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Abstract

Growth rates for the two-stream instability for a heavy-
ion beam propagating in a collisionless plasma are an-
alyzed analytically and numerically using particle-in-cell
simulations. Good agreement between the analytic and
simulation results is found for a wide range of parame-
ters consistent with heavy-ion driven inertial fusion energy
chamber designs.

INTRODUCTION

Heavy-ion inertial-fusion-energy requires beams of
high-energy, heavy-ions to be focused and propagated
across a gas and plasma filled reactor chamber. The ro-
bust point design [1] uses the neutralized ballistic transport
scheme which requires that the focusing force be applied
to the ion beams outside of the reactor chamber. Prior to
entering the chamber, the beams pass through a pre-ionized
plasma region which provides charge neutralization. Target
designs require lower energy “foot” beams to preheat the
target prior to the arrival of the high energy beams which
provide the final target impulse. The chamber environment
for the foot beams includes a low density (∼ 3 mtorr) back-
ground gas. The main beams propagate through gas which
is partially ionized near the target by photo-ionization due
to the preheated target. In addition, aerosols may be present
along all or part of the beam path lengths, possibly impact-
ing the transport properties [2].

A previous analysis [3] of two-stream instability growth
and saturation for converging heavy ion beams propagat-
ing in a reactor chamber considered the rate of change of
the maximum growing wave-number with increasing beam
and plasma densities as the converging beam crosses the
chamber. That analysis concluded that for a specific range
of parameters, a reasonable propagation window existed in
part because of the changing instability mode as the beams
propagated across the chamber.

One goal of this work is to revisit the assumptions made
for the analysis of Ref. [3] in light of the recent robust point
design [1] parameters. As a first step towards this goal, a
study of both 1-D and 2-D two-stream instability modes is
examined in this paper.
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1-D STUDIES

The growth rate of the electrostatic two-stream insta-
bility is investigated in 1-D for the case of cold electron
and heavy-ion streams propagating through a stationary
background ion population. The electron and ion beams
are moving in the same direction with (possibly) different
speeds. Charge neutralization is enforced in all cases by
setting nb + np = ne, where nb,e,p are the beam ion, elec-
tron, and plasma ion densities, respectively.

The electrostatic dispersion relation for an ion beam
propagating along with an electron stream through a sta-
tionary background ion population can be written as (see,
for example, Ref. [4])
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where ωb,e,p are the beam ion, electron, and plasma ion
plasma frequencies, respectively, and vb,e are the beam ion
and electron speeds.
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Figure 1: 1-D two-stream growth rate from dispersion re-
lation (solid line) and 1-D LSP simulations (open circles).
The parameters are ne = 109 cm−3, ne/nb = 2, nb = np,
and ve = 0.1c.

Electrostatic particle-in-cell simulations using LSP [5]
have been carried out in 1-D with periodic boundary con-
ditions for direct comparison to the solutions of Eq. (1).
The simulation length is set to be 2π/k, where k is the
wave number of interest. The instability growth is stimu-
lated by an initial sinusoidal perturbation of wave-number
k and amplitude 0.0001ve applied to the electron velocity.
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Comparisons were carried out over a wide range of
parameters, including electron speed, density, and wave-
numbers. Very good agreement over all parameter ranges
was found. A sample comparison is shown in Fig. 1 for the
specific case of ve = 0.1c, and ion masses of 200M for
the beam ions and 12M for the initially stationary plasma
ions, where M is the mass of a proton. (These mass val-
ues are used throughout this paper.) Note that the beam ion
speed, vb, is fixed at 0.2c throughout this work. The solid
line is the maximum growth rate as a function of k, with
peak growth found for k ∼ ωe/ve. The data points are in-
dividual LSP simulations carried out for different periodic
lengths 2π/k. The peak growth rate in the simulations is
slightly different than that found from Eq. (1), but the over-
all k-dependence is reproduced.

2-D SURFACE MODE

Surface wave two-stream growth is assessed for the limit
of a “hard-edge” ion beam propagating with an electron
stream through a background ion density. In the electro-
static limit, an eigenfunction analysis leads to the disper-
sion relation
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where α is a geometric factor given by

α =
I0(ka)
I1(ka)

[
I0(kR)K1(ka) + I1(ka)K0(kR)
I0(kR)K0(ka) − I0(ka)K0(kR)

]
. (3)

(A fully electromagnetic formulation for an annular rel-
ativistic electron beam in a background plasma has been
given by Jones [6]. In the electrostatic limit, a dispersion
relation similar to Eq. (2) was obtained by Fukano, et al.
[7] for the case of no outer radial boundary.) The electron
density is again set such that ne = np + nb, which leads to
a higher electron density inside the beam (“e1”) than out-
side (“e2”). The outer conducting wall is at R and the beam
radius is a. These values are fixed at R = 2 cm and a = 1
cm throughout this paper.

For the case of a smooth density gradient at the edge of
the beam a simple analytic dispersion relation such as Eq.
(2) no longer applies. In this more general case, the dis-
persion analysis is carried out by setting the determinant of
the discretized system of linearized electrostatic equations
equal to zero. We choose a simple form for the ion beam
density profile as a function of radius

nb(r) = nb0g(r) = nb0
1

e(r−a)/f + 1
, (4)

where nb0 is approximately the on-axis value of the beam
density and f determines the inclination angle of the nor-
malized beam density profile g(r) at r = a [this angle in

radians is tan−1(0.25/f)]. The radial profile of the axial
electron velocity is obtained from the condition for current
neutralization

ve(r) =
nb(r)vb

nb(r) + np
. (5)

In the limit of very small values of f , this analysis con-
verges to the same result as obtained from the solution of
Eq. (2), the “hard-edge” limit.
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Figure 2: The maximum two-stream growth rates for the 1-
D “body” and 2-D “surface” modes as a function of density
and inclination angle. The parameters are ne = 109 cm−3,
ne1/nb = 2, nb = np, and ve = 0.1c.

A comparison between the body mode given by the solu-
tion of Eq. (1) and the surface mode is shown in Fig. (2) for
ve = 0.1c. The maximum body mode growth rate (continu-
ous spectrum) is independent of inclination angle while the
maximum surface mode growth rate increases with increas-
ing inclination angle. For the range of parameters consid-
ered here, the maximum growth rate of the surface mode at
large inclination angle is always greater than the maximum
body mode growth rate for a given value of ne.

2-D SIMULATIONS

Periodic, electrostatic, 2-D LSP simulations were car-
ried out for direct comparison with the results presented
above. The simulations are periodic in the axial direction
with a conducting boundary at R. All velocities are initial-
ized in the axial direction only. The axial electron velocity
is perturbed as described above.

Figure 3 compares the calculations and simulations for
the hard-edge beam limit at ne = 109 cm−3 and ve = 0.1c
as a function of k. Qualitative agreement in the overall k-
spectrum is found, which is significantly broader than the
similar k-spectrum found in the 1-D or body mode results
(Fig. 1). The disagreement between the calculations and
the simulation results around the maximum growth values
is attributed to the finite radial zoning in the LSP simula-
tions that gives an effective inclination angle to the beam
once the electrons gain some radial velocity spread. Finer
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Figure 3: 2-D two-stream growth rate from dispersion re-
lation (solid line) and 2-D LSP simulations (open circles)
as a function of k. The parameters are ne = 109 cm−3,
ne1/nb = 2, nb = np, and ve = 0.1c.

resolution radial zoning and better particle statistics pro-
duces growth rates which tend towards the calculated val-
ues.

A comparison of the calculated and simulated surface
mode growth rate as a function of inclination angle is
shown in Fig. 4 for ne(0) = 109 cm−3 and ve(0) = 0.1c.
The calculated growth rate increases linearly with inclina-
tion angle for our choice of beam radial profile, as given in
Eq. (4).

DISCUSSION

Simulations presented here are idealized in order to fa-
cilitate direct comparison to analytic models of two-stream
growth. Future work will examine the impact of a converg-
ing ion beam on these growth rates.

Recent analysis of current neutralization for ion beams
propagating in a background plasma [8, 9] shows limits on
the degree to which current neutralization can be obtained.
These limits may be related to the growth and saturation of
the two-stream instability for the electron return current.

Also, we note that recent simulation results [8] show a
beneficial ion beam pinching effect near the target driven
by a reduction in the return current near the beam focus.
Again, the growth and saturation of the two-stream insta-
bility may be partially responsible for the abrupt decrease
in the electron return current in this region. Extensions to
the work presented here are being directed towards exam-
ining this issue.

We note that a considerable body of work on two-stream
instabilities for heavy ion beams propagating through low
density background plasmas, applicable to a variety of pe-
riodic focusing accelerators and transport systems, can be
found in the literature; see, for example, Ref. [10], and ref-
erences therein.
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Figure 4: Two-stream surface mode growth rate calcula-
tions (solid line) and 2-D LSP simulations (open circles).
The parameters are ne = 109 cm−3, ne/nb = 2, nb = np,
and ve = 0.1c.
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