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Abstract

This paper presents an experimental study of the transverse
beam dynamics of an electron beam in a high-gradient,
standing wave linear accelerator. A 3.6 MeV beam from
the UCLA RF Photoinjector (SATURNUS) is injected at
various phases and rf field amplitudes into the plane wave
transformer (PWT) linac (peak acceleration 40 MeV/m),
and its transverse dynamics measured by a corrector mag-
net sweeping method. This method allows us to reconstruct
the transverse matrix elements, which are compared to an-
alytical predictions(J.B. Rosenzweig and L.Serafini, Physi-
cal Review E 49, 1599 (1994)). The determinant of the ex-
perimentally derived matrix is found to be the ratio of the
initial to final momentum, verifying the theory, and provid-
ing direct evidence of adiabatic damping of transverse trace
space.

1 INTRODUCTION

With the rise in use of high gradient radio-frequency
linear accelerators (rf linacs), in devices such as rf
photoinjectors[1] and linear collider test facilities[2],
there has been increased attention placed on the strong
transverse focusing effects present in these devices. These
effects, which are due both to first order transient effects
at the entrance and exit of a linac, and to second order
ponderomotive (alternating gradient) effects in the body of
the periodic linac structure, are of primary importance in
understanding the beam transport in moderate energy sec-
tions (5 <  = E=mec

2 < 100) of electron accelerators.
While theoretical analyses of the focusing properties of
linacs date back to the 1960’s[3, 4], recent work has pro-
duced a more detailed understanding of the ponderomotive
force[5], and analytical solutions of these equations for
arbitrary acceleration phase and spatial harmonic content
of the rf fields have been found[6], which led to a matrix
description of the trace space transport.

This matrix treatment of beam dynamics in high gradient
rf linacs, as well as the underlying analytical model for the
averaged (over an rf period) transverse forces, have formed
the underpinning of much recent work, from the optics of
linear collider test facilities[2], to the full theory of space-
charge dominated beam dynamics in rf photoinjectors[7].
While these implementations of the theory have been com-
pared positively with computer simulation, there has, how-
ever, been no effort to date to verify the theoretical advances
with experiment. This paper therefore presents a first such
verification.

2 THEORY

The trace space transport matrix corresponding to a rf linac,
which upon multiplication of a transverse trace space vec-
tor, e.g. (x; x0) , gives the mapping of this vector through
the linac, has recently been derived for arbitrary rf phase,
amplitude, and spatial harmonic content in the linac. In-
cluding all terms to second order in the average accelerating
gradient eE0 cos(�) � 0mec

2, where E0 is the amplitude
of the synchronous (�� �= c) spatial harmonic wave com-
ponent of the rf field, and � = !t� kz is the phase defined
with respect to the maximum acceleration in this wave, the
action of a ponderomotive force can obtained to second or-
der by averaging over the fast alternating gradient first or-
der forces and the induced lowest order oscillatory motion,
as[5, 6]
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The coefficients bn are the Floquet amplitudes of the spa-
tial harmonics, defined by the expression, valid for an ultra-
relativistic (�b �= c) electron
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where k0 =  =d = !=c and  is the rf phase shift per
period of the linac, with  = � in the structure considered
here.

From the averaged force, the differential equation gov-
erning the seculat trajectory of the electron, about which
the fast oscillations induced in first order are performed, is
derived. Its general solutions, given in matrix form, can
be found in Ref. 6. At the ends of an rf structure, there
are first order transient angular kicks associated with en-
tering and exiting the fringing field which are not imme-
diately cancelled in first order by a nearby kick. These
kicks, again valid when considering the secular trajectory,
are given by �0=2, for the exit and entrance regions, re-
spectively. Multiplying the matrices associated with the en-
trance, interior, and exit of the linac, we have the full trace
space transport matrix,
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Here� =

p
�(�)p

8 cos(�)
ln(f =i), withi and f the initial and

final Lorentz factors of the electron, respectively, which are
simply related by f = i+0L, withL equal to the length
of the linac section, with0mec

2 equal to the averaged (over
a period of the linac) acceleration gradient.

3 THE EXPERIMENT

The linac used for the present experiments is a component
of the UCLA Photoinjector, a rf accelerating section which
boosts the energy of a 3.6 MeV photoelectron beam ex-
tracted from a high gradient 1.5 cell �-mode rf gun to ap-
proximately 12.8 MeV at maximum in these experiments.
This linac is constructed of a novel, high shunt impedance
design known as a plane-wave transformer[8] (PWT), and
has non-negligible spatial harmonic content (e.g. �(0) =
1:23). The experimental arrangement is nearly ideal for ob-
serving the focusing and adiabatic damping predicted by
the matrix given in Eq. 4. This is due to a number of ad-
vantages, the first being that the beam can be viewed as
essentially point-like for the purpose of centroid measure-
ments, as it has a short rms phase extent, �� �= 1� (as deter-
mined by coherent transition radiation[9] measurements),
it has a low rms normalized emittance, measured as �n <
10�5 m-rad, and moderately large charge per bunch, Q �=
200 pC. This charge is large enough to clearly observe the
photoelectrons over the dark-current background, yet small
enough that collective effects on the centroid motion, such
as transverse wake-fields, can be neglected.

The additional advantage this arrangement offers is that
the matrix elements to be measured are most strongly de-
pendent on the ratio f=i, and on 0. The PWT is by na-
ture a high gradient linac (0 � 50 m�1), with moderate
length L = 42 cm, and thus to obtain a large value f=i
one only need inject with a relatively small initial energy
imec

2. This energy cannot, however, be made arbitrarily
small due to the constraint that �b �= c, and a related require-
ment that the relative energy gain per period of the linac be
much smaller than unity, both of which are required in order
to guarantee the validityof Eq. 4. Thus the injection energy
given by the rf gun (which must in fact produce a relativis-
tic beam due to its extraction dynamics) is nearly ideal for
maximizing the matrix elements given in Eq. 4.

In order to determine the transfer matrix of the PWT
linac, the centroid of the photo-electron beam is measured
using a differential steering technique originally developed
to calibrate the beam energy after the gun. For this mea-
surement, the current I of steering (or kicker) magnet K1
is swept while monitoring the centroid position of the elec-
tron beam on the downstream phosphor screen P1. The
momentum of the beam is determined from the differential
change of the centroid position dxc=dI with current I. The
near-axis field

R
By(I; z)dz of the horizontally-deflecting

steering magnets was determined with Hall probe measure-
ments, and the phosphor screens and related video calibra-
tions performed before the experiments.

This method of the momentum determination helps es-

tablish the initial conditions of the beam, and also forms the
technical basis for the matrix element measurements. As it
is difficult to determine the actual electromagnetic center of
the linac with respect to the insertable phosphor diagnos-
tics, we were forced to use a differential steering technique.
In this case, one of the low energy magnets previous to the
linac (K1 or K2) was swept, while observing the centroid
motion of the beam downstream of the linac (P2 or P3). The
four combinations of the steering magnets and observation
points, along with knowledge of the drift lengths, integrated
field of the steering magnets, and precise calibration of the
video images of the phosphor screens, give four measured
quantities which allow reconstruction of the linac transport
matrix.

4 RESULTS

In the initial round to experiments, the dependence of the
matrix elements on linac injection phase was measured. For
each phase, we swept through eight different currents in the
steering magnets, and obtained a linear fit to the resulting
centroid motion at the phosphor screens. Three noticeable
effects were the source of small errors in this method: (1) a
large amount of dark current emitted from the gun, (2) trans-
verse centroid injection errors arising from cathode drive
laser pointing jitter, and (3) a slow drift in the photocathode
drive laser injection phase. This third effect allowed data to
be taken over only a limited time span, with all data taken in
a single session to ensure the reproducibility of conditions.

The data resulting from these measurements give the cal-
culated values of the centroid sweep rate using the trans-
port derived from the M -matrix and the relevant drift ma-
trices. There is fairly good agreement for all four measure-
ment sets between the predictions and data over all phases
where reliable measurements could be made, with a slightly
larger sensitivity on phase offsets from the crest displayed
by the data. Note that there are larger errors associated with
two measurements made at screen P3 for phases of -2.2 and
+10 degrees. The P3 data was inherently more difficult to
obtain, because the photoelectron beam was much larger in
size than at P2, and the two more uncertain points suffered
from large interference from the dark current background at
their specific running conditions.

The data are inverted to give the elements of the M -
matrix, with the results shown in Figs. 1. The relative ex-
perimental uncertainty shown by the error bars is larger than
for the data sets due to the higher order sensitivity intro-
duced by the inversion process. Also shown in Figs. 1 are
the theoretical predictions for the M -matrix. Since the ma-
trix elements were more sensitive to the experimental noise
in the data, we also fit the data to a quadratic in �, and then
used the resulting filtered data function in the inversion rou-
tine to generate a smooth fit in� for the matrix elements. As
can be seen, this fit agrees quite well with theoretical predic-
tions.

As a final check on the validity of these data sets, and to
independently verify the adiabatic damping component of
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Figure 1: Matrix elements of the transverse trace space map
M of the PWT linac as a function of phase �. The values
obtained from inverting a quadratic fit to the raw data are
drawn by a solid line, the theoretical values by a dashed line.
The matrix elementsM12 andM21 are weighted by the fac-
tors 0=0 and 0=0, respectively, to normalize all matrix
elements.

the transformation, in Fig. 2 (left) we display the experi-
mentally derived values of det(M ), as well as the predicted
values, i=f . Because of the form of the algebraic relation
between the determinant and the matrix elements, the rela-
tive experimental uncertainty in det(M ) is no larger than for
the elements themselves. We have also plotted the values
of det(M ) obtained from the quadratic fit to the raw data.
Not too surprisingly, this produces agreement with theory as
consistent as the agreement found for the matrix elements.

Figure 2: Determinant of the transverse trace space map
for different acceleration phases � (left) and gradients 0

(right). The values for the inverted fit to the data for the
phase dependency are represented by a solid line, and for
the theoretical predictions by a dashed line.

In order to complete a parametric study of the predictions
of Eq. 4, and explore the adiabatic damping effects in more
detail, we undertook a set of measurements of the matrix
elements’ dependence on E0. In this case the rf attenuator
was used to lessen the power fed into the linac, yielding, af-
ter resetting the phase to optimal acceleration, final beam

energies of 7.1, 8.7, 10.6 and 12.8 MeV, or average accel-
erating fields of Eo =8.3, 12.1, 16.6, and 21.9 MV/m, re-
spectively. This data can then be inverted as before to give
the matrix elements. These experimentally derived deter-
minants are plotted in Fig. 2 (right), along with the pre-
dicted values of i=f . This plot, which shows the expected
behavior quite well is, taken along with Fig. 2 (left), con-
vincing direct evidence for the adiabatic damping of trans-
verse ”action”, or area, in trace space.

5 CONCLUSION

In conclusion, these sets of measurements have provided a
first verification of the theoretical model developed in Refs.
5 and 6 of linear transverse dynamics of electrons under-
going simultaneous strong acceleration as well as first and
second order transverse focusing in an rf linac. The ma-
trix treatment of the dynamics predicted by this model has
been directly tested, with the experimentally derived ma-
trix elements in fairly close agreement with the model de-
rived elements. The determinants of the matrices obtained
in this manner have been shown to display the expected
dependence, det(M ) = i=f , giving direct evidence for
the adiabatic damping of trace space area. Some devia-
tions from theoretically predicted matrix elements them-
selves were noticeable, however, especially in the data ob-
tained at lower acceleration gradient.
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