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Abstract TRANSFORMATION EQUATIONSIN
TERMS OF PERTURBATION
A periodic focusing system is reduced to an equivalent EXPANSIONS

continuous focusing one for a beam with space charge by
averaging over the lattice oscillations. The Lie transfomér
perturbation method is used to canonically transform thg

laboratory phase space variables to slowly oscillating vari-~ dz

ables. A similar averaging over the lattice period was per- 2 = 12(2), w(zt e} 1)
formed by R.C. Davidson, H. Qin and P.J. Channell [Phy§

i _ . This describes a canonical transformation from the phase
Rev ST 2, 074401 (1999)] using the Poincare-Von Zleépace vectors to Z. The transformed variabld] varies

pel perturbatlon methoq. Thg Lie t.ransform- method ofg ontinuously with respect to the time like parameterith

fers certain advantages in that it retains the original form g being analogous to the Hamiltonian. The symplectic
the Hamlltoplan before begmmng the process of canoniC@i cture of the transformation guarantees that the trans-
transformation to a slowly oscillating poordlnate frame. Qr?ormation is canonical for all values ef A Lie operator is

the other hand, the Poincare-Von Ziepel method requireS.fined byL = {w, }. A transformation operator T trans-
one to make a Taylor expansion of the Hamiltonian intermﬁ)rms any functior’1 such tha f(z,¢) = f(Z(z1),0). T

?f the dashyet undetermm_eglexp?rrlzsmfl tirms fOf the trf‘hnli"equivalent to the “evolution” operator with respect to the
ormed phase space variables. -ihe Lie ranstorm MethQfy,o» - por the identity function, this would simply be,

avoids such a Taylor expansion and so the formulation i, _
. : ; z=Z(z,1).
less tedious. It will be demonstrated that performing the To obtain explicit equations for each perturbation term,

reverse transformation '_co the o_riginal phase space variablg\§ery physical quantity and operator is expressed as a
is also straight forward in the Lie transform method. power series in: known as the Deprit power series [3].
This would beh(z,t,€) = Y00 €"hn(2,t), H(z,t,€) =
S g€ Hy(2,t), T(te) = Y00 €"Tn(t), L(w) =
o € L, w(z, te) = Y07 o €"wnp1(z,t). Where,h
INTRODUCTION represents the orl.gmall Ham|It.on|an arf represgnts the
transformed Hamiltonian. Using these expansions, equa-
tions for each order of can be derived to determine the
In many applications of dynamical systems, one is pritransformed Hamiltonia#/ with respect tow andh, and
marily interested in the long time behavior compared t¢he transformation operatdr with respect to the opera-
certain fast time scales over which the system evolvetr L. A rigorous derivation of these relationships can be
Hamiltonian averaging techniques have been effective fieund in Ref. [4] and a more brief one in Ref. [5]. These
obtaining a set of equations that contain only long-tim@erivations are based on the work by Dewar [2]. In prin-
processes and retain the effects produced by the short tigigle, the relationships can be derived up to any order. We
scale processes only up to a desired approximation. TB&e them here up to third order. In order to perform a time
standard procedure is to perform a perturbation canonicaveraging, we need to sk = 0 [7]. Using this, equations
transformation to a slowly oscillating reference frame. Théo determine the transformed Hamiltonian up to third order
Lie Transform perturbation method is more convenient foare,

A Lie Transformation is defined in terms of a Lie gen-
ating functionw which satisfies the Poisson bracket rela-

such a procedure when compared to methods based on the Hy=ho=0 2)
Hamilton-Jacobi transformation. A Lie transformation can Ow

be expressed in Poisson bracket notation as an analogy to ot Hy =M @)
Hamilton’s equation with respect to a continuously varying Hws

parameter representing “Time” and a Lie generating func- 5 = 2(Hy — ha) — Li(Hy + hy) (4)
tion representing the “Hamiltonian”. This enables one to

develop the whole formulation in Poisson brackets form ws

making inverse transformations at every intermediate stage o 3(Hs — h3) — L1(Hz + h2)
unnecessary because the results of Poisson brackets are in- 1

variant under canonical transformations. —Ly(Hy + 5h1) — 5 L3 (M) (5)

2 2
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The expansion terms of the inverse transformation opeHereafter we assume th@t, ,,) = 0 which is true for most
atorT~! are given below up to third order. They are, practical applications. Since the expansion terma afp-
pear in the form of derivatives in the transformation equa-

-1
=1 ©6) tions, it is sufficient to evaluate the indefinite integral with
=1 (7) respecttos. Doing this for Eq. (11) gives,
-1 _ 2 1 1
Lo =glet5h ® wy = — kb (5)X2 — Skl (5)Y? (14)

2 x
Ty' = gls+glila+ gloln + éLilg (9 The Roman numerical superscripts represent an indefinite
integral overs. Similarly, a superscript “II” will indicate a
APPLICATION TO AN INTENSE BEAM IN  double integration oves and so on.
A LINEAR EOCUSING FIELD Moving now to the second order perturbation equation
which is Eq. (4), we get
The analysis in this section considers a thin, long non-
neutral beam traveling with a constant axia_l velocity. The Ows _ 2H; + QHL(S)XX’ + QHL(S)YY’ (15)
charged particles are subjected to a focusing force of the Os

form —[k.(s)z€x + Ky (s)y€y]. The axial distance, is  Since both the terms on the right side are fast oscillating

equivalent to time since the beam is assumed to be progyms and average to zero, we need toBet= 0. Inte-
agating at constant velocity. In normalized units (see fQgrating with respect te yields

example Ref. [6]), the Hamiltonian for such a system in the

transverse phase spagey, 2/, y’) is given by wo = 2(k II( XX+ KII (5)YY") (16)
h = %(3;’2 + %) + %,gx(s)ﬁ 4 %,Qy(s)gﬁ +(z,y, ) We now move to the third order equation which gives,

- : : . 10 gy I [ 9
The oscillation of the lattice function(s) is considered to  — = = 3(kz ()X 5 + £y (s)Y 55 )0(X, Y, 5)

be much faster than the oscillation of the space charge po-

Il 2 I 2
tentialv(z, y, s). The aim here is to apply the perturbation +3Hjz — 3k, (5) X" — 3r, (s)Y”

theory of the previous section to average over the lattice os- +2K|| (s)ka(s) X2 + 2! (8)ry(s)Y?
cillations. As mentioned in the previous section, we to set 1 yl I
ho = 0. The Hamiltoniarh is considered to be of the same —= (kg (9))2X? = S(ky(9)*Y? (17)

order as the parameter So, we havé, = h, ho = 0, and 2 2

hs = 0. For this application of a charged particle beamOnce againf; needs to be chosen so that it cancels terms

where the aim is to find an equivalent continuously focuswith nonzero averages over the lattice periods. The sec-

ing system, it is sufficient to carry out the procedure up tond term on the right side of Eq. (17) is a product between

third order [1, 8]. slow and fast oscillating terms. Up to the desired order, this
The given Hamiltonian is now applied to Egs. (2 - 5). Inproduct averages to zero over fast oscillations [7].

which everything is expressed in terms of the transformed

. " - . 1,1 1,1
variables. Equation (2) givell, = 0, and Eq. (3) gives  Hj = 3(2( ry2 okl v x2 4 3<2( L)Q - 2;1!) Ky ) Y2
aUH — X/2 Y,Q ) ) . (18)
s T 5( ) Up to third order, the transformed Hamiltonian given by
1 , 1 ) H = H; + Hs + Hj represents an intense beam with con-
—5ha(8) X7 = SRy ()Y —¥(X, Y, 5) (11)  tinuous focusing. This can be expressed as

There are two unknown expressions in this equation. The 1¥I

1
12 12 2 2
are, H; andw; where H; needs to be chosen such that it X +Y7) + 5(’CxX +EyYT) +9(X, Y 5)

retains only the slowly oscillating terms and cancels terms (19)
with a nonzero value when averaged over fast oscillationghere 1
This ensures that, averages to zero over fast oscillations Kx = —<(I{L)2 - 4’%'! Ka) (20)
which is required in order for the perturbation scheme to be 3
secular [4]. So, and 1

Ky = 5((m)° = dry ) (21)

Hy = 1(X’2+Y’2)+ o) X2+ <f<:y>Y2+1/}(X Y,s),

(12)

where the angle brackets represent an average over a Iatflc%

(K . . .
2 2 To determinews, we need to integrate Eq. (17). Retain-

only terms of third order i, the integration yields

periodsS. That is, ws = 36l (5)x 22 + 36l (s 2
ox oY
- §/0 ds(... (13) —3i!M (5)x72 — 3!l ()72 (22)

1537



Proceedings of the 2003 Particle Accelerator Conference

To transform back to the laboratory phase space varman offer a variety of advantages. It can be solved more ef-
ables, we make use of the operafor! given by Egs.(6 ficiently numerically because it can allow larger time steps.
- 9). The transformation will be performed up to third or-The transformed system can also also have symmetries that
der. We may express the transformation in the form of ean reduce its dimensionality, for example, angular mo-

perturbation expansion as mentum is conserved for an alternating gradient focusing
) system with an azimuthally symmetric charge distribution.
r=T"X=X+x1+T2+ ... (23)  The averaged Hamiltonian is time independent, and so it

. can allow self consistent equilibrium where the phase space
y=T"Y=Y+y+y2+.... (24)  density is a function of the transformed Hamiltonian. That
o =T 'X' =X +af +abh+ .. (25) is, Fo(X,Y, X", Y') = F(K). This would be a near equi-

, e L, librium solution in the laboratory frame. In this section, re-
y =TV =Y 4y +yo + ... (26)  |ationships were also derived to transform the system back
The zeroth order term&, Y, X', Y represent the fact t0 the laboratory frame after performing the required cal-
thatT,; ! = I, the identity transformation. The first order culations in the transformed reference frame,

terms are obtained by operatifig ' which, from Eq. (7)

is simply the operatof;. So, SUMMARY
21 = {w, X} =0 27) This paper demonstrates the use of the Lie transforma-
tion perturbation theory to perform a time averaging over
v = {w, Y} =0 (28) fast oscillations for a beam with space charge in a periodic
| focusing channel. This derivation was previously done us-

7y = {w1, X'} = —ry(s)X (29)  ing the Poincare - Von Ziepel method Ref [1]. This deriva-
tion has the advantage that it does not assume the space
charge to satisfy any specific equation like Poisson’s or

Similarly, the second order terms can be got from Eqg. (8ylaxwell's equation unlike those in Refs. [8, 9, 7]. In ad-

v = {w,Y'} = =l ()Y (30)

Y

by operatingl}, ! on (X, X’,Y,Y"). These are, dition to that, the transformed Hamiltonian and the inverse

transformation of phase space variables can be obtained in
Ty = E(LQ + L)X = _chl ()X (31) explicit form. The Lie transfor.mation method greatly sim-

2 plifies the the algebra especially when the external force

1 ) I term of the Hamiltonian has a complex form having mixed

Yo = §(L2 + L)Y = =k, (8)X (32) variables like in nonlinear focusing systems. It does not re-
quire one to Taylor expand the Hamiltonian and does not

ah = l(LQ + L)X = ,.@L' (s) X' (33) require one to perform a reverse transformation at every
2 intermediate stage. Moreover, the reverse transformation

, 1 oy / needs be done only if required. In conclusion, we state that
Y2 = §(L2 LY = my (s)Y (34) although the method was applied to an intense beam with

The third order terms will be determined by the operatodinear focusing, its application is more general.
T; ! given by Eq. (9). This gives,
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