cannot distinguish between point A and B
on the bend such that Rθ � (R2λ)1/3. It does not make
sense at all to talk about the position where electromagnetic
signals are emitted within Lfb = (R2λ)1/3 (here we are
assuming that the bend is longer than Lfb). This character-
istic length is called the formation length for the bend. The
formation length can also be considered as a longitudinal
size of a single-electron source. Note that a single electron
always produces diffraction-limited radiation d · Δθ ∼ λ,
d being the transverse size and Δθ the divergence of the
source. Since d ∼ LfbΔθ, it follows that the divergence
angle Δθ is strictly related to Lfb and λ: θ ∼ √

λ/Lfb.
One may check that, using Lfb ∼ 3

√
R2λc, one obtains

θ ∼ 3
√

λ/R; in particular, at λ ∼ λc ∼ R/γ3 one obtains
θ ∼ 1/γ, as is well-known for bending magnet radiation.
Let us now consider the case of a straight section of length
L inserted between the two halves of a bend. Since we can-
not distinguish between points within Lfb, the case L = 0
is obviously indistinguishable from the case L � Lfb. Sig-
nificant deviations from the bending magnet case are to be
expected when L � Lfb, i.e. when δ � 1. This hints to
the fact that δ is responsible for the relative weight of ER
and bending magnet radiation contributions in the radiation
profile.

Let us now discuss the parameter φ. By definition, φ is a
measure of the straight section length L in units of a char-
acteristic length γ2λ. One can still use the same reasoning
considered for the bend to define a region of the trajectory
where it does not make sense to distinguish between dif-
ferent points. In the case of a straight section of length L
connecting A and B, dt/dt′ = 1/(2γ2). It follows that the
apparent distance AB is equal to L/(2γ2). Since it does
not make sense to distinguish between points within the
apparent electron trajectory such that L/(2γ2) � λ, one
obtains a critical length of interest ∼ γ2λ. This hints to the
fact that for values φ � 1 radiation has reached the best
collimation angle.

Note that for ultrarelativistic systems in general, the for-
mation length is always much longer than the radiation
wavelength. This is related with a large compression fac-
tor dt/dt′. For comparison, in the case of non-relativistic
motion the compression factor dt/dt′ � 1, and the forma-
tion length is simply of order of the radiation wavelength.
The counterintuitive result follows, that for ultrarelativistic

systems one cannot localize sources of radiation within a
macroscopic part of the trajectory. Following this intuitive
introduction, in [1] we gave a rigorous derivation of the ER
properties, with their analytical asymptotes and their appli-
cability region both in terms of a Fourier optics, namely
based on the picture of a single laser-like beam in the mid-
dle of the undulator, or two laser-like beams at the edges of
the straight section.

APPLICATIONS

Based on this fundamental case study one can analyze
a more complicated setup, consisting of an undulator pre-
ceded and followed by two straight sections and two bends
(see Fig. 1(b)). ER from this kind of setup is commonly
known as Transition Undulator Radiation (TUR). The first
study on TUR appeared more than a decade ago, when it
was pointed out for the first time that, since an electron en-
tering or leaving an undulator experiences a sudden change
in longitudinal velocity, highly collimated radiation with
broadband spectrum, similar to transition radiation, had
to be expected in the low-frequency region in addition to
the usual UR. More recently, TUR has been given con-
sideration in the framework of X-ray Free-Electron Laser
(XFEL) projects. For example, an arrival-time monitor for
XFELs using infrared coherent ER from a setup similar to
that in Fig. 1(b) has been proposed, which should be used
for pump-probe experiments with femtosecond-scale reso-
lution. In view of these applications, there was a need to
extend the characterization of TUR to the near-zone, and
to the coherent case. From this viewpoint, specification of
what precedes and follows the undulator is of fundamental
importance. As has been recognized for TUR many years
ago, if this information is not known, any discussion about
the intensity distribution of TUR is meaningless. Accord-
ing to our approach, the two straight sections and the undu-
lator in the setup in Fig. 1(b) will be associated to virtual
sources with plane wavefronts. The field from the setup can
then be described, in the near as well as in the far-zone, as
a superposition of laser-like beams, radiating at the same
wavelength and separated by different phase shifts. De-
tailed results are shown in [1].
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