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ABSTRACT 

A resonance between the periodic focusing force anh 
the envelope oscillations or the particle orbits can lead to 
beam halo formation and a dramatic decrease in bright- 
ness. iVe have developed a theoretical model for this para- 
metric transport instability. We have also investigated the 
instability on the Experimental Test Accelerator II (ETA- 
II)‘. The instability can be excited by altering the excita- 
tion of just one solenoid. 

I. INTRODUCTION 

Most accelerator configurations consist of some periodic 
structures such as a periodic focusing or acceleration sys- 
tem. The Experimental Test Accelerator-II (ETA-II)’ is 
the induction linac designed to drive a 140 GHz microwave 
FEL. Reference 2 showed that when the envelope oscilla- 
tions are in resonance with the periodic magnetic field of 
the first two lo-cell blocks of ETA-II, 20-25% of particles 
walk away from the bulk of the beam and form a halo which 
seriously degrades the beam brightness. The present paper 
aims to provide some theoretical understanding of the res- 
onant particle effects and the cures. A theoretical model 
is given in Sec. II. We have investigated this parametric 
transport instability on ETA-II by detuning a single fo- 
cusing solenoid deliberately and observing the brightness 
degradation. Comparisons between the simulation results 
and expcrirnent,al data are presented in Sec. III. 

II. THEORETICAL MODEL 

A. Eltvelope Oscillatio~~s 

In this paper, we only consider a solenoid transport 
system. In general, we find the matched tune for the beam 
by solving t,he envelope equation: 

I’ 
m=O ’ (1) 

where R( 2) is t,he r.m.s. beam radius and 7/? is the parallel 
beam momentum normalized by mc. IIere k, = eB/y/bd 
is the cyclotron wavenumber, kz = I/I,y3p3R2 is the tune 
shift due to the defocusing space charge force, I is the 
beam current, I, = mc3/e M 17 kA, and E’ = ~2 + P,“/c” 
is the effcct,ive normalized emittance. PO and E, are the 
canonical angular momentum and normalized emittance of 
the beam. According to Eq. (l), the matched magnet,ic 
field B,(Z) for a preferable slowly varying envelope Ro(z) 
is given by 
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IB,(z)l = e[k:+ &- -$-b$.#]’ . 
The subscript “0” represents the matched envelope. Note 
that the magnetic field B, can be both positive and nega- 
tive. Hence, we can use either the continuous or the alter- 
nating solenoid field to transport the beam. Furthermore, 
for a smoothly varying beam envelope, the matched mag- 
netic field B, should also be smoothly varying except near 
the acceleration gaps. Let us assume that the actual mag- 
netic field used in the machine differs from the matched 
magnetic field by 6B(z), and 6B is much less than B,. 
Then the envelope will differ from t,he matched value by 

R(z) = R,(z) + SR(z) . (3) 

Linearizing Eq. (1) around the matched envelope yields 
the following envelope oscillation equation: 

where S = m&R, and 

I{,” =L g + k2 + 1 0’ 2 
4 = 4 [ 3E2 

--- r/3 1 ’ (7P)” + 
2 7P 7”L12 R4 

There are two driving forces for the envelope oscillations 
[Eq. (4)]. We only consider the oscillations excited by the 
perturbation in the magnetic field here. We can express 
the magnetic driving term by a Fourier expansion, and 
rewrite Eq. (4) as 

X” + I+- = z FkbeikbZ 

kb 

Note that Kz is a slowly varying function. Let X = 
c Xkbe ikbz. For I<, # k b, the envelope oscillat,ion does 
not resonate with the periodic magnetic force, and 

For I<, = kb, the orbits of the bulk of the beam res0nat.e 
with the periodic focusing force. Then the parametric in- 
stability occurs, and 
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B. Phase hJixing and Halo Formation 

A single particle orbit is given by 

f+ [yik,]9’-k:(~9~)9=0 ) (9) 

where q = 2 + iy. Let 11 = 71, + 67. To obtain the consis- 
tent perturbation in Ic,, we need to solve either the Vlasov 
or the continuity equation. However, for simplicity, we as- 
sume that both the perturbed and the unperturbed space 
charge force is linear in radius. Linearizing Eq. (9) around 
the unperturbed orbit yields 

C” + m = -&$ rjoe-‘S *da kcok,g + 2k,2,2$ ( 
, 

0 0 ) 
where 

iw 
< = Jr7 (59 e+=d+ ) (11) 

K2 = k,2, _ k2 + 1 

s 4 so 4 
[ 0’ 1 2 1 (YPY ikm B:, 

YP ---+zR, 2 7P 

a&/h q7a/f% 

and k, w k,, /2=t (k&/4 - ka,)l/’ is the betatron wavenum- 
ber for the matched beam. Solving Eq. (10) by using Eqs. 
(4) - (8) and (11) gives the pertubed orbit. Generally, 
Ii’, # Ii’, + k, - k,,/2, a given Fourier component in the 
perturbed force can only resonate with the envelope oscil- 
lations or the particle orbits. The perturbed orbit for this 
single resonance case is given by 

69 -= c co 90 kb#h-e I(,2 - (kb + k, - +Q)~ 

X 

+ k,2, 
Ii’: - (IL + k, - +” 

&+iL,, 
kc, 

” ’ 3 eiK,z 

2,/+77 K, 1 B, 

k2 

+ ,/$I<; _ (I{, “Ok, + +a)2 1 
6B 

X 
h-,-k,+* 

BO 

ei(Ks-k.o+y)z cl31 

IIowever, when K, = K, + k, - k,,/2, the periodic 
perturbation can excite parametric inst’abilities simultane- 
ously in both the envelope oscillations and the particle or- 
bits. When the double resonance occurs, the orbit is given 
by 

2 = kbg K2 - (kb :bO - kc0/2)2 s c 

X SBk* ikbz 
,e:, k; B, e 1 

1 k& SBIc 1 ---2 e iK.2 

2fl Ii’, B, (14 

The first term in Eqs. (13) and (14) corresponds to the 
nonresonant orbit. The other terms in these equations 
describes the unstable orbits when the orbit or the enve- 
lope oscillation resonates with the B field. Equation (12) 
shows that Ii’, is a function of radius due to the space 
charge potential depression, and the radial dependence of 
the solenoidal field and the accelerating field. Hence, 57/n,, 
varies in radius implicitly through r,0 and K, regardless 
whether the particle orbit resonates with the perturba- 
tion or not. This leads to (6r]/~)’ also varying in radius. 
Therefore, phase mixing occurs whenever there is an oscil- 
latory magnetic perturbation or envelope oscillations. 

3101 

Since the resonance condition is a function of radius, 
only the particles at certain radius can resonate with the 
periodic field. These particles can walk away from the 
bulk of the beam with an amplitude proportional to t for 
the single resonance case and to .z’ for the double reso- 
nance case. Eventually, a halo will be formed. Generally, 
(YP)’ = 0 and BL w 0. The resonance condition for the 
envelope oscillations and for the particle orbits is kb = Ii’, 
and kb x 2K,, respectively. Then, double resonance oc- 
curs when kb M 0.63k,, and k,, x 0.39k,,. Therefore, the 
double resonance can happen only if the beam is strongly 
space charge dominated. These double resonance condi- 
tions can be easily satisfied for the ETA-II beam since 
the perturbation in a single solenoid field contains many 
Fourier components. If the parametric instability is ex- 
cited over a large distance, the quality of the beam will be 
damaged beyond repair. 

III. EXPERIMENTS 

We should choose a magnetic field B, such that I{, does 
not equal an integer times the wavenumber of the periodic 
system. Furthermore, allowing K’, to vary along the z axis 
can prevent the parametric instability from growing over 
an extended distance, The result of particle simulations 
for the old ETA-II experiment reported in Ref. 2 is pre- 
sented in Figs. 1 (a)-(c). As shown in Fig. l(b), with 
the magnetic field of the old tune, the bulk of the beam 
could resonate with the periodic magnetic structure over 
the first 20 cells. Large envelope oscillations were excited. 
Hence, a halo was formed. Figures 1 (d)-(f) present the 
simulation results for the current ETA-II tune. The new 
tune is chosen so that the new beam envelope (Fig. l(e)) is 
roughly the same as the old envelope (Fig. l(b)) without 
the large parametric instability excitation. Comparing the 
envelope oscillations in Figs. l(b) and (e) shows t,hat the 
new K, varies relatively fast in z. Therefore, it is harder 
for the parametric instability to ruin the beam quality. 

The magnetic field of a single solenoid consists of many 
long wavelength Fourier components. Therefore, the insta- 
bility can be excited by altering the excitation of a single 
solenoid. We have investigated the transport parametric 
instability experimentally on the newly modified version 
of the ETA-II. The instability was excited at the exit of 
the injector deliberately by detuning one focusing solenoid. 
The stronger space charge forces at that location allowed 
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Fig. 1 Reduction of resonant degradation of brightness with choice of focusing tune. The old tune, 
the beam envelope and the beam phase space at the end of the 20 cells is given in (a), (b) 
and (c), respectively. The plots for the new tune are presented in (d), (e) and (f). 

us to observe a large brightness degradation. The beam 
brightness was measured by using a pepper-pot emittance 
diagnostic3. Since the beam does not stay in resonance 
with the periodic magnetic structure over a long distance 
with the current ETA-II tune, a relatively large perturba- 
tion in the solenoid current excitat.ion must be used. The 
nominal excitation on the first solenoid after the injector 
is 60.81 A. We varied the current from the nominal cur- 
rent to 90A. The brightness was reduced up to a factor of 
3.67. The experimental data are summarized in Table I. 
Here, 1~1, 1~4 and 1~s are the current excitation of the 
solenoid, the beam current at the pepper-pot mask, and 
the transmitted beam current after the mask, respectively. 
The intrinsic beam brightness3 is defined as 

J= 
($&?)2 ’ (15) 

where a is the beam radius, and 0 is the intrinsic angular 
spread of the beam. Both the experimental and simulated 
brightness data are given in Table I. 

IV. CONCLUSIONS 

We have studied a parametric instability of envelope 
oscillations in a periodic solenoid focusing system. A theo- 
retical model was developed to understand this parametric 
instability and its phase mixing. We have investigated the 

instability on ETA-II. A magnetic tune has been chosen 
for the ETA-II focusing system so that the envelope os- 
cillations can not resonate with the periodicity of the fo- 
cusing system over a significant distance. Therefore, it is 
difficult to excite this transport parametric instability and 
to degrade the beam quality. 

Table I. 
Brightness Degradation by Mismatch 

ICl 1~4 1~3 
(Amp) (Amp) (Amp) (Ay{zrad)‘) (A:(;-rad)?) 
60.81 1108 2.39 9.15 x 10s 4.5 x 109 
70 933 2.05 6.02 x 10’ 1.9 x 109 
80 718 1.70 3.64 x lo* 1.0 x 10s 
90 533 1.41 2.49 x 10s 6.8 x 10s 
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