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Abstract 

Many computer codes have been written to model wake 
fields. Rere we describe the use of the Conformal Finite 
Difference Time Domain (CFDTD) method to model the 
wake fields generated by a rigid beam traveling through 
various accelerating structures. The non-cylindrical sym- 
metry of some of the problems considered here requires 
the use of a three dimensional code. In traditional FDTD 
codes, curved surfaces are approximated by rectangular 
steps. The errors introduced in wake field calculations by 
such an approximation can be reduced by increasing the 
mesh size, therefore increasing the cost of computing. An- 
other approach, validated here, deforms Ampere and Fara- 
day contours near a media interface so as to conform to the 
interface. These improvements to the FDTD method re- 
sult in better accuracy of the fields at asymptotically no 
computational cost. This method is also capable of model- 
ing thin wires as found in beam profile monitors, and slots 
and cracks as found in resistive wall monitors. 

I. INTR~DUOTI~N 

This paper discusses the full three dimensional contour 
FDTD modeling of accelerator wake fields. Previously, the 
present authors reported [l] on a two dimensional Ampere 
and Faraday laws based CFDTD computer code for par- 
ticle accelerator modeling. That paper also summarized 
other areas to which CFDTD has been applied. These ap- 
plications include the modeling of slots, cracks and wires 
which have subcell dimensions. More recently, other in- 
vestigators [2] h ave written about their investigations of 
two dimensional Ampere-Faraday laws based FDTD algo- 
rithms. 

II. THE CONTOUR FDTD METHODOLOGY 

Rather than starting with Maxwell’s curl equations, the 
discussion of the contour FDTD method begins with Am- 
pere’s and Faraday’s laws, shown here for reference. 

pdj=/~ ,&.dS+; //, i%dif+/l pv’-dS (1) 

f &di=-$ /.I B’ ’ dg (2) 
c s 

These equations describe two intersecting contour integrals 
with enclosed surface integrals as illustrated in Figure 1. 
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Figure 1: Intersecting Ampere and Faraday Contours 

The electric and magnetic fields are temporally updated in 
a leap-frog manner. The pG term in equation 1 accounts 
for the movement of charge in the contour FDTD grid. 

When the contour paths are rectangular, discretization 
of the integrals result in difference equations that are iden- 
tical to those found in the traditional curl-equation based 
FDTD method. In the contour FDTD implementation 
only the contours near media interfaces are deformed. This 
permits the accurate modeling curved surfaces. Since the 
number of distorted contours scales as the surface area of 
an object, while the problem space scales as its volume, 
the additional computing cost incurred by including these 
contours is negligible. 

As an illustration of the CFDTD technique, a distorted 
Faraday contour near a perfect conductor will be studied. 
In this example the contour is deformed as indicated in 
Figure 2. The contour segments are numbered from one 
to four, counterclockwise from the bottom. The fields are 
assumed constant along each segment, including the seg- 
ment along the media interface. The temporal derivatives 
are replaced with a second order accurate central differ- 
ence approximation. The discretization of Faraday’s law 
for this contour is: 

H,“+“(i, j + l/2, k + l/2) = 

H,“-*(id+ 1/2,k+ l/2)+ 
Ai 

Ap(i,j+1/2,k+l/2] bE;6, j + l/2, k + I)- (3) 
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Figure 2: A Distorted Faraday Contour 

IlE,” (i, j + l/2, k) + /‘&EP(i, j, k + l/2) - 

12 E; (on surface)] 

where A is the area the contour encircles, 1, is the length 
of the pfi segment of the contour, Et is the component 
of the electric field tangential to the surface, At is the 
temporal increment, and i, j, k and n are the indices of the 
discretization. The last term in this equation is equal to 
zero since this electric field component is tangent to the 
perfectly conducting surface. 

Figure 3: A 2D Cut, Perpendicular to the Pipe Axis, of 
the CFDTD Contours 

Comparison of Analytical and FDTD Results 
in an Empty Beam Pipe 

III. SIMULATION RESULTS 1 l - Analytical 

A. Empty Beam Pipe 

In order to validate the numerical model, the contour 
FDTD predicted fields were compared to analytical results 
for a simple geometry. The electric field produced by a 
line charge with velocity v = c traveling along the axis of 
a circular beam pipe is given by [3]: 

I I E = $6(z- ct) 
0 

where X is the linear charge density in coloumbs per meter 
and P is the radial distance from the line charge in meters. 
The numerical simulation employed a fairly coarse gridding 
of eleven cells for the radius, with the contours adjacent 
to the beam pipe distorted to conform to the pipe’s cur- 
vature. The cell size was 0.006 meters. A two dimensional 
cut, which is perpendicular to the pipe axis, of the con- 
tour geometry is pictured in Figure 3. The walls of the 
pipe were modeled as perfectly conducting. A comparison 
of the contour FDTD computed results and the analyti- 
cal results, graphed in Figure 4, are in good agreement, 
typically within 3%. 
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Figure 4: The Electric Field Magnitude of a Line Charge, 
velocity = c, Contour FDTD vs Analytical Expression 
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summarized. Future enhancements to the CFDTD accel- 
erator code include the ability to model frequency disper- 
sive media and the self consistent incorporation of charge 
movement. 
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Figure 5: Beam Pipe with a Pillbox 

B. Pillbox in a Beam Pipe 

The next geometry modeled was a beam pipe containing 
a circular pillbox, illustrated in Figure 5. The beam pipe 
radius was 6.6 cm and the pillbox radius 19.8 cm. As 
before, the cell size was 0.6 cm. The beam was a moving 
line charge, with velocity = c and a gaussian axial charge 
distribution. 

Simulations for an axially located beam as well as an 
off axis beam were computed. The passage of the beam 
through the pillbox excited various modes in the pillbox. 
A study of the time history of the pillbox fields for on axis 
excitation revealed that the TMsre mode primarily was 
excited. A video movie including these two simulations 
was produced [4]. 

C. Pillbox in a Beam Pipe with Flat Plates 

The next geometry modeled was a beam pipe containing 
a circular pillbox with flat plates located in the pillbox 
and, further downstream, in the beam pipe. Note that 
this geometry requires the use of a full three dimensional 
code. Once again, both on axis beam and an off axis beam 
excitations were modeled. The on axis beam excited a 
TMclc mode in the pillbox with flat plates. The resonance 
of the downstream beam pipe and flat plate structure was 
weak and difficult to characterize. The aforementioned 
movie [4] contains these simulations as well. 

IV. CONCLUSION 

This paper validated the CFDTD algorithm for full 
three dimensional modeling of wake fields. The CFDTD 
methodology was explained and various simulations were 
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