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LONGITUDINAL EQUILIBRIUM DISTRIBUTIONS OF ION BEAMS IN STORAGE RINGS WITH INTERNAL TARGETS AND ELECTRON CoOLING®

T. Ellison

Indiana University Cyclotron Facility, Bloomington, IN 47405

Summary

A derivation of the model used to describe the
loagitudinal drag rate 1s preseated along with analytic
equations to describe various aspects of the
longitudinal equilibrium of an ion beam in a storage
ring with Internal targets and electron cooling. The
effects of transverse and longitudinal heating, cathode

nowar gupoly rinnlae voltage and the electron beam

power supply rippae volla ge, and @iecLron beam

space charge depression are discussed.
Introduction

A light loa storage ring, with electron cooling
and three internal target areas, is under contruction
at IUCFL1»2,3,4,5,6 a5 a research tool to study nuclear
physics using very thin targets f~10“8g/cm2\ and stored
beams with very high spatial and energy resolution.
Parameters for the IUCF Cooler are listed in Table I.
Knowledge of the stored beam properties is lmportant
for planning experiwments for this new facility. A
Monte-Carlo program7»8 has been written and used to
study and provide insights into various effects of the
interactlon between ion beam heating by internal
targets and ion beam cooling with electrons. Many of
these effects can also be described well by analytic
techiniques. Some of these effects are described here
ian a geaeral form, and are compared where possible

to the results predicted by the Monte-Carlo program.

Model for Longitudinal Cooling

The Rest Frame Friction Force

The expression for the electroa cooling friction

~e g fan of oo 2a {a ocivan 1in terme nf
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rest frame quantities 1n the MKS system of units for
the nonmagnetized case as:?
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e = electron charge

m = elactron mass

where:

=

-
<

vi = lon velocity p = ion momentum
L. = Coulomb logarithm u=vr-v
f(v) = electron velocity distribution, normalized
to 1

To simplify this expression we remove L, which
depends logarithmically on u, from the integral as in
ref. 10, where we believe the subscript "p" in the
denominator of eq. (43) is a misprint.

Evaluation of Velocity Integral. Two reasonable
disk-shaped electron velocity distributions are:

flv) = (RA"AZL)—L, vy < A"/Z and vy < Al
=0 , vy > A“/Z or v) > A
or
£(v) = (2maya?) exp(v? /282)))-1, vy < 8y/2
=0 s Vi > 8y/2

where A; << A|. VUsing the electrostatic analogy10 we
find, for vy, << A}, that both of the above
distributions yield:
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PARAMETER SYMBOL VALUE UNITS
Magnetic Rigidity K 3.6 T-m
Electron Beam Kinetic Eneryy Eqo 6-270 keV
Electron Current: Operation I 0-2 A
Power 3upply Limit 4.8

Electron Beam Radius rh 1.27 cm n
Electron Gun Perveance k 0.7 pa~v=°/<
Electron Beam Traunsverse

Temperature (design goal) T 0.2 eV
Cathode Power Supply Regulation AVPP/VMAX <2.5x10-°

Solenoid Guide Field 1.5 kG
Electron Interaction Length l 3 n
Ring Circumference C 86.83 m
Transverse Ring Acceptance A 25n mnm-wnrad
Longitudinal Ring Acceptance Ap/p ip-zz

Beta Functioms in Cooling Regilon B, 3-13 =n
Dispersion in Cooling Region Ne 0

Iy = fd3v f(v) u
u

= <V2J|_>—l, Viy = A“/Z

= vy /<2 Dhgy, vy < A/2

For vy » Ay/2, we approximate the integral I as:

N=1

(w2 + (vp?)7*

I

Ly

Laboratory Drag Rate

In order to express F in terms of laboratory frame
aguantiriag wo notrta thate
quantities, we ncte that:
* * *
F7y = dp = ydp = dpy = _dE
dt dc dt fedt
and n* = In
SYReen(r.2
yBcen(ty)

Whare n = 1./C. The definirion of the other sym
may be found in Table I. The electron temperature, T,

is defined in units of eV as:

bols

T = m<v21*) = mc262y2(<92>ﬂ + <8dy)

The loagitudinal cooling effect can be expressed
as a drag rate, R(A) = BcF (A), the rate at which the
electron beam can change the energy of an ifon with an
energy deviation, A. The maximum drag rate, which we
denote as Ry, occurs when the energy deviation, A, of
an ioan 1s such that the Lﬁﬁgituu;ua.l. rest fraume
velocity of the ion 1s equal to half the longitudinal
rest frame velocity spread of the electroan beam, Ag)/2.
We denote this energy deviation as by,

Using the above relatioas, R(A) can be expressed

as:
Ry = R(B1) = dk = 422Mc?rar Inle (2a)
dtimax  ve(rp)2(T/mec?)
R(A) = (4781, A (2b)

z Ry - (1 + a%m/p2T) Ay M (2c)

where M is the proton rest mass, and p is the ion beam
lab frame momentum. We use equation (2) for estimating
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the longitudinal drag rates for beams in the IUCF
Cooler. This equation predicts a maximum longitudinal
drag rate of 1.8 MeV/s for a 644 MeV/c proton beam
cooled with a 4 Amp electron beam using the IUCF
parameters froa Table I. In the calculations that

follow, the ion beam has z = A = 1.
Equilibrium Energy Distributions:

The probability that a particle will interact with
the thin target on any given passage 1s very small. In
additioa, the most probable energy loss rate of a
particle is much less than the drag rate for target
thickaesses practical for use as internal targets.

Ions in the beam, however, can lose as much as 0.5 tleV
on a single traversal through the target. The
combination of these two effects leads to an energy
distribution which has a narrow peak, with a width
given by 41, and a very long tail.”

Fraction of the Ion Beam in the Narrow Peak.

P(A)dA is the probability that a particle will
suffer an energy loss between A and (A + dA), when
traversiag the thin internal target. Using the
formalism developed by Landau, this quantity canm be
expressed asymptotically, for 2 >> Ac (where 8o is the
most probable energy loss) as:!ll

g = 2nbxpe’ 7 (3)
(4mep)“mB4c® A
N is Avogadro's number, p is the target density, x is

the target . thickness, and Z and A are the target nuclel
charge and atomic weight.

P(A)dA = (£/8%)da;

The time it takes to cool an ioa back to the
narrow peak after an energy loss, A, 1s given by:
A

T(a) = £ da = ((A-01) + (A%-21)n/3p2T) /1y
A

R(A)

(4)
assuming that there is mechanism preseat other than
cooling to compensate for the average energy loss, such
as the use of rf which will randomize subsequent energy
changes through synchrotroa oscillations. The
fraction of the ion beam which is contained within the
narrow peak, fp, can then be approximated by:

4y
1 = fof P(A)T(A)dA (3
LY

i

=1 - £58 (In(B2/81) -1 + A1+ m(82% - A%y
Ry &7 6p°T

where 242 is the maximun ener%y the ion can impart to an
electron at rest (AZ = 2nB?y c2) and fo i{s the ion
beam revolution frequency.

In order to compare the predictioas of this simple
model with the results of the Monte-Carlo program, we
set Ry = 2 Mev/s, and set T = 0.04 eV in eqs. (2c¢) and
(5) to give the same rapid fall off of R(A) with A as
in ref. 7. These two models of the longitudinal drag
rate are shown in Figure 1. Figure 2 shows the
prediction of f, using equation (5) along with the
results of the Monte—Carlo calculations. The fractioa
of the beam located within the tail region is
proportional to the target thickness and inversely
proportional to the maximum drag rate. The
predominance of the logarithmic term in eq. (5) suggest
a 1/A fall off of the particle density per unit energy
deviation.

Width of the Peak in the Energy Distribution

Width Due to Cathode Power Supply Regulation. Due
to the very high longitudinal drag rates and the fast
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Figure l: Models of R(A) used in calculations

cooling times within the peak of the energy
distribution, the peak will cohereatly track electroa
beam energy changes due to the cathode power supply
ripple with an energy deviation of e(Vripple,pp)(/m)
provided the slew rate of the power supply does not
exceed Ry(m/eM). The ion beam will be unable to track
ripples of higher slew rates, and the energy deviations
of the ioa beam will be limited to about Ry/2nf, where
f 1s the ripple frequency. Very fast ripples will
cause ninimal coherent shifting of the ion beam energy,
but will increase 81, The enargy deviation of ioas
with deviations less than 1 decreases exponentially,
with a time constant given by AL/RM. Increased ripple
will increase the range of energies in which the proton
beam cools exponentially, increase the cooling tiue,
and extend the range of energies in which the ion
experiences a lower drag rate. The electron cooling
system high voltage system design, and the regulation
of the cathode power supply are discussed in ref. 12Z.

Width Due to the Electroa Beam Space Charge
Depression. The electroan beam space charge depression
caugses a variation in the electroa energy which is
quadratic with distance from the axis of the electron
beam. This effect is negligible in rings without
internal targets due to the very swmall equilibrium
emittance of the ion beaam, but may cause a relatively
large energy spread of the fons in a storage ring with
an internal target, due to the larger transverse ’
equilibrium emittances.’ Ions with large betatron
amplitudes will sample portioas of the electron beaa
with higher 1ab frame velocities and their equilibrium
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Figure 2. Percent of ion beam contained in peak.
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energy will be shifted upwards.

The traansverse cooling time 1s given approximately
byla:

Te = 3 By?en(ry)? (T/we2)3’2 (6)
2(2m)t7Z rerpnlle

for a spatially symmetric Gaussian electron velocity
distribution. Here we use this formula for an order of
magnitude estimate of the ratio of the transverse
cooling time to the longitudinal cooling time:

te/Ty = 1o/ (BL/Ry) = (2ByMc?/21)(T/me?)1/2 ~ 102

The longitudinal equilibrium energy distribution
can be treated as a function of the transverse
equilibrium distribution of the ion beam due to this
great difference in cooling time constants.

We define the fon beam transverse emittaance at the
wailst in the coolling region to be a Gaussian
distributioa where both ney and mey are the phase space
areas which coatain 90% of the particles:

d4N =

4 exp (—2( x2 +x'28, + y? 4+ Z'zgﬂ)}dxdx'dydy'
nzsxsy BxEx Ex Byey €y .

This distribution can be rewrittea in terms of the
betatron amplitudes (X, Y) in the z-x and z-y planes
as:

42N = 16XYdXdY exp(-2(X2/Byex + Y?/Byey))  (8)
exeyBxBy

The energy shift of a particle {s sensitive to the
variable A, the “sum betatron amplitude”, which 1s
given by: A2 = X2 + Y2, For simplicity we set By = ﬁy
= B.. In addition, we set g4 = €y = ¢ which is
reasonable due to the coupling of horizontal and
vertical betatron oscillations by the cooling system
solenoid and compeansating solenoids which will cause
mixing in about 102 to 10% turas. The distribution
of A can then be expressed as:

dN = 8a3 exp(~2a2/gce) da (9)
€8¢

The energy shift, Agq> due to the electron beam
space charge depression is a function of A and is given
by the relation:

bgq = KAZ; K= (1 +1:.2/128.2)el M (10)
8neofe(ry)” o

This relation 1s obtained by averaging Asq for a
particle as it moves through the cooling region, and
then averaging over random betatroa phases. The
equilibrium energy distributiea can then be expressed
as:

dN = 4A

da eZBK

exp(-2A/KBce) 11

This distribution function is plotted in Figure 3
along with the results of a similar Monte—Carlo
calculatioqa. This distribution is expected for a
fixed-emittance (due to the balance between cooling
and transverse heating), with the effects of
longitudinal cooling turned off. We expect this energy
spread to approximate the energy distribution of
beam within the peak when longitudinal heating effects
are present since the most probable energy loss per
turn, Ao,ll is so much smaller than Ry/fy. We note the
equilibrium emittance varies with the product of the
transverse cooling tilme, the beta functions at the
target waist, and the target thickness.’ (This
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Figure 3. [ILon beam energy distribution due to a
finite emittance and the electron space charge.

quantity is found by setting the lacrement in the
emittance due to wmultiple scattering equal to the
decrement due to cooling). Using these relations, we
find that the energy spread due to the electroan beam
space charge effect is proportional to the target
thickness, the beta functions ian the cooling region and
at the target locatlon, aud the three halves power of
T; it is independent of 1 since gg; 1s inversely
proportional to I, and K 1s proportiomal to I.
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