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I. INTRODUCTION 

\\‘P precut IIPW tile results of numerical calculations of 
11ic> lottgii liclinal coupling iti~pedattce of a tmtiin iris colli- 
tttntor iit ;I bcatn pip<‘. The calculations arc performed 
rising a11 ;rttalyt,ic rc,sult, derived in a previous note’. The 
iittp~~~lnncc~ is calciilatcd as a function of frequrtlcy (kc/2x) 
;ritd iiiilcr ;r11t1 outer radius (r = b and 7’ = a). The results 
at’(l pt’~:b4.~ttt cd by plott,ing t,lie admittance as a function of 
k(il - b) = I;CLZ for diffcrctttJ 9’ E (u - b)/n. Comparison is 
m;~tl~~ with the r,spected behavior of t,lte admitStance in the 
st11;111 iris litrrii (3. < 1). 

II. AN~ZT,J’TIC RESUT:J 

\\‘e 110w sitttttiti~rizc t Iir d4vntioti of the analyt.ic result, 
~~ivc~tt itt t II<, pr<‘viotts rc~carclt ttok’. \\‘c began hy writing c3 
t 11~7 rl~~l r0titagttft ic fit>l~ls as tlir> sltm of a sottrcc t.c~rm plus 
trattsttlit tc,d nt1c1 rt~flc~tcd modes in tltcl l)eam pipe. The: 
fir~idi; !VI’I’f’ tllr‘ll Ill;ltCll(Yl at, 2 = 0 (the asial location of the 
iris) t 0 ol)t nin an ittkgrnl cqttatiott for t,lie discontittuit,y in 
tlir, axial c>l<sct ric fieltl frotri otic sitlc of t,he iris to t,lte ot,her. 
I.‘iti;illy tl~p folloxitlg variilt~iOtta1 form was const#rrtcted for 
tlt(T arlttiit taticc% 

Z<?,.(k) = 
fb” rrlr ,Jh” r’d7.’ g(r) q( 7.‘) I<(r, 7’) 

[Jba rdr g(r, h(n/r)]” ’ 
(1) 

\~ltcr~~ !I(/,) is a 1 riill futtct ion proportional t,o t,he discottti- 
ttitily iit tlto axial cl(Tctr.ic fir,ld, and II-(?*, 7”) is t,lle kcrttcl 
of t II{- i~rl(~gt.;~l <‘(Ittat iijtt. givc,tt l)y 

m o;J,(]~j)‘/u) J&jlJ/Q) I<( I’, 7.‘) = ; x Jf(pa) I (2) 
i=l 

Il(>r<, I’, arc’ tlltx z(‘ros of J,(cl) and 

,j,([ = opy - ],P)‘i2 2 = -j(l)? _ k’~‘)~i’ z (3) 

‘1‘111, soI\rt ioll to t11e illtr>grnl quation was ohtnined by 
(‘spatt(lit1g tllc tlisconl~inuity iii tttngftst,ic field in t.rrms of 
t ltr cotii1~lt~tr wl l;‘, (CT,,, I-) itt t It<, ittt(‘rvaI b 5 7’ < 0, 

‘\\‘,,lh 5l,~‘p~“.t’Yl 1P.v tllr, rh~~)ill~tlll~‘llt iIf IhTg?‘. 
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where 

Ft ( u,,, 1 ) = Yl(u,nr) - 
Yo(uma) 
Jo(cr,,u) J1(amr) C4) 

and where the eigcnvalucs u, sbisfy Ft (a,,b) = 0. The 
final result for the impedance was 

y = c ~(r-1,7,L,L> 
)rJ 01 ,,1 

(5) 

where Z, = 120s ohms is t,he impedance of free space and 
the 771, n element of the symmetric matrix I is given by 

(6) 

Truncation of the series in I;‘q. (6) is not, rspcct.rd to sig- 
nificaiit~ly affect numerical accuracy, since the result was 
obtained using t.hc variational form in I$. (1). 

III. SAZALI, IRIS LIMIT 

It is easy to show from the varint,iotial form for Zz,I,.(k) 
that’ 

Z,Y(k) = Z,G(k) + j%,H(k) 5 ;A:12 - k(; $ (7) 

is tlic limit,ing forttt for the adtttitt,anct, for a small iris (d. << 
1, or u-b << a). Here A is espccted to he weakly dt~pcnd~nt~ 
on kn and of order 1. 

The small T approsimat.ion in Fk. (7) has two intercst- 
ing features. The first is that G(k), the real part- of the 
admittance, is independent, of the gcomet,ry of the ohsta- 
cle. The second is that B(k), the imaginary part of the 
admittance, is inversely proport,ional to the cross-sect,ional 
area in the F - z plane where the field is significantly dis- 
turbed by the iris (apprositnate dimensions a -b hy a-b). 
These features are t,he same as khosc encountered in the 
case of a small convcs obstacle in a 1Wa1n pipe’, wlicv the 
corresponding result, ~vas 

Z,?(k) Tz 7r ka - g> 
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\vl~erc A is the cross-sectional a.rea of the ohstaclr~ We 
speculate t.1la.t these features are part, of a more general 
rwull. which will also apply for a small iris of sn~nll but 
finite tlticlitiess and possibly even general shape. 

Finally !ve can also oxamine l,he ltigh frequency limit for 
a small irk whew knx may lw of order 1 or greater. The 
forin 0t‘ the rc3ult can most easily be seen hy taking the 
correspontliiig limit in Eq. (6) where Jl(i>it/G)/J1(P;) goes 
over to COSJ)~C, the cquivaknt, 2-D result.. The prediction 
is then that, zZoI’(k) will be a function of tlie universal 
wrinblc k~rx. T11e small kaz limit, is that given in Eq. (7), 
Ilarll~ly 

s%,,Y(k) z 5 bar - g , kax << 1 (0) 

3tid t!lc, large tns limit can be ol)t,nined via l?q, (6), and 
is 

rZ,Y(k) 2I 7r - 2 . knz > 1 (10) 

IV. CONVERGENCE BEHAVIOR 

‘l’ll~? COtlVCrgCIlCe of the analytic met,ltod \YilS cxantined 
wit Ii resjtwt to truncation of 1.11~ seri?b itI Fy. (6) and 
Kit11 rt5pr.ct to the size of the matrix P. ‘I’0 cliecl; tlit: 
c~uwrg~~i~ce of t11c writs, wc set b := 0.0, CL = 1.0 a11d chose 

\,nl:les for kil nncl n, where 17 X 72 is t,he mat,ris stze. (Note: 
t ilrottgl:r:ut. the rest of this paper tSllc length scale is chosen 
.st~ : lint 11 = 1 .I)) TllP val:les of ka used here were lwt\cec:n 
! 0 a11d 100. ~IIS! II = ‘20, 25. or 30. I\‘e then calculated t,he 
ntlttlit I~JICI* for ctiffercnt, va11lw of i,,,.,., the In;~siiiiiini valltc2 

of t,lil: ~tldt’x in Eq. (6). ‘I%I: real aiid imaginary parts Of 

t IIf, ildIllit I il!lc‘(’ \V(‘TC t.llPtl plot td r?S Z frinct,ion <If l/irnnr 
:‘llij ])rowliiw !Y:!s rc:pCat~:d for tlilf(,rr:tit, \.C~lu~~5 of kil and 
:I ‘1‘!1f, rwitlt ing I)lots ititlisatctd t ltat tltc conycrgtlttce was 
littc,a.r iu I /l,lLO,l-, which was the es~w:tc.,~ hhlavior. ‘Illis 
;illo~~i~i for n sitllplc littcar eslrnp~~lat.iott (1.1 c,it itnate t,hr 
erwr 111 fhc atIit~it.tanw due to th*: Iruncntinn of the series. 
\\‘I: d~~tcrtttittul that ;t ~73ll1c of i,,,,,,. = 5000 br0dJ give\ a.11 

q’rror ,ilk, tn trttncat.ion of al-lpi-oxiinately site part, iti 10” 
, wl~icl~ lb negligible in Cotiiparisrw with the error due t.0 
fi tlitc mat t-ix size (discussed heio~vj. All calculal,ions re- 
ft,rrtd li) tltro~tgltotit~ t11c rcsl of this papt’r wert: pwfortncd 
ll~lllg ?,,l,lT = 5000. 

‘l‘o tlei.c~rtitine t!it> del>endet~ce of t.ltc cnlcr~latr~ti atitnit- 
tanco 011 tttalrix size, Ive let. h = O.!i att(1 cl~osc a valtte 
fljr kci. \\:C t,llt!ll ~~l~lll~~t~cd t.lbf? ~ldtlltl.taticc for It. = 
10, 15, 20, ‘5, and JO. ‘1‘1 it: real at~tl itnagitlaq llart,s of tltc 
oclmitt:inw ~~‘ws t1ic.n plott.cc! as :t ftttic.tiott of l/n. ‘l’ltis 
ptww(ltir~~ \:‘a.< rcpcat ctd for tlilft~retti. k'il!ll('S of ktl. Tllc rc- 
s;l~ltilig ~)lrlts rcvciilfd a strong litie:tr tlq~tr~l~~l~ oil I/rl 

:I:, w.11 ;15 a dcpcntlence 011 Itiglt(‘r-ot~d(‘r 1 twits iti l/n. \\‘c 
~I~~t~~rtititi~~d I!lnt. a quadratic, inlcrpol:ktt~~tt woultl ;ikca t,lt,- 
Il:l5t tmlIlt.5 for the atfmit~tiltlL.c~. rwitltiilg iii iit, “rror of JIO 

t~i:.bt’t\ 111;11i otic part, ill 10” 

v. NUMERICAI, RESUI,rL’S 

The numerical results are presented in Figitrcs l-4 
Equation (0) suggests that zZ,Y(k) is primarily a futrct,iott 
of knz for knz < I. L%‘e therefore plot rZ,Cl(k) (Figuw 1) 
and knr2Z,B(k) (Figure 2) versus knz for 1’ = 05, .I, .3. 
The plots do show t.he behavior expcckd front Eqs. (9) 
and (10). In Fig. 1: we plot the linr wit11 slope K/Z at~d 

the horizontal line with ordinat,e IT; it is then easily SCOII 

that the calculated values for G(k) are consist.cBnt. wit11 I*$. 
(0) and (10). The fact t,hat the curves in Figs. 1 and 2 

00 i .o p.0 3.n 4.0 . 5.0 6.0 7.0 8.0 9.0 100 

Figure 1: Real pn.rt, of the ;Idlllit~tiillCt (tiiulliplietl 1)~ .r) 

vs. Xor for small 2. 
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Figure 2: Itllngillary part cjf tllr> adttlitt attw (rttultiplicd 1,~ 
/!x22) vs. l~U.1~ for s111;111 J:. 

lir* vc’ry close to c*;tc11 Otllcsr sr~gg~~sls 1112: I;)r 5tl1;111 x, tll,% 

~~llCllliltt~d v4lllcS for the itttiwdancc art- tiiiivi~rs;il, t 11at. is, 
a ftittcliott otily of kn: (wccl>t for.nt! (iv(‘r;III f;tc.tor 1,) II 
4l0111rl 1)~ 1101(vl tltat Fig. 2 suggcstb 111(- Y;IIII(! of :1 III b:(i 

($1) is closc~ 1.0 ,I. 

I”igs. 11 :IJI~ .l c~spli)r~~ till> Jiq3;lrtlir1’ fr0111 I;‘[. (!I) ;,‘i 

c Id:Coi~~c~~ of order I. III Fig. 3 \v(- pll!t .~%,,(~‘f,kj ~t’i’.~i::, 
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i,-fir for .r = .05, .5, .i, and .D. The c\Irv(‘s SllUM. rougl1ly 

the sa~ne oscillatory behavior as in Fig. 1, iii the sense 

hat. the r,linima and maxima occur a~ the sanw locat.ions. 

As cspcctcd, as 2’ inc.rea.ses tile cwrves &piLr(, significant.ly 

fro111 the ri:slllt for sInal 2. 
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Figtire 4: Ilnngiiiary p:u t of the admil tali!‘e (ii:i111 iplicd 

2) xx. kn.r for 1:1ry: 2. 

! i<l!W 3. <_ I((,:11 part. c!‘ ~!LP :Irlirlitt:*nc,.. (;Ilultiplictl 13s : ) 
\.z k0.r !.or lnrp 1’. 

On<, of t.llc authors (\\:P‘D) ii grat,,~i’ill hi .10,11;i:111~~~ I.;111 
iTpi. ts for Ilell>fill discussiori~. 

111 Fig. .I \vc p]ct r%,il(k) vr;rs:ls i,i-rz for z’ = .U5. .5, .i, 
.,lld .!i. \i t S;CI’ rorl~llly tll,y SCiiilC' o:xil!:3lory lxlr:xvic~r i1S VII. I~l~:FFJ~I~:s~‘l’s 

in l>i,: 2 It ~!~c;ulil 11(, ilGt!?Cl frown l?ij. t I(1 j t llal for L’ 

x’!Ci:jm. to i ,:ilci large k&I’. iqiy !Vill l,<, small i’~lliJXlt’~~~~ to 
[l] 11.1, (;ltlci;stt~rn, Longitutii~lal I., ( ‘,*:;l)lillg IIII~~C~I~IICL i~f 

(,‘(A,) arl:j :IIC inlpd:illcc~ nili I>(- apl’;.“~illl:lt(‘i:; rCil1. ‘I’llr: an Iris iu a Lka;i~ I’ip~~~ (:b:HN rr -x?a;Tll I!!,[(’ (‘r:l?.s 

r,,lculntt‘ii Y3lW c; ;LrC cc~nsi.stc.ilt \Viill t!~is ~.‘:~l~CliiSiOl:. 
sL/!)o-11:1 (;\I)). 

1’21 ri.1,. C;Iu~~iibt~:rli :lir~j 1’. Xrri, l,oi~gjt ilclin:ii (~‘ol:i~liIlti 
1111J’“‘1;11” of ;I s111;111 C~i-~stx1~1. I'rd:c‘c:(liilg-4 vi‘ illI. 
J':tr.t,jc.l(x i\r~~~4~lc.ratt,r ( '(>llt'c.l.r~llCC.. ( 'lii<:il~iO;. II., 11 1271 
(19131)) 
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