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Abstract

The collective effects in high-intensity bunched beams
are described self-consistently by the nonlinear Vlasov-
Maxwell equations. The nonlinear 6 f method, a parti-
cle simulation method for solving the nonlinear Vlasov-
Maxwell equations, is being used to study the collective
effects in high-intensity bunched beams. The § f method,
as a nonlinear perturbative scheme, splits the distribution
function into equilibrium and perturbed parts. The per-
turbed distribution function is represented as a weighted
summation over discrete particles, where the particle or-
bits are advanced by equations of motion in the focus-
ing field and self-generated fields, and the particle weights
are advanced by the coupling between the perturbed fields
and the zero-order distribution function. The nonlinear § f
method exhibits minimal noise and accuracy problemsin
comparison with standard particle-in-cell simulations. A
self-consistent kinetic equilibrium is first established for
high intensity bunched beams. Then, the collective excita-
tions of the equilibrium are systematically investigated us-
ing the § f method implemented in the Beam Equilibrium
Stability and Transport (BEST) code.

INTRODUCTION

Collective effects in high intensity charged particle
beams often manifest as collective excitations with certain
interesting dynamical properties such as instabilities and
Landau damping. To understand the collective effects, it
is necessary to study the equilibria of the beams and the
characteristics of linear and nonlinear perturbations of the
equilibria. A self-consistent theoretical framework based
on the nonlinear Vlasov-Maxwell equations has been es-
tablished for this purpose [1]. A corresponding numerical
method, the ¢ f particle simulation method, has also been
developed [2]. This theoretical and numerical framework
has been successfully applied to study stable beam propa-
gation [3], electron-ion two-stream instabilities [4-6], and
temperature anisotropy instabilities[7, 8]. However, previ-
ous studies were carried out for long coasting beams with
arbitrary nonlinear space-charge field in the transverse di-
rection. In this paper, we apply the Vlasov-Maxwell equa
tionsand the 6 f simulation method to bunched beams with
nonlinear space-charge fields in both the longitudinal and
transverse directions. For bunched beams, the equilibrium
and collective excitation properties are qualitatively differ-
ent from those for coasting beams. First of al, due to the
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coupling between the transverse and longitudinal dynam-
ics induced by the 2D nonlinear space-charge field, there
exists no exact kinetic equilibrium which has anisotropic
temperature in the transverse and longitudinal directions.
Secondly, even inathermal equilibriumwithisotropictem-
perature, particles' tragjectories on constant energy surfaces
are non-integrable [9, 10], which implies that it is impos-
sible to perform an integration along unperturbed orbits to
analytically calculate the linear eigenmodes. This paper is
organized as follows. After a brief summary of the the-
oretical model and simulation method, the self-consistent
equilibrium of a bunched beam is solved, and then, one
case of linear collective excitations for the bunched beam
is examined numerically.

THEORETICAL MODEL AND 6 F
SIMULATION METHOD
To simplify the problem, in the present study we con-
sider a single species bunched beam confined in both the
r— and z— directions by external smooth focusing forcein
the beam frame

2 2
Foc = —mpwiX1 — mpwsze, . (1)

In the beam frame, the dynamics of the bunched beam is
described by the nonlinear Vlasov-Maxwell equations

0 0
{E +v- 8_X — [mb (w%bxl —l—wgzez)

- 0
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V26 = —dne / Ppf(x.p.1), 3
V2AZ = _%eb/dgpvzf(xap7t)’ (4)

This set of equationsis a simplified version of the non-
linear Vlasov-Maxwell equationsin the general cases[1,6].
For the boundary conditions, a perfect conducting cylindri-
cal pipe is located at the radius r = r,,. To numerically
solve the Vlasov-Maxwell equations, we use the low-noise
0 f method [2, 4, 5], where the total distribution function
is divided into two parts, f = fo + df. Here fyisa
known equilibrium solution (0/0t = 0) to the nonlinear
Vlasov-Maxwell equations (2)-(4), and the numerical sim-
ulation is carried out to determine the detailed nonlinear
evolution of the perturbed distribution function 6 f. This
is accomplished by advancing the weight function defined
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by w = §f/f, together with the particles’ positions and
momenta. The dynamical equation for w; is given by [5]

do_ Lok (i,
a = TR ‘5<dt>’

5 (dd‘;i) = e (v&;s - %VL5A2> ,

®)

where the subscript “i” labels the i'th smulation particle,
0¢p = ¢ — ¢, and 0A, = A, — A,o. Here, the equilib-
rium solutions (¢, 4.0, fo) solve the steady-state Vlasov-
Maxwell equations (2)-(4). A detailed description of the
nonlinear ¢ f method can be foundin Ref. [5]. For asingle
species beam, we neglect A, in the beam frame because
4] < |9l

EQUILIBRIUM AND NON-INTEGRABLE
ORBITS

Collective excitations or eigenmodes of charged particle
beams are perturbations around the self-consistent equilib-
rium. The first step in the investigation is to identify the
equilibrium (¢, fo) satisfying

{v . 8% — [my (w%bxl + wizez) (6)
FerVey) - ;p} Jolx,put) = 0, @
Vg = —dmey / P fo(x,p.t). ®)

Equation (6) impliesthat f, isan invariant of the particle
dynamics in the equilibrium space-charge potential ¢ and
the external focusing field. Therefore, f, isafunction of al
of the independent invariants. Even for the simple model
adopted here for bunched beams, there are only two invari-
ants of the single particle dynamicsinthe equilibriumfield,
the total energy H and angular momentum defined by

2
P 1

H = 2—mb + epd + §mb (w%bTQ + w?zQ) , 9
Po = TMpVg . (20

We choose f; to be afunction of H only as

Ny -H

fo=fo(H) = ————5exp <—> , (11

(2rm, T)>/? T

which gives an isotropic temperature 7" in all directions.
Here, 7, isthe beam number density at (r, z) = (0,0). To
model bunched beamsin accelerators, itisdesirableto have
anisotropic temperature in the transverse and longitudinal
directions. However, rigorously speaking, such equilibria
do not exist for bunched beams. Approximate kinetic equi-
libria with anisotropic temperature can be constructed for
long bunches, or other cases where the coupling induced
by the nonlinear space-charge field isweak. Resultson this
topic will be reported elsewhere. In the present study, we
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Figure 2: The r-v,. Poincare plot at z = 0 for 4 different
particles.

will adopt the equilibrium specified by Eqg.(11) for sim-
plicity. Under this assumption, the Poisson equation (8)
becomes

my (w%br2 + wfzz) esdo
2T T |

(12)
which can be solved numerically for ¢ in a perfect cylin-
drical conducting pipe with radius r = r,,. As an ex-
ample, let's consider the case of a proton beam with
sp = 0.079, w,/wg, = 0.1, and vy /c = 1.6 X
1073, and rypwpy/c = 6.75 x 1073, Here, s, =
47rﬂbe§/2mbw%b measures the relative strength of the
space-charge force compared with the applied focusing
force. Equation (12) is numerically solved for ¢. Plotted
in Fig.1 is the normalized equilibrium density no/n, =
exp [—mb (w%bTQ + wzz'?) /2T — eb(bo/T} as afunction
of (r, z). Even thoughthekinetic equilibriumistakento be
the well-behaved thermal equilibrium in Eg. (11), the dy-
namics of a single particle on the constant energy surface
is nonintegrable. Figure 2 shows the r-v,. Poincaré plots at
z = 0 for 4 different particles. Clearly, the » — v,. cross-

V2po = —dmeyniexp | —
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Figure 3: Time history of perturbed potential at afixed spa-
tial location.

sections are not curve-forming a z = 0. The nonintegra-
bility is a result of lacking a third invariant of the dynam-
ics, which is fundamentally due to the coupling between
the transverse and longitudinal dynamics induced by the
2D nonlinear space-charge field. Previous studies on this
subject can be found in References [9, 10]. It isaso clear
from Fig. 2 that the nonintegrability and the correspond-
ing nonlinear space-charge-induced coupling are weak for
this case, which permits us to construct an asymptotically
approximate kinetic equilibrium with anisotropic tempera-
ture.

COLLECTIVE LINEAR EXCITATIONS

Once the equilibrium is determined, we can apply the
of particle simulation method to examine the linear and
nonlinear evolution of perturbations in the system. In
the present paper, we will only focus on linear perturba-
tions. Because the particles’ unperturbed orbits are nonin-
tegrable, it isimpossible to carry out the conventional an-
aytical procedure of integrating along unperturbed orbits
in an eigenmode calculation. From the point of view of
particle simulations, the nonintegrability does not present
any difficulty. Linear perturbations can be simulated in the
same way as for coasting beams, where the particles’ un-
perturbed orbits are integrable. Numerically, an arbitrary
initial perturbationisimposed a ¢t = 0, and the system is
evolved usingthe § f method. Figure 3 showsthe perturbed
potential d¢ as a function of time at a fixed spatial loca
tion. The spectrum (FFT) of the same datais displayed in
Fig.4. Clearly, the linear perturbation has several distinct
eigenmode excitations. The dominate collective excitation
is located at w = 1.970wg,. From the detailed spectrum
near w = 1.970wg,, we can identify a small but finite-
size width of the spectrum peak, which indicates that the
mode is weakly damped. This fact is obvious from Fig. 3,
which indeed shows a linear damping with a damping rate
messured to be v = —0.02wg,. We can also extract the
corresponding mode structure at w = 1.970wg,. The red
part of the mode structure is plottedin Fig. 5 as a function
of (r,z). The imaginary part of §¢ has a similar structure.
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Figure 4. FFT spectrum of the perturbation.
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Figure 5: Real part of the mode structure for j¢ at w =
1.970wgy,

The mode structure indicates that thisis a body mode and
has no node in either the r or z directions.

REFERENCES

[1] R.C. Davidsonand H. Qin, Physicsof Intense Charged Par-
ticle Beamsin High Energy Accelerators, World Scientific,
Singapore, 2001.

[2] H.Qin, Physicsof Plasmas 10, 2078 (2003).
[3] R.C. Davidson, Physical Review Letters 81, 991 (1998).

[4] H.Qin, E. A. Startsev, and R. C. Davidson, Physical Review
Special Topics-Acceleratorsand Beams 6, 014401 (2003).

[5] H.Qin, R. C. Davidson, and W. W. Lee, Physica Review
Special Topics Accelerators and Beams 3, 084401 (2000).

[6] R.C.Davidson, H. Qin, P. H. Stoltz, and T. S. Wang, Phys.
Rev. ST Accel. Beams. 2, 054401 (1999).

[7] E. A. Startsev, R. C. Davidson, and H. Qin, Physicsof Plas-
mas 9, 3138 (2002).

[8] E.A.Startsev, R. C. Davidson, andH. Qin, Physical Review
Special Topics Accelerators and Beams 6, 084401 (2003).

[9] C.Bohnandl. Sideris, Physical Review Special TopicsAc-
celerators and Beams 6, 034203 (2003).

[10] S. R. Hudson, H. Qin, and R. C. Davidson, Nuclear Instru-
ments and Methodsin PhysicsResearch A , in press (2005).

0-7803-8859-3/05/$20.00 ©2005 IEEE



