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Abstract

Employing a previously developed formalism1, we have per-
formed ground-state and melting calculations of the expected
crystalline beams in ion storage rings ASTRID and TSR.

I. INTRODUCTION
During recent years, significant progress has been made in

understanding the formation of crystalline beams in circular ac-
celerators and storage rings.1−4 No crystalline beam exists in a
constant gradient storage ring, but in an alternating gradient (AG)
ring crystalline beams exist at all densities as long as the beam
energy is smaller than the transition energy of the machine. The
ground-state structure depends upon the machine lattice prop-
erty, the beam energy, and the beam intensity (line density). At
low density, the ground state is a one-dimensional (1D) chain
with particles equally spaced along the azimuthal axis. As the
density increases, the ground state first becomes a 2D zig-zag in
the plane of weaker transverse focusing, and then becomes 3D
single- and multi-shell helices. The maximum spatial density
of the crystal, on the other hand, is determined only by the ma-
chine lattice property and beam energy, independent of the beam
intensity.

When circulating in an AG-focusing machine, the total energy
of the beam is not a constant of motion. As a result, the crys-
talline beam will gradually heat up and eventually melt if not
refrigerated. Previously, we have shown that if the machine lat-
tice periodicity is lower than twice the maximum betatron tune,
heat will generally transfer into the system extremely fast so that a
crystalline beam can not last a meaningful period of time (except
at very low density). On the other hand, if the lattice periodicity
is significantly higher than twice the maximum betatron tune, the
heat transfer is slow, and the crystalline beam can last for a long
time.1,4

II. CRYSTALLINE BEAM IN THE ASTRID
ASTRID is a charged-ion storage ring of circumferenceC0 =

40 m. Laser cooling has been used to reduce the velocity
spread of the beam, currently achieving a rest frame tempera-
ture T = 1 mK in longitudinal dimension. The lattice has a
super-periodicity of 4.

Employing the previously developed formalism,1 we perform
the molecular dynamics (MD) calculation and analysis with the
100 keV7Li+ ion beam. The transverse tunes of the machine are
νx = 2.62 andνy = 1.13. The characteristic distance is1

ξ ≡
(

q2r0ρ
2

Aβ2γ 2

)1/3

≈ 2.2× 10−5 m, (1)
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wherer0 = e2/m0c2 = 1.53× 10−18 m is the proton classical
radius,ρ = 1.2 m is the bending radius,βc = 5.54× 10−3c is
the beam velocity,γ = (1− β2)−1/2, q = 1 is the charge, and
A ≈ 7 is the atomic mass number.

At low density, the ground state is a 1D chain. MD calculation
shows that the transition from 1D to 2D occurs when the inter-
particle distance1z ≈ 5.5 in reduced units,1 i.e. when the
number of particles in the machine is

N = γC0

1zξ
≈ 3.4× 105. (2)

When the total number of particles exceeds this value, the ground
state first becomes a 2D zig-zag in the vertical plane where the
focusing is relatively weak. Fig. 1 shows the trajectory of the
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Figure. 1. A vertical zig-zag structure at density1z = 3 formed
with the ASTRID lattice. The displacement in bothx andz is zero
at all time. B, QF, and QD denote dipole, focusing quadrupole,
and defocusing quadrupole, respectively.

particle with positivey in such a structure at1z = 3 (i.e. N =
6.1× 105). The breathing of the structure can be seen as the
particles encounter the focusing and defocusing elements of the
machine.

Due to the AG focusing, the crystalline structure absorbs en-
ergy (heat) from the lattice. The dots in Fig. 2 shows the heating
rate as a function of the temperatureT in the reduced units1 for
a 1D crystal of density1z = 10 (N = 1.8× 105). The conven-
tional rest-frame temperature can be conveniently obtained by
the relation

Trest = Am0c2β2γ 2ξ2

2kBρ2
T = 0.38 T (K), (3)

wherekB is the Boltzmann constant. At low temperature, the
heating rate is low. Fig. 3 shows that although the horizontal
tune (νx = 2.62) is larger than half the lattice periodicity (4),
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Figure. 2. Heating rates as functions of the temperatureT for a
1D (1z = 10) and a 2D (1z = 3) ground state in the ASTRID
lattice.
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Figure. 3. Power spectrum for the 1D (1z = 10) structure in
the ASTRID lattice at extremely low temperature. The machine
tunes areνx = 2.62,νx = 1.13.

the phonon spectrum does not extend to twice the revolution
frequency (ω0), thus avoiding the two-phonon process which
leads to immediate heat-up.4

As the temperature increases, the heating rate increases due to
the increased probability of multi-phonon processes. The maxi-
mum heating rate is1T/T ≈ 4×10−2 per lattice period, which
corresponds to an e-folding growth time of 0.15 ms. The break
up of the crystal occurs at the temperature that corresponds to
the maximum heating rate, i.e.T ≈ 4 (total rest-frame tem-
peratureTrest = 1.5 K). As the temperature increases further,
the heating rate decreases due to the reducing spatial density.
The MD calculation quantitatively agrees with the conventional
intra-beam scattering calculation at the high-temperature limit
(approximatelyT > 20).

The squares in Fig. 2 shows that the 2D structure heats up
quickly even at very low temperature. Fig. 4 shows that the
phonon spectrum of the 2D structure extends over a broad range
including 2ω0. The immediate heat up occurs at any temperature
through the two-phonon process.

III. CRYSTALLINE BEAM IN THE TSR
TSR is an ion storage ring of circumferenceC0 = 55.4 m.

The lattice has a super-periodicity of 2. We perform MD calcu-
lation with the 7.3 MeV9Be+ ion beam. The transverse tunes
of the machine areνx = 2.57 andνy = 2.21. The characteristic
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Figure. 4. Power spectrum for the 2D (1z = 3) structure in the
ASTRID lattice at extremely low temperature.

distance isξ ≈ 5.1× 10−6 m (ρ = 1.15 m).
At low density, the ground state is again a 1D chain. The

transition from 1D to 2D occurs approximately at1z = 6, or
N = 1.8×106. When the total number of particlesN exceeds this
value, the ground state becomes a zig-zag. The structure makes
one rotation per lattice period around its longitudinal axis, having
a horizontal orientation in the middle of the straight sections
with particle separation of 2.5ξ , and a vertical orientation in the
middle of the bending region with particle separation 8.7ξ . The
rotation is produced by the shear motion when the particle crosses
the bending magnetic field and is shown in Fig. 5 for1z = 5
(N = 2.2× 106). The direction of the rotation is determined by
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Figure. 5. A rotating zig-zag structure at density1z = 5 formed
with the TSR lattice with the displacements inx, y, andz chang-
ing with time during one lattice period.

the orientation of the bending magnetic field.
The dots and squares in Fig. 6 show the heating rates as func-

tions of the temperatureT in reduced units1 for a 1D crystal of
density1z = 10 (N = 1.1× 106) and the 2D rotating zig-zag
of 1z = 5. The conventional rest-frame temperature can be
obtained by the relationTrest = 1.64 T (K). At low tempera-
ture, the heating rate for both structure is low. Fig. 7 shows the
phonon spectrum of the 2D structure. The gigantic peak at 2ω0

results from the periodic ground-state motion, while the spread
is partially due to the finite length of steps used for spectrum
analysis. Although the transverse tunes are larger than half the
lattice periodicity (2), the phonon spectrum luckily avoids the
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Figure. 6. Heating rates as functions of the temperatureT for a
1D (1z = 10) and a 2D (1z = 5) ground-state structure in the
TSR lattice.
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Figure. 7. Power spectrum for the 2D (1z = 5) structure in the
TSR lattice at extremely low temperature. The machine tunes
areνx = 2.57,νx = 2.21.

dangerous points (integral multiple ofω0) which would lead to
immediate heat-up.

The maximum heating rate1T/T ≈ 1.2× 10−1 per lattice
period (e-folding growth time of 0.018 ms) for the 2D state is
about twice of the 1D state1T/T ≈ 6× 10−2. The break up
of the crystal occurs at the temperature that corresponds to the
maximum heating rate, i.e.T ≈ 1.3 (Trest = 2.1 K ).

IV. QUANTUM LIMIT
The classical MD calculation fails only at very low temper-

ature when quantum effects become important. The threshold
temperatureTsh is given by the relation

kBTsh ∼ h̄ωmax, (4)

whereωmax is the maximum phonon frequency of the crystal.
For the ASTRID 1D (1z = 10) structure,Tsh ≈ 5× 10−6 K, as
shown in Fig. 8.

V. CONCLUSIONS AND DISCUSSION
Employing the previously developed formalism1, we have per-

formed MD calculations of the expected crystalline beams in
ASTRID and TSR. The crystalline structure and the melting
conditions depend on the beam energy, density, and the machine
properties. For both ASTRID and TSR, we find that 1D and 2D
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Figure. 8. Specific heat (in reduced units) for the 1D (1z = 10)
structure in the ASTRID lattice.

crystals can be formed when the total rest-frame temperature is
less than about 1 K.

For 1D and occasional 2D crystalline structure, the maximum
rate at which the crystalline state absorbs energy from the lat-
tice occurs at the (break-up) temperature when the crystal starts
to form (or break). The maximum rate is found to be linearly
proportional to the beam intensity. With a given cooling rate,
crystalline state of sufficiently low density can in principle be
achieved if the external system noise is sufficiently low.

Because of the relatively low machine lattice periodicity, crys-
tals of 2D or higher dimension typically absorbs energy from the
lattice and heat up extremely fast. In order to obtain crystalline
beam of complex structure, storage rings should be designed with
lattice periodicity significantly higher than twice the maximum
transverse tune.
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