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Summary 

A derivation of the model used to describe the 
longitudinal drag rate is presented along with analytic 
equations to describe various aspects of the 
longitudinal equilibrium of an ion beam in a storage 
ring with internal targets and electron cboling. The 
effects of transverse and longitudinal heating, cathode 
power supply ripple voltage, and the electron beam 
space charge depression are discussed. 

Introductton 

A light ion storage ring, with electron cooling 
and three internal target areas, is under contruction 
at IUCF~,~,~*~,~,~ as a research tool to study nuclear 
physics using very thin targets (-10'ag/cm2) and stored 
beams with very high spatial and energy resolution. 
Parameters Eor the IUCF Cooler are listed in Table I. 
Knowledge of the stored beam properties is important 
for planning experiments for this new facility. A 
Yonte-Carlo program738 has been written and used to 
study and provide insights into various effects oE the 
interaction between ion beam heating by internal 
targets and ion beam cooling with electrons. Many of 
these effects can also be described well by analytic 
techniques. Some of these effects are described here 
in a general form, and are compared where possible 
to the results predicted by the Monte-Carlo program. 

Model for Longitudinal Cooling 

The Rest Frame Friction Force 

The expression for the electron cooling friction 
force, F, on an ion of charge se is given in terms of 
rest frame quantities in the XKS system of units for 
the nonmagnetfzed case a~:~ 

L -4n.z2e4n Id% L,(u)f(:) z = d; (1) 
(4m)Lm -p-pz 

where: e = electron char&e n = electron density 
m = electron mass v = electron velocity 

VI = ion velocity p = ion momentum 
LC = Coulomb logarithm u = VI - " 

f(v) = electron velocity distribution, normalized 
to 1 

To simplify this expression we remove L,, which 
depends logarithmically on u, from the integral as in 
ref. IO, where we believe the subscript "p" in the 
denominator of eq. (43) is a misprint. 

Evaluation of Velocity Iotegral. Two reasonable 
disk-shaped electroo velocity distributions are: 

f(v) = (XA,,b21)--1, v,l < Ail/2 and vl < Al 
= 0 I -711 > Al)/2 or ~1 > Al 

or 

f(v) = [271A,,A*l exp(v21/2A21))-1, VI/ < h/2 
= 0 * "II > AII/~ 

where A,( << Al. Using the electrostatic analogylo we 
find, for vI1 << Al, that both of the above 
distributions yield: 
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Table I. IUCF Cooler Parameters 
---- 

PARAMETER SYMBOL VALUE UNITS 

hlagnetic 
Electron 
Electron 

Electron 
Electron 
Electron 

Rigidity K 3.6 T-m 
Beam Kinetic Energy Ee 6-270 keV 
Current: Operation I O-2 A 

Power Supply Limit 4.8 
Beam Radius rb 1.27 cm 
Gun Pe rveance k 0.7 pA'v-3'2 
Beam Transverse 

Temperature (design goal) T <0.2 eV 
Cathode Power Supply Regulation AVpp/Vw <2.5~10-~ 
Solenoid Guide Field B 1.5 kG 
Electron Interaction Length 1, 3 m 
Ring Circumference C 86.83 m 
Transverse Ring Acceptance A 25n mm-mrad 
Longitudinal King Acceptance AP~P +0.2x 
Beta Functions in Cooling Region SC 3-- 13 m 
Dispersion in Cooling Kegion Q 0 m 

Iii = jd3v f(v) u 
F-F 

= <v*1>-1, 'IH = A,,/2 

a 2’~111/<‘*1>Ae II l VIII < A1112 

For vI,l > Ail/Z, we approximate the integral I as: 

111 = (Ml> + (VI,,)*)-1 

Laboratory Drag Rate 

In order to express F in terms of laboratory frame 
quantities, we note that: 

F*u = &$t = I$ 2 $ z f& 

and n* = 
* 

Where q = 1,/C. The definition of the other symbols 
may be found in Table I. The electron temperature, T, 
is defined in units of eV as: 

T f m<v*l*> = mc2H2v2(<S2>H + <e2>V) 

The longitudinal cooling effect can be expressed 
as a drag rate, R(A) = ScF*(A), the rate at which the 
electron beam can change the energy of an ion with an 
energy deviation, A. The maximum drag rate, which we 
denote as &, occurs when the energy deviation, A, of 
an ion is such that the longitudinal rest Prame 
velocity of the ion is equal to half the longitudinal 
rest frame velocity spread of the electron beam, Aes/2. 
We denote this 

Using the 
as: 

RN ? 

energy-deviation as Al. 
- 

above relations, R(A) can be expressed 

I = dE 
;i; max I 

= 4s2~c2rprnI~L, (2a) 

Ye(rbj2(T/mc2) 

R(A) Z 

where M is the 

RM - (A/Al), A < A1 (2b) 

RM * (1 + A2m/p2T)-', A > Al (2cJ 

proton rest mass, and p is the ion beam .^. 
lab frame momentum. We use equation (2) for estlmatlng 
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the longitudinal drag rates Por beams in the IUCF 
Cooler. This equation predicts a maximum longitudinal 
drag rate of 1.8 MeV/s for a 644 XeV/c proton beam 
cooled with a 4 Amp electron beam using the LUCF 
parameters Prorn Table 1. In the calculations that 

follow, the ion beam has z = A = 1. 
Equilibrium Energy Distributions: 

The probability that a particle will interact with 
the thin target on any given passage is very small. In 
addition, the most probable energy loss rate of a 
particle is much less than the drag rate for target 
thicknesses practical for use as internal targets. 
Ions in the beam, however, can lose as much as 0.5 iGV 
on a single traversal through the target. The 
combination of these two effects leads to an energy 
distribution which has a narrow peak, with a width 
given by *I, and a very long tail.’ 

Fraction of the Ion Beam in the Narrow Peak. 

P(A)dA is the probability that a particle will 
suffer an energy loss between A and (A + dh), when 
traversing the thin internal target. Using the 
formalism developed by Landau, this quantity can be 
expressed asymptotically, for A >> 60 (where *Q is the 
most probable energy loss) as: l1 

P(A)dA ? (</A’)dA; 5- 2nNxpe4 Z (3) 
(4xso)LmB’c~ X 

N is Avogadro’s number, p is the target density, x is 
the target thickness, and Z and A are the target nuclei 
charge and atomic weight. 

The tine it takes to cool an ion back to the 
narrow peak after an energy loss, A, is given by: 

*1 
T(A) E / dA 

A R(h) 
3 ((A-Al) + (A3-*13)m/3p2~)/Rm 

(4) 
assuming that there is mechanism present other than 
cooling to compensate for the average energy loss, such 
as the use of rf which will randomize subsequent energy 
changes through synchrotron oscillations. The 
fraction of the ion beam which is contained within the 
narrow peak, fp, can then be approximated by: 

*l 
fp Z 1 - f$P(A)T(A.)dA (5) 

‘. 

= 1 - fo5. (ln(*2/*1) -1 + *1 + m(A2* - b2)) 
RM XT 6pLT 

where A2 is the maximum ener y 
f 

the ion can impart to an 
electron at rest (A2 3 2mp2y c2) and f. ts the ion 
beam revolution frequency. 

In order to compare the predictions of this simple 
model with the results of the Monte-Carlo program, we 
set RM = 2 Mev/s, and set T = 0.04 eV in eqs. (2~) and 
(5) to give thy same rapid fall off of R(A) with A as 
in ret. 7. These two models of the longitudinal drag 
rate are shown in Figure 1. Figure 2 shows the 
predictLon of fp using equation (5) along with the 
results of the Monte-Carlo calculattons. The fraction 
of the beam located within the tail region is 
proportional to the target thickness and inversely 
proportional to the maximum drag rate. The 
predominance of the logarithmic term in eq. (5) suggest 
a l/A fall off of the particle density per unit energy 
deviation. 

Width of the Peak in the Energy Distribution 

Width Due to Cathode Power Supply Regulation. Due 
to the very high longitudinal drag rates and the fast 

R (A, = R, (I +A* m/p’Tl“ 

A, = 2 MeV/s 
A,=I kc&’ 

T = 0.04 aV 

- EOUATION 2c 
-- 

oq 
nT=O.O5eV 2;; 

l T=0.04 eV j 

+ Te0.03 eV 
4 
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Figure 1: Models of R(A) used in calculations 

cooling times within the peak of the energy 
distribution, the peak will coherently track electron 
beam energy changes due to the cathode power supply 
ripple with an energy deviation of e(Vripple,pp)(M/m) 
provided the slew rate of the power supply does not 
exceed &(m/eM). The ion beam will be unable to track 
ripples of higher slew rates, and the energy deviations 
of the ion beam will be limited to about %/2nf, where 
f is the ripple frequency. Very fast ripples will 
cause minimal coherent shifting of the ion beam energy, 
but will increase Al. The energy deviation of ions 
with deviations less than Al decreases exponentially, 
with a time constant given by AL/Q. Increased ripple 
will increase the range of energies in which the proton 
beam cools exponentially, increase the cooling time, 
and extend the range of enerdies in which the ion 
experiences a lower drag rate. The electron cooling 
system high voltage system desi&n, and the regulation 
of the cathode power supply are discussed in ref. 12. 

Width Due to the Electron Beam Space Char&e 
Depression. The electron beam space charge depression 
causes a variation in the electron enrrdy which is 
yuadratic with distance from the axis of the electron 
beam. This effect is negligible in rings without 
internal targets due to the very small equilibrium 
emittance of the ion beam, but may cause a relatively 
large energy spread of the ions in a storage ring with 
an internal target, due to the larger transverse 
equilibrium emittances.’ Ions with large betatron 
amplitudes wilL sample portions of the electron beam 
with higher lab frame velocities and their equilibrium 
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Figure 2. Percent of ion beahn contained in peak. 



energy will be shifted upwards. 

The transverse cooling time is given approximately 
byL3: T 

tc ?a 3 ~y2en(r~)2 (T/IIIc~)~‘~ (6) 
2(2~)"~ r,rpnILc 

for a spatially symmetric Gaussian electron velocity 
distribution. Here we use this fOKmuh fOK an order of 
magnitude estilmate of the ratio of the transverse 
cooling time to the longitudinal cooling time: 

Q/q = Tc/(AllRM) = (28YMc2/A1)(T/mc2)1'2 w LO2 

The longitudinal equilibrium energy distribution 
can be treated as a function of the transverse 
equilibrium distribution of the ion beam due to this 
great difPerence in cooling time constants. 

We define the ion beam transverse emittance at the 
waist in the cooling region to be a Gaussian 
distribution where both sex and nsy are the phase space 
areas which contain 90% of the particles: 

d4N = 
L 

4 exp(-2(& +& fy2 +&))dxdx'dydy' 

x %&y k&x Ex @Y&Y EY 
(7) 

This distribution can be rewritten in terms of the 
betatron amplitudes (X, Y) in the z-x and z-y planes 
as: 

d2N = 16XYdXdY exp(-2(X2/Sx'x + Y2/Sycy,) (8) 
'xEyBxBy 

The energy shift of a particle is sensitive to the 
variable A, the "sum betatron amplitude", which is 
given by: 82 = x2 + Y2. For simplicity we set Sx = Sy 
= Bc* In addition, we set sx = cy = E which is 
reasonable due to the coupling of horizontal and 
vertical betatron oscillations by the cooling system 
solenoid and compensating solenoids which will cause 
mixing in about LO2 to IO3 turns. The distribution 
of A can then be expressed as: 

dN= 8A3 exp(-2A2/&E> dA (9) 
a-2 

The energy shift, Asq, due to the electron beam 
space charge depression is a function of A and is given 
by the relation: 

Asq = K.42; K = (1 + 1,2/12@,2)eI s (10) 
8nEot%rb)L m 

This relation is obtained by averaging Asq for a 
particle as it moves through the cooling region, and 
then averaging over random betatron phases. The 
equilibrium energy distribution can then be expressed 
as: 

dN p 4A (11) 
xz ELBCLK2 

exp(-2A/KPcs) 

This distribution function is plotted in Figure 3 
along with the results of a similar Monte-Carlo 
calculatione. This distribution is expected for a 
fixed-emittance (due to the balance between cooling 
and transverse heating), with the effects of 
longitudinal cooling turned off. We expect this energy 
spread to approximate the energy distribution of 
beam within the peak when longitudinal heating effects 
are present since the most probable energy loss per 
turn, Ao,ll is so much smaller than P$f/fo. We note the 
equilibrium emittance varies with the product of the 
transverse cooling time, the beta functions at the 
target waist, and the target thickness.l (This 
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Figure 3. Ion beam energy distribution due to a 
finite emittance and the electron space charge. 

quantity is found by setting the increment in the 
emittance due to multiple scattering equal to the 
decrement due to cooling). Using these relations, we 
find that the energy spread due to the electron beam 
space charge effect is proportional to the target 
thickness, the beta functions in the cooling region and 
at the target location, and the three halves power of 
T; it is independent of I since eeq is inversely 
proportional to I, and K is proportional to I. 
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