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Abstract

We consider the trgjectory of a charged particle in an
arbitrary external magnetic field. A local orthogonal co-
ordinate system is given by the tangential, curvature, and
torsion vectors. We write down Maxwell’s equations in
this coordinate system. The resulting partial differential
equations for the magnetic fields fix conditions among its
local multipole components, which can be viewed as agen-
eraization of the usual multipol expansion of the fields of
magnetic elements.

MOTIVATION

The problem at hand came about while implementing a
generalized co-moving coordinate system in TraFiC4 [1],
which, in the generalized case, is curvilinear and non-
orthogonal.

The usual approach to describing the field content of
magnetic elements in accelerator physics is the expansion
in multipoles. This is based on the fact that the magnetic
field in vacuum can be derived from a potential obeying
Laplace's equation; assuming a symmetry along one axis,
it reduces to the two-dimensional Laplace equation, which
is solved by analytic functions of a complex variable.

Strictly speaking, this approach is only admissible in
straight section, where the co-moving coordinate system
is cartesian. In curved sections, one has to use curvilinear
coordinates, and the Laplace operator changes its shape,
leading to a different set of solutions.

Furthermore, the transformation to curvilinear changes
the eguation of motion, introducing inertial forces.

In this paper, we write down the Maxwell-L orentz equa-
tions for the case of an external purely magnetic field in a
coordinate system co-moving on the orbit induced by the
externa field. We describe that orbit in terms of its local
curvature and torsion; the Laplace and Lorentz eguations
are given to all ordersin this frame, Laplace's equation is
solved for two special cases.

FRENET-SERRET COORDINATES

We consider the orbit particle in the usual description
of an accelerator. Ignoring energy changes, its trgectory
is completely determined by its initial conditions and the
external magnetic field.

We usethe arc length s to parametrizeitstrajectory 7(s).
Then, we define the usual local dreibein by the Frenet field
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frame:

Eq :=1t(s) =7(s)
1
Ey, = b(s) = t(s) x 7i(s)
where k is the curvature. We also introduce the torsion
1
TR
We express al quantities in the coordinate system

spanned by FE;, i.e. a vector R is decomposed as

ﬁ(s, x,y) = 7(s) + xfi(s) + yg(s)
The magnetic field is scaled such that

E, :=1(s) =

w = — det(, 7,7

—

7 =tx B

i. e, we absorb charge and energy into the field.
After some algebra, we find

B, =—k
By =-w (1)
B, =0

—

where the index labels components with respect to F; and
barred quantities are values on the trajectory.

THE EQUATIONSOF MOTION

We now look at a particle with trgjectory Z(t) =
()7 (s(t)) +y()b(s(t))+7(s(t)), wherethe coordinate s
isimplicitly defined by £(s(t)) - (7(s(t)) — Z(t)) = 0. The

equations of mation for the coordinates x, y, s read:

T = vy + yws
Y = vy — TWS
Vs

Szl—km

and

# = az+ 2(8%(w? + k) + 2gws+ ywi + (yw' — k)s?
i = a, — 20ws + yw?s® — zw'$* — zws
a4 20ks + (ok — ywk)$?
1—kzx

where v; and a; are the components of the particle’s veloc-
ity and external acceleration.
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Putting in the L orentz equation with magnetic fields B,
we have

ay = (y + zws)vBs — $(1 — kz)vB,
ay = (1 — kx)vB; — (& — yws)vB;
as = (& — yws)vBy — (y + zws)vB,

where v = v, The expressions for the second deriva-
tives of the coordinates contain centrifugal (proportional to
x,y) and Coriolis (proportiona to z, i, $) and higher-order
terms. They reduced to small quantities (O(v—wv), O(kx))
by the Lorentz force for the values givenin (1).

THE OFF-ORBIT MAGNETIC FIELD

We are now interested in the external components of the
acceleration. They are given by the external magnetic field;
they can, however, not be arbitrary asthe magneticfield has
to fulfill Maxwell’s equations. To find the conditions for
bz, by, bs, we write down the metric tensor for the curvilin-
ear coordinate system defined above:

h? +w?(2? +y?) —wy wx
Jik = —wy 1 0
wT 0 L)

(wherezy = s,z = z,2z3 = yand h = 1 — k(s)x) with
detg = (1 — kx)?

Theinverseis
1 wy —wx i
gk =p2 [ wy  h? + w?y? —wzy ]
—wr  —wlry %+ wz?

The coordinate region we are interested is free of cur-
rents, so the magnetic field is the gradient of a potential ®
with A® = 0. We express Laplace’s operator in curvilin-
ear coordinates; we find the following Laplace operators
for the cases of vanishing torsion and constant curvature;
constant curvature and torsion; and arbitrary curvature and
torsion, resp.:

Apo=h"20;+ 0240 — k/hd,
Ap(s)0 = Dro +zh 2K (5)0;
Apw =Dpo+ wh™3 (2[ky + h(yOr — x0y)]0s +
w[—ydy + h(x28£ — 2200y + y28§)])
Ag(s)w(s) = Drw(s) + zh K ()05 (2)
Note that the s derivative of the torsion does not enter the

equations.
The magneticfield is

2253

so @ hasto fulfill the conditions

0,0 = —w
0,2 =0
0y® = —k

at the origin of the local system.
Obviously, the usual analyticity property of the solutions
islost for nonvanishing curvature.

Constant Curvature

Let us solve the constant curvature case first. We notice
that the partia differential equation separates, i. e.

U (s, z,y) = s(s)ve ()¢ (y)

We notice that ¢/(s) = const because of the vanishing
torsion of the orbit. 1, (y) has to be afunction fulfilling

Wy (y) = 1y (y)
and
(1 = kx)y (z) — p(1 — ka)(x) — ¢y (x) =0

which is solved by Bessel functions

by = 1 Jy (\/%(1 - ka:))—l—CQYo < ~ 51— k;x))

%
W(s,2,) = [ dulery (e + ca, (wer)
et (/= 51~ b))
+cQ,z(u)Yo< —%(1—@))}

This, of course, isjust the well-known radial solution of
Laplace's equation in cylinder coordinates|[2].

Constant Curvature and Torsion

This case corresponds to an infinitely extending helical
orbit. The differential equation is given by line 2 of (2).
We make a separation Ansatz 7/ (s, z,y) = —ws + ¢(z,y).
The resulting differential equation for ¢ reads

(02402 — k/hoo+
w?h™* (2[W(x0y — yd.) — kyl+
h(x202 — 22y0,0, + y28§))) o(z,y) =0

This equation is not solvable in closed form (the coordi-
nate system is not one of the ones in which the Laplace
equation is known to be separable[2]), we can, however,
obtain arecursion relation for coefficientsin a power series
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o(x,y) = 3,0 amaz™y". After some tedious work,
one obtains

am—3.ni2k(wW? + ) (n +1)(n+2)+
— am—2.24n(w? + 3k%)(n +1)(n + 2)+
— am—1,0k (K> (m — 1> + w*(m —1)(2n + 1)) +
3am—1,24nk (N +3n+2)+
Am,n (kz(—3m2 +2m) + w?(m +n + 2nm)) +
— tmzen(n +2)(n+ 1)+
a1+m,,2+nk‘w2 (m2 - 1) +
a14mnk(Bm+1)(m+ 1)+
— azgm,—24nw? (m +1)(m + 2)+
— agrmn(m+1)(m+2) = —20*kém 0001 (3)
where the rhs term comes from the separation Ansatz. The
inital conditions are app = 0 (a global gauge fixing),
a0 = 0, ap,; = —k. Note that there are special cases

of the recursion relation for m < 3 or n < 3, they are
(using theinitial conditions)

a2,0 + ap2 =
kai,1 —2a2,1 — 6ap3 + w?k =
— 2a1,2 + 8kag,o — 6as o + 6kap 2 =
4w2a171 + 18kag 3 + 8kaz 1 — 6as — 2k2a171 —6ay 3 =
— 6/<;2a0,2 + 6kai 2 — 12a4,0 — 2w2a0,2—
10k%ag0 + 2w?aso — 2a2.2 + 21kaz o =
— 3/<;w2a1,1 — 18/<:2a0,3 + 21kas ;1 — 6w2a0,3—

12a4,1+7w2a2,1 — 1Ol<:2a2,1 —6a273+k‘3a1,1 +18ka1,3 =0

and, forp > 0

w’pag,14p — kw’ar, 14y + kay 14y + wag 4 p—
60,3+ —500,34+pP—0,3+pD" —2w a2, _14p—2a211, = 0
3w2pa171+p + 18kag,34p + 15kag 34pp + 3k:a073+pp2+
8kag,14+p — 6a1,3+p — Da1,34pp — a1,3+pp2_
6as 1+p + 4w2a1,1+p — 6w2a3,,1+p — 2k2a1,1+p =0
— 2kw?pas 14y — Sw?aoz4pp — waoz4pp°+
3ka1,3+pp2 +15kaq,34pp — 15k2a0,3+pp — 3k2a073+pp2+
5w?pags 11p — 3kw?ar 14, + 3kw?az _14p — a2,34pp°—
9G2,34pP — 6w2a0,3+p — 10/<;2a2,1+p + 21kas 14p+
18kay 34p + Tw?as 11p + ka1 14p—

18k2a073+p — 6&2734_;,, — 12w2a47_1+p — 12&4714_[) =0
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and

— kw?parip,0 + k*arip,0p® + w?azipop+
16kasz4p,0p + 3k:a3+p70p2 — kw2a1+p70 + 2k3pa1+p70+
ka2a71+p,2 - 3p2k2a2+p,0 - a4+p,0p2 — Ta44p,0p—

2w?ay o +6kaitpo — 10k%as p o — 6k%ay 2 — 12a44p 0+
2w2a2+p70 + k:3a1+p70 + 2k3a_1+p72 + 21kasypo—
11k*pagp0 — 2a24p2 =0
—3kw?pay p1+16kaz;p 1p—3kwiarp1+2k>pagp1—
11k°pagp,1 —3p*kasyp1+6kw?a_11p s+kPaiip 10>+
3w?asyp1p + 3kazip1p® — aarpap” — Tasyp1p+
18kayip 3 — 6w?ay s + 6k*a_14p3 — 10k%ag p1+
k2a14pq — 12a41p1 — 18k%a, 3+
21kasyp1 + 7w2a2+p71 — 6az4p3 =0
— 3kw?ar 1 — 18k2ag 3 + 21kas 1 — 6w?ag 3 — 12a4,1+
Tw?as1 — 10k%as 1 — 6az 3+
k*a1 1+ 18kay 3 =0
(3) can be viewed as a generadization of the multipole
Ansatz for helical orbits. Of course, settingw = k = 0
we obtain the recursion relation valid for harmonic func-
tionsinz, y, namely (n+1)(n+2)am 240+ (m+1)(m+
2)as4mn =0

. Obviously, the complexity of the power series prescrip-
tion limits its useful ness.

Planar Undulator

Here, we have vanishing torsion and a periodic curvature
k(s) = kexp(—iAs). We substitute k(s) for s and obtain,
after separating off the harmonic y dependence as 6§w =
—u1), where 1 = 0 due to the boundary condition w = 0

(=N2Kk(Ok + hk0?) + h20,hd, )y (k,x) =0 (4)

Again, a solution is only possible in terms of a power se-
riesin terms of z and k, Similiar as above. We obtain the
recursion relation

am-1n-3(m—1)2—am_1,-12*(n —1)(n — 2)—
mn—2m(3m — 1) + AQam,an-i-
Am+1,n—183m+1)(m+1)—
Amton(m+1)(m+2)=0 (5)

, aswell as special cases for small m, n and for initial con-
ditions, which will not be given here for lack of space.
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