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A TECHNIQUE TO MEASURE CHROMATICITY BASED ON THE
HARMONIC ANALYSISOF A LONGITUDINALLY KICKED BEAM

G. Rumolo, GSI, R. Tomas, Uni. of Valencia

Abstract To assess limitations and extensions of this technique a

Recently a method to measure chromaticity has be(?rklﬂore realistic accelerator model is considered in this ar-

. S - ficle including dispersion, transverse non-linearities and
roposed by applying a transverse and a longitudinal kic ! .
{)0 t?]e bea% ppgssgming a Gaussian bungh in the econd order chromaticity. A Gaussian bunch matched to

. , . : he bucket will be assumed for the derivations. Macroparti-
dimensional phase space, analytical expressions were de- P

rived, which relate the synchrotron sidebands to the m fe simulations using thEEADTAIL [6] code are also per-
chine chromaticity. To assess limitations and extensiongrmed'

of this technique, a more realistic accelerator model iscon- CONSIDERING DISPERSION AND
sidered including dispersion, transverse non-linearities and NON-LINEARITIES

second order chromaticity, which modify the Fourier spec- ] o
trum. Tracking and analytical studies are performed to de- 1he most relevant effect of non-linearities is the fact that

scribe these effects. they produce amplitude detuning and, as a consequence,
the decoherence of the beam oscillations after a transverse
INTRODUCTION kick. In this paper we assume that the amplitude detuning

The standard procedure for measuring the machine chrlg-/oW €nough to ensure the resolution of the synchrotron
maticity is based on changing the beam energy and centifiePands in the Fourier spectrum of the transverse mo-
orbit via frequency modulations of the radio frequency sydion- This condition is normally desirable in the normal

tem. The chromaticities are then inferred by the variatiofPeration ofan acceler_ator. .
of the machine tunes. The above procedure tends to e transverse dynamics of a particle in presence of chro-

lengthy and perturbs the normal machine operation. Ne\rpaticity, dispersion and non-li.nea}rities is approximated by
ertheless a recent study has shown that by using a phgsse%umlng that the energy oscillations are much slqvx{er than
locked loop tune meter the performance of this method cdf€ transverse oscillations. The equation describing the
be largely improved [1]. Various alternative '[echniqueé_ransverse motion is obtained bY directly mtro_ducmg t_he
to measure chromaticity have been proposed during ifitne dependence of the energy in the expressions der_lved
last years. Two remarkable ones are described in [2], [é?raconstant energy. Therefore the most relevant contribu-

and [4]. The first one uses the phase difference between fighs 0 the dynamics are those produced by the feed down

oscillations of the head and the tail of the bunch. The se0M the non-linear fields due to the dispersion offset. In
neral, the contribution of all the feed down fields to the

ond one consists in modulating the radio frequency pha&? s : ; .
and measuring the induced tune modulation. transverse motion can be taken into account by introducing

In [5] yet another method to determine the chromatic(-:hromatlc Twiss parameters in the following way,

ity is proposed by measuring the amplitude and phase of _ 's 1 o
the synchrotron sidebands of the transverse motion after si- % _ g:‘rgﬁ (;r+ Q"+ .. o
multaneously applying a longitudinal and a transverse kick. _ " PO

D = Do+ Dié+ ...,

The analytical expression obtained in this paper for the am- _ _ _
plitude of the synchrotron sideband of ordgri.e. with Wwhere/ represents the betatronic function abdhe dis-

frequency given by),. + ¢Qs, is expressed as persion function. In the first place we describe the Fourier
spectrum of the motion considering only the first chromatic
AMP(q) = e % |I,(s*> —isk)| , (1) order of Twiss parameters. In the following section the ef-

fect of Q” will be studied. The single particle position as
wheres = Qo5/Qs, Q) is the chromaticityos is the function of the turn number is given by taking into account
momentum spread anfeis the longitudinal kick in sigma all the former quantities in the following way,

units. This expression holds for a Gaussian bunch matched A
. _ Qs . .
to the bucket, l.eos = 02075, 1) being the sl!ppage fac.- 2(5,N) = laly/1+ B ()8(N)
tor and R the machine radius. To obtain this expression Bo
a linear motion was assumed both in the longitudinal and x cos(2m(Qy + AQu(N))N + ¢y)

the transverse planes and only first order chromaticity was 2
considered. The above equation shows that by applying the +Do(s)0(N) + Di(s)8°(N) , (3)
longitudinal kick the amplitudes of the synchrotron sidewhered(N) is the relative momentum deviation as function
bands are linear (first non vanishing order) in the chroaf the turn number,

maticity. The sign of the chromaticity is contained in the Qs .

phase of the sidebands. §(N) = dcos(2mQsN) + “R sin(2mQsN) , (4)
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0 and z being the initial longitudinal coordinates and
AQ.(N) is the integral ofQ’.6(N) from the turn O to the | Frequency | Amplitude

turn NV divided by V. It can be deduced from the above e~ [a I,(¢? — isk) + ifﬁl os(k + ic)
equations that the chromatic beta beating modifies the syn@Qx + ¢Qs 5 . 5 .
chrotron sidebands and the orbit oscillates with the fre [ Lg-1(s” — ick) = Ig1a (<" — ick)]
quencies), and2Q, due to the dispersion and the chro- Qs 3 Do (s)osk

matic dispersion. The contribution of sextupoles to the 2@, %Dl(S)UEkQ

chromatic beta beating is produced by the quadrupolar feed

down due to the dispersion at the sextupole and is expresstple 1: Frequencies and amplitudes of the different spec-

as tral lines produced by dispersion and sextupolar fields.
s+C ! I /
Aﬂl (8) _ / ds’ KQ(S )DO(S )50(8 ) (5)
16 s 2sin(27Q)
% c08(27Qy — 2|bu(s") — d2(5)]) , that the chromatic beta beating is known or a calibration is

done using another method for determining the chromatic-
where K, is the sextupole strength. The contribution ofity. Likewise, if the chromaticity is known the chromatic
sextupoles to the chromatic dispersion is produced by thgeta beating could be measured around the ring.
dipolar feed down due to the dispersion at the sextupole In order to verify the achieved expressions a macropar-

and is expressed as ticle simulation has been performed using a model of the
3 e CERN SPS. One sextupolar kick at a dispersion region has
s S . .
Di(s) = - o(s) / ds'\/Bo (D Ks(s') been introduced in thBEADTAIL code. The value of the
4sin(mQyz) Js dispersion was chosen to be the average dispersion at the

x D2(s") cos(é(s') — ¢(s) — 1Q,) . (B) SPS sextupoled) = 2.24 m. The strength of the sextupo-
lar kick was chosen to reproduce the chromatic beta beating
Contributions from other multipoles can be similarly com-at the start of SPS{, L = —0.254564 m~2. Second order
puted. The motion of the centroid is obtained by averaginghromaticity was well corrected by means of a phase space

the single particle motion over the initial bunch density, i.erotation and chromaticity i§)’ = —0.279. The simula-
- - tion was performed for a longitudinal kick of one sigma,
Z(s,N) = / dé/ dzp(68, 2)x(s, N) (7) o5 =0.00248 an_d the synchrotrpn tune @, = 0.005. In
—c0 —o0 Fig. 1 a comparison of the Fourier spectrum obtained from

i o , . the simulation and the prediction from the model is shown.
wherep(, z) is the longitudinal density of the Gaussiany g ,qh a relevant discrepancy is found for the second or-
bunch displaced in the axis by k sigmas. To solve this 4o, gjgebands the first order sidebands are well described
integral the chromatic beta beating is assumed to be mug& the model. This means that second order chromatic
smaller than one and the square root of Eq. (3) is expandgf};«s harameters should be considered to properly describe
up to first order. To obtain the centroid motion the fOHOW'second and higher order synchrotron sidebands. Simula-
ing integrals are needed, '

tion and model agree with remarkable precision concerning

oo oo Dy, as appears from the spectral line with freque2€y.
/ d(S/ dzp(8, 2)5(N)e2m2Q=(NIN — 55 ( 4 i) This is a very relevant quantity that contains the local non—
T Mo . linear information in a similar way as the resonance driving
x sin(2mQ N )els” ~isk)(cos(rQ.N)=1) terms do. It is evident from the figure how important higher

orders are, since data were acquired at a dispersion free re-
oo . gion but yet lines with), and3Q), are observed. We can
/ dé/ dzp(d,2)0(N) = osksin(2rQsN) , (8) conclude that using the first order synchrotron sidebands of
—oo J-—oo all the BPMs around the ring this technique can provide not
only chromaticity but also chromatic beta beating and local

o0 00 non-linear information.
/ d6/ dzp(6,2)0%(N) = o2[1 + k*sin*(27rQ,N)] .

The frequencies and amplitudes of the different spectr@cond order chromaticity

lines arising in the Fourier spectrum ®fs, V) are given

in table 1. It is particularly interesting to note that the fun- This section studies the effect of the second order chro-
damental spectral lin@,. is not affected by the chromatic maticity in the Fourier spectrum of the centroid motion. An

Twiss parameters and that the amplitude of the sidebamgdalytical expression for the turn-by-turn centroid position

Q + |q|Q5 is different from that of),. — |¢|Qs. This differ- is derived considering first and second order chromatici-
ence is linear in the chromatic beta beating, the longitudties but not any chromatic Twiss function. The tune shift

nal kick and the chromaticity. Therefore this difference cal\@., () is given by the integral of)’5(N) + Q" 6%(N) /2

be used to determine the sign of the chromaticity, providefdlom the turn O to the tur@vV divided by N, giving the fol-
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Figure 1: Fourier spectrum of the simulated turn-by-turn £ : : :
motion together with the prediction from the model. Top: 0 200 400 600 800 1000
Tune and synchrotron sidebands. Bottom: Offset and mul- Turn number
tiples of Q.. Figure 2: Fourier spectrum and centroid position in pres-
ence of first and second order chromaticity from the simu-
lowing expression lation and from the analytical formula.
Q% : Qs . . :
QN dsin(2rQsN) — ZU—R(COS(%QSN) —1)| + simulation has been performed with the same SPS model
S

P ) as above but witl)’ = —0.279, Q" = —150 and with-
Q7 [5 (N' Sln(47TQsN)) 0z (1—cos(47Q,N))  Outthe sextupolar kick. The turn-by-turn centroid position

47N 1 2 AmQs 'nRAT and the Fourier spectrum obtained from the simulation and
22Q? sin(4rQsN) the analytical formula are shown in Fig. 2. The first syn-
+ 202 R2 (  4rQ, )} : chrotron sidebands can still be used to estimtalthough

a largerQ” would completely distort the Fourier spectrum.
The centroid positiorz(s, N) is computed as in Eq. (7)
with the above tune shift and it is obtained by taking the real
part of the following expression (up to a proportionality CONCLUSIONS
constant):

It has been demonstrated that for small amplitude de-
tuning and second order chromaticity the proposed tech-
nique can be used to measure chromaticity and to obtain in-
formation concerning chromatic Twiss functions and non-
\/1 ~ 2N + 2 [ N2 sin24(2;rgzsN):| linearities. I_t propably remains.importantto study the effgct

TS of the non-linearity of the longitudinal phase space motion
and collective effects.

4 ; o8 S2
s (k+is) [(1+g2N)(L05(27rQ3N) » 12)+(22WQjV?’(N)]+F(N) 2 QuN
- ] sin2 (27 Q 2
1—21s2N+s§ [—N2+T§]

S(N)andF(N) being
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