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ELLIPTICAL AND CIRCULAR CURRENT SHEETS TO PRODUCE A PRESCRIBED INTERNAL FIELD* 

Richard A. Beth 
Brookhaven National Laboratory 

Upton, New York 

Summary 

Any desired two-dimensional magnetic field, 
which is compatible with Maxwell's equations in 
empty space, can be produced inside a given ellip- 
tic or circular cylinder by a distribution of cur- 
rents flowing along the elements of the cylinder. 
Formulas are given for the required current dis- 
tribution, the resulting external field, and for 
the total field energy in the internal and external 
regions. 

It is further possible to eliminate the exter- 
nal or stray field completely while producing the 
prescribed inner field by adding a second confocal 
elliptic (or coaxial circular) current sheet. For- 
mulas are given for the required current distribu- 
tions. 

To facilitate their use the formulas are here 
presented unencumbered by derivations but in a form 
which makes the correspondence between the elliptic 
and circular cases, as well as the specialization 
to median plane fields, appear as simply as pos- 
sible. 

Prescribed Field 

The components of a two-dimensional magnetic 
field parallel to the x,y plane are real functions 
of the coordinates, H,(x,y) and Hy(x,y). In empty 
space without currents Maxwell's equations, 

and 

constitute Cauchy-Riemann equations which show that 
the complex combination of the components 

H f Hy(x,y) + i Hx(x,y) (1) 

is an analytic function of the complex variable 
7. =x+ iy. We can therefore represent the most 
general non-singular field in the vicinity of the 
origin as a power series in z: 

m 

H(z) = H1 + H2z + H3z2 + . . . = c 
L H," 

n-l 
. (2) 

n=l 

The complex coefficients, H, , completely specify 
H(z). In particular, Hl specifies the dipole com- 
ponent, H2 the quadrupole, H3 the sextupole, and, 
in general, H, the 2n-pole component. 

The x-axis represents a "median plane" when 
HX = 0 for y = 0, that is, when H(z) is real for 
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z = x. Hence all the coefficients, Hn , are real 
for a median plane field. 

Elliptical or Circular Cylinder 
Current Sheet 

To produce any prescribed field (2) within 
a 

given elliptic cylinder by currents flowing along 
the elements of the cylinder, we may use the fol- 
lowing version of earlier resu1ts.l 

Let a normal section of the cylinder be the 
ellipse 

z = a cos 9 + ib sin 8 (3) 

where a and b are the given semiaxes, and Q is a 
parameter which goes from 0 to 2n around the el- 
lipse. For a > b we define the real quantities: 

2 2 2 
C =a -b 

a-l-b 
r =- 

2 (4) 

k =; 

The foci of the ellipse lie at z = f c. Trans- 
ition to the case of a circular cylinder of radius 
r implies a + b - r , c - 0 , k + 0 , and 

i@ z=re . (3') 

From the coefficients, H, , of the prescribed 
field we compute the complex values of 

Fm = i, Dmn kn-m Hn 

n=m 

(5) 

using the D, values given in Table I. By means 

TABLE I 
Values of D, in Equation (5) 

n= 1 2 3 4 5 6 7 
8 

m=l 1 0 1 0 2 0 5 
0 

2 1 0 2 0 5 0 
14 

3 1 0 3 0 9 
0 

4 1 0 4 0 
14 

5 1 0 5 
0 

6 1 0 
6 

7 1 
0 

8 1 
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of the recursion D, = Dm-l,n-1 + Dm+l n-1 to- 
gether with D, = 0 for m < 1 and for & > n 
Table I can be extended indefinitely. Note ihat 

DlllRl = 1 and Dmn =Oform+n=odd. Thus,forex- 
ample, 

F1 
= Hl + k2H3 + 2k4H5 + 5k6H, + . . . 

F2 
= H2 + 2k2H4 + 5k4H6 + 14k6H8 f . . . 

etc. 

and, for the circular case, k = 0, 

Fn! =Hm . (5') 

Let dI be the upward current in the elements 
of the cylinder (3) lying between the parameter 
values 6 and 9 + do . Then the current distribu- 
tion required to produce the field (2) within the 
cylinder is given by 

co 
d1 
zi= - & 1 rm ( Fm eime + Fz emime ) (6) 

m=l 

where Fz is the complex conjugate ofkFm . For the 
case of a median plane field, Fm = Fm , and (6) be- 
comes 

d1 1; -= 
d9 --jy Lr m Fm cos me 

m=l 
as is well known, at least for the circular case, 
(5').2 

External Field 

With the current distribution (6) 
external to the elliptic cylinder is 

H oUt(4 = [- 1 fm 

Ill=1 

where 

f = k2m 2m 9: 
m Fm+r F . m 

the field 

l/J 2 2 , z -c 

(7) 

(8) 

For the circular case c = 2k = 0 and Fm = H, , so 
that expression (7) reduces to 

co r2m * 

H o"t(Z) = - y --&+ . (7') -J 
m=l z 

Field Energy 

The energy E stored in space, per unit thick- 
ness of the two-dimensional field, can be evaluated 
in closed form by methods previously described.3 

In units which make the energy density 
(Hz + H2)/8n at any point, we find, for the re- 
gions ixside and outside the general elliptical 
current sheet 

co 

E. =$- In cc 
r2m - ( $ fm ] FmFt /m 

m=l 
@a) 

co 

= $ 1 [(a + b)2m - (a - b)2m ] F,Fz / (22m m) 

m=l 

and 

E ;i =- 
out 

fmfz / (r2m m ) (9b) 

PpFl 

where Fm and f, are given by (5) and (8), res ec- 
tively. For the circular case, k = 0, fm = r mFz 5 

and Fm = Dm ; hence 

02 

Ein = Eout 
=$I H,Hz r2m /m . (9') 

m=l 

Two Cylinders with Zero External Field 

It is possible to produce the prescribed 
field (2) within the inner of two confocal elliptic 
cylinders (or, of two coaxial circular cylinders) 
and, simultaneously, to cancel the field in the 
whole region outside of both cylinders.4 

Denote quantities relating to the inner and 
outer cylinders by single and double primes, res- 
pectively. For confocal cylinders k is the same. 
With the F, computed from the prescribed field as 
in (5) we find the two required current distribu- 
tions in the form (6) by setting 

F’ = (@m 
m Fm + kzm F; ) / Am 

FN = _ (r '2m Fm + k2m FE ) i A 
(10) 

m m 

where A, = rn2m - r'2m . 

For the interior field we have Fm + Fi = Fm 
and for the respective exterior fields (7) we 
find from (8) 

k2m (r n2m+ rj2m)F + (k4m+ r ,2m r 
f' = 

In -'ii = 
In n2m)Fz 
A m 

(11) 

so that superposition yields zero for the field 
exterior to both cylinders. For coaxial circular 
cylinders, k = 0, we have simply 

“6 = r’f2m F ! A n m 

F” = - r ‘2m Fm / A 
m m 

and 

-, t =- /2m 
m fi=r r r'2mF; / Am . 

(10 ‘) 

(11’) 
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The field between the cylinders can also be ob- 
tained by appropriate superposition. Note that 
for r" - m all the double cylinder expressions re- 
duce to the single cylinder case. 

Jr * 7-c * 

Practical methods of constructing cylindrical 
current sheets are illustrated by the superconduc- 
ting quadrupyles built at Brookhaven by Sampson 
and Britton. 
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