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Abstract

Three dimensional (3D) magnetic field calculated by the
computer code TOSCA was analyzed including the fring-
ing field region. The magnetic field in the median plane
was well simulated by a simple function. Off median plane,
contributions from the coils should be taken into account.

1 INTRODUCTION

Superconducting helical dipole magnets will be used in
RHIC as Siberian snakes and rotators[1]. Extensive in-
vestigations are performed on the orbit and spin track-
ings to examine whether the spin polarization of the pro-
ton will be conserved up to the highest energies with the
help of Siberian snakes. During the first stage, the numer-
ical tracking was performed using an analytical expression
for the magnetic field in the snake. It is now required to
use a more realistic description for the magnetic field in
the snake. Beam trajectory and spin motion can numeri-
cally be calculated, provided that the magnetic field map
is given along the beam path. However, it is not practical
to store the whole field strengths along the helical mag-
nets. Besides, the map has usually some errors. Calcu-
lated or measured magnetic field maps may not always sat-
isfy Maxwell’s equations. This causes errors in numeri-
cal calculations of the orbit and spin matrices; orbit ma-
trices should be symplectic, and spin matrices be unitary.
There are following three methods to improve the situation.
(1) An approximately symplectic matrix calculated from a
field map is transformed into an exactly symplectic one, (2)
Small modifications to the field values are performed so as
to bring the field satisfy Maxwell’s equations, (3) The field
is made more Maxwellian by reading only one or two field
components from the map and deriving the other compo-
nents by using appropriate expansion coefficients.

The method (3) is physically more sound[2] and should
produce a more symplectic matrix. This strategy was ap-
plied to examine three dimensional (3D) magnetic field cal-
culated by the computer code TOSCA includind the fring-
ing field region.

2 MULTIPOLE EXPANSION OF THE
MAGNETIC FIELD

2.1 Cartesian Coordinate System

In a current free region in vacuum where the electric field
~E is constant, the magnetic field~B can be derived from a
scalar potentialΨ as

~B = −∇Ψ. (1)

In a Cartesian coordinate system, the scalar potential is ex-
panded in power series ofx andy coordinates:

Ψ =
∞∑

m = 0

∞∑

n = 0

Am, n(z)
xn

n!
ym

m!
, (2)

wherez is a coordinate of axis. If the magnetic field has
a median plane symmetry,Ψ is an odd function ofy; i.e.,
m = odd[3]. The Laplace equation,∆Ψ = 0, gives the fol-
lowing recurrent relation between coefficients:

Am, n+2(z) + Am+2, n(z) + A(2)
m, n(z) = 0. (3)

Coefficients,A0, n(z) andA1, n(z) are obtained as func-
tions of z, from the expansion ofBx(x, 0, z) and
By(x, 0, z) in the median plane in series ofx at eachz-
position. Therefor, all the coefficients are determined from
the analysis of measured/calculated magnetic field distribu-
tions only in the median plane:

A0, n = − (
∂nBx

∂xn
) x = y = 0, (4)

A1, n = − (
∂nBy

∂xn
) x = y = 0, (5)

A(k)
m, n =

dkAm,n

dzk
. (6)

With these coefficients,Bx(x, y, z), By(x, y, z) and
Bz(x, y, z) are calculated off median plane as below:

Bx = − ∂Ψ
∂x

= −
∞∑

m = 0

∞∑

n = 0

Am, n+1(z)
xn

n!
ym

m!
, (7)

By = − ∂Ψ
∂y

= −
∞∑

m = 0

∞∑

n = 0

Am+1, n(z)
xn

n!
ym

m!
, (8)

Bz = − ∂Ψ
∂z

= −
∞∑

m = 0

∞∑

n = 0

A′
m, n(z)

xn

n!
ym

m!
. (9)

2.2 Cylindrical Coordinate System

In the central region of a helical dipole magnet or for a
helical magnet of infinite length, the magnetic field has a
cylindrical symmetry and a solution of the Laplace equa-
tion ∆Ψ = 0 is given by[4]

Ψ = − B0{
∞∑

n = 0

2n+1(n+1) !
(n+1) n+2

1
rn
0 kn+1

In+1((n+1)kr)

× [ ãn cos ((n+1) θ̃) + b̃n sin ((n+1) θ̃)]}, (10)
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whereIn are modified Bessel functions andθ̃ is defined as

θ̃ = θ − kz, (11)

wherek = 2π/λ andλ is the wave length of the helix. Mod-
ified Bessel functions are expanded in the form of the as-
cending series ofr,

In+1((n+1)kr) =
∞∑

j = 0

1
j!(n+j+1) !

(
(n+1)kr

2
)2j+n+1.

(12)
Now, the magnetic field can be computed as

Br = B0{
∞∑

n = 0

2n+1(n+1) !
(n+1)n+1

1
rn
0 kn

I ′n+1((n+1)kr)

× [ ãn cos ((n+1) θ̃) + b̃n sin ((n+1) θ̃)]}, (13)

Bθ = B0{
∞∑

n = 0

2n+1(n+1) !
(n+1)n+1

1
rn
0 kn

1
kr

In+1((n+1)kr)

× [ b̃n cos ((n+1)θ̃) − ãn sin ((n+1)θ̃)]}, (14)

Bz = − krBθ , (15)

Bx = Br cos (θ) − Bθ sin (θ), (16)

By = Br sin (θ) + Bθ cos (θ). (17)

Multipole coefficients, ãn and b̃n are related withan

andbn in a two-dimensional approximation (or a straight
magnet)[5]:

an = ãn cos ((n+1)kz) − b̃n sin ((n+1)kz), (18)

bn = ãn sin ((n+1)kz) + b̃n cos ((n+1)kz). (19)

If we expand vertical magnetic field components,By, in
series ofr, we obtain

By/B0 = [ 1+
1
4

(kr)2 + (higher order ofrn) ] · b0

+{[ b2− 1
8

(kr0)2 ·b0 ](
r

r0
)2+ (higher order ofrn)} cos (2θ)

+{higher multipoles} (20)

Helical dipoles have sextupole components originating
from the structure[6]. When the magnet length,λ = 240 cm
and the reference radius,r0 = 3.5 cm, then the sextupole
contribution from the dipole field becomes

1
8

(kr0)2 ' 1 × 10−3. (21)

3 NUMERICAL ANALYSIS

3.1 Fitting Procedure

In order to analyze the magnetic field calculated by
Okamura[7], the scalar potential was assumed to be ex-
panded as

Ψ = − B0

∞∑

n = 0

(
1
r0

)n

×{ [
∞∑

j = 0

rn+1

n+2j+1
(
r

r0
)2j · an, j(z ) ] cos ((n+1)θ)

+ [
∞∑

j = 0

rn+1

n+2j+1
(
r

r0
)2j · bn, j(z) ] sin ((n+1)θ)}. (22)

Here, an, j(z) and bn, j(z) are functions ofz, and they
arecos ((n+1)kz) - or sin ((n+1)kz) - like functions for an
infinitely long magnet. The order of magnitude of their
derivatives are estimated as

a
(2m)
n, j (z) =

d2m

dz2m
an, j(z) = o(((n+1)k)2m) · an, j

∼ o(10−3m(n+1)2m) · an, j . (23)

From the Laplace equation,∆Ψ = 0, coefficients,an, j(z)
andan, j(z), satisfy following relations

an, j+1 = − n+2j+3
4(j+1)(n+j+2)

· 1
n+2j+1

· a(2)
n, j , (24)

bn, j+1 = − n+2j+3
4(j+1)(n+j+2)

· 1
n+2j+1

· b(2)
n, j . (25)

In the analysis, coefficients,an, j(z) andbn, j(z), were de-
termined by fitting the radial fieldBr and the azimuthal
field Bθ in the median plane (θ = 0 or π), respectively. In
the fitting procedure, the maximum value ofn was taken 6
and oddn values were also included. Thej’s were taken to
be zero except forn = 0 (dipole component). Only the sec-
ond derivatives ofa0, 0 andb0, 0 were taken into account
and higher order derivatives were negrected. This assump-
tion is reasonable from the previous estimation of the order
of magnitudes for coefficientsan, j andbn, j in (23). Fol-
lowing expansion was used in the fitting procedure,

Br = − ∂Ψ
∂r

= B0{[a00+a01(
r

r0
)2] cos (θ) + [b00+b01(

r

r0
)2] sin (θ)

+
6∑

n = 1

(
r

r0
)n[an0 cos ((n+1)θ) + bn0 sin ((n+1)θ)]},

(26)

Bθ = − ∂Ψ
∂θ

= B0{[ b00+
1
3
b01(

r

r0
)2] cos (θ)−[ a00+

1
3
a01(

r

r0
)2] sin (θ)
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+
6∑

n = 1

(
r

r0
)n [ bn0 cos ((n+1)θ) − an0 sin ((n+1)θ)]}.

(27)
The longitudinal fieldBz was “predicted” with derivatives
of coefficients obtained above,

Bz = − ∂Ψ
∂z

= B0 · r{[a′
00+

1

3
a′
01(

r

r0
)2] cos (θ) + [b′00+

1

3
b′01(

r

r0
)2] sin (θ)

+
6∑

n = 1

1
n+1

(
r

r0
)n [ a′

n0 cos ((n+1)θ) + b′n0 sin ((n+1)θ)]}.
(28)

3.2 Results

At eachz-position, coefficientsan0(z) andbn0(z) were de-
termined by fitting the 3D-calculated fieldBr andBθ in
the median plane (y = 0) with equations (26) and (27). The
3D-field was calculated fromx, y = −35 mm to 35 mm in
5 mm step including the iron core[7]. Consequently, 14 co-
efficients were determined by fitting the calculated fields at
30 points with the Simplex minimizing procedure. Differ-
ences between the 3D calculated and fitted/predicted fields
are shown in Fig. 1. In the median plane, the 3D-fieldBx

andBy are well approximated including the fringing field
region by the function assuming a cylindrical symmetry.
The longitudinal fieldBz was “predicted” with the equa-
tion (28) and it agrees with the 3D-field very well.

Figure 1: Differences between the 3D-calculated and fit-
ted/predicted fields normarized byB0, left: in the median
planex = 3 cm andy = 0 cm, and right: off median plane
x = 0 cm andy = 3 cm.

Off the median plane, for example along the line
x = 0 cm andy = 3 cm, relatively large differences are ob-
served between 3D-results and our approximation, espe-
cially at the magnet edge. The magnetic field generated by
a current parallel to thex-axis aty = y0 andz = z0 is given
by

~B ∝ (0,
z − z0

[(y − y0)2 + (z − z0)2 ]
3
2
,

y0 − y

[(y − y0)2 + (z − z0)2 ]
3
2

). (29)

The fitting errors observed for theBy field at the magnet
edge are well described by the sum of three terms with
the functional form (29) corresponding to a magnetic field
generated by a line current parallel to thex-axis[8]. Fit-
ting errors for theBz field at the edge is also described by
the functional form derived from three line currents at the
same positions, if the these currents are reduced by a factor
of four[8]. At the edge of a helical magnet, there are cur-
rents not only parallel to thex-axis but also those parallel
to thez-axis. The latter cause additionalBy field but do
not haveBz component. Altough the field (29) overesti-
mates the contribution forBz due to such a simplification,
it shows that we have to take account of the effects of the
coil at the end of a magnet. Inside the magnet, on the other
hand, magnetic field is well described by a simple function
of cylindrical symmetry including the fringing field region.

4 SUMMARY

Calculated 3D-field was analyzed to obtain the analytical
expressions satisfying Maxwell equations. In the median
plane, the fieldBx andBy were well expanded with sim-
ple functons of a cylindrical symmetry including the fring-
ing field region. The longitudinal fieldBz was also well
“predicted” with coefficients determined from fittingBx

andBy. Off median plane, on the other hand, effects of
coils parallel to thex-axis were required to explain the dif-
ference between 3D-field and the “predicted” field from the
analysis. Present procedure can be also applied to analyze
measured magnetic fields for helical magnets.
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