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Abstract

In this paper, we calculate the third harmonic of a High
Gain Harmonic Generation (HGHG) Free Electron Laser
(FEL) at saturation. In the HGHG FEL scheme, there is
an external dispersion section, which provides an efficient
microbunching. Study on the emittance effect in such an
external dispersion section suggests a new optimization for
the HGHG FEL. We finally discuss how to reduce the in-
coherent undulator radiation which is a noise with respect
to the seed laser.

INTRODUCTION

High-Gain Harmonic Generation (HGHG) Free-
Electron Laser [1] is perceived as a candidate for a
coherent light source in the Deep UV to X-ray regime
[2, 3]. So far, our main interest is on the fundamental
radiation [2]. However, at the end of the amplifier, the
HGHG FEL is in deep saturation regime, hence harmonic
contents are significant. These harmonic contents [4, 5]
are the natural extension to shorter wavelengths. We hence
upgrade the TDA simulation code [6] to calculate the
harmonics.

To enhance the microbunching process, in the HGHG
scheme, an external dispersion section is adopted. Such
a dispersion section enhances microbunching more effi-
ciently than the undulator does. Besides this, emittance ef-
fect is less stringent in the external dispersion section than
in the undulator. This then provides a new optimization
scheme.

When it passes through the undulator together with the
seed laser, the electron beam will produce undulator radi-
ation, which is a noise with respect to the seed laser. We
suggest an approach to reduce such noise effect.

TDA-HARMONICS SIMULATION CODE

Numerical simulation of Self-Amplified Spontaneous
Emission (SASE) FEL is normally performed using time-
dependent computer codes [7], which require large CPU
time and memory. Time-independent simulation code such
as TDA [6] relaxes this, though people normally think it
will be less accurate. Previous studies proved that TDA is
still a very useful code as long as we use it properly [8].
For HGHG FEL, the input seed laser well dominates the
shot noise, so TDA is sufficient. We therefore upgraded the
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TDA code to include harmonics. We test our code against
published results [5, 9, 10].

Equations of motion

We keep the same notation as those in TDA. We here
present the dynamics equations for a planar undulator.
Similar to TDA, TDA-Harmonics (TDA-H) uses the fol-
lowing two equations for the longitudinal motion: one for
the Lorentz factor γ and the other for the electron phase
θ = (ks + kw)z − ωs t. They are

dγ
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=
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γ
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and

d θ

d z
= kw− ks

2γ2



1 + a2
w + γ2β2

⊥0 − 2aw

∞∑

f=1

Im{Gf}



 ;

(2)
where,
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Here, the radiation field is characterized by the wavenum-
ber ks = 2π/λs = ωs/c, the dimensionless vector po-
tential rms value as = eAs/(mc) and the phase φs. The
wiggler field is specified by the wavenumber kw and vec-
tor potential aw = eBw/(mckw). In these equations,

β⊥0 =
√

β2
x0 + β2

y0 is the transverse drift speed and βx0

and βy0 are the smooth motions of the guiding center. In
addition, f is the harmonic number, and the K functions
are defined the same as Eqs. (34) and (A7) in Ref. [11],
i.e.,

K
(m)
f (ξ, σ) ≡ (−1)f

+∞∑

−∞
Jn(fξ)

× [(−1)mJ2n+f−m(fσ) − J2n+f+m(fσ)]
(4)

and
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f (ξ, σ) ≡ 2(−1)f
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Jn(fξ)J2n+f (fσ), (5)
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where,

ξ ≡ a2
wks

4γ2kw
, (6)

and
σ ≡

√
2awβx0ks/(γkw). (7)

Notice, our aw, the same as that in TDA is the rms value,
while aw in Ref. [11] is the peak value.

The two dynamic equations (1) and (2) should be com-
pared with Eqs. (1.a) and (1.b) in Ref. [6]. The equations
of the transverse motions are not changed formally.

Wave equation

There are f equations, each stands for a harmonic field.
They are
[
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The power balance equation could be derived straightfor-
ward and it could be used as a self-check for the numerical
simulation results.

Initial conditions

We specify the electron distribution function on the 6-
dimensional phase space F (γ, φ, px, x, py, y) at the en-
trance of the wiggler at z = 0. For the initial radiation
field, we assume a Gaussian TEM00 mode at z = 0 for
each harmonic as well as for the fundamental radiation as
what was done in TDA.

Preliminary results

We compare TDA-H with TDA and other available re-
sults. Good agreements are found. Summary is in Table 1,
where we compare with the experiments and make predic-
tion for the LCLS project at SLAC as well.

Now, let us study the harmonic content in an x-ray
HGHG FEL. In our scheme [2], there is a 33.5 m long am-
plifier, which is resonant at 1.5 Å. In the amplifier, the
HGHG FEL is in the deep saturation regime, hence sub-
stantial harmonic contents are expected. We use TDA-H
to calculate the 3rd harmonic content. The result shows
that there is about 30 MW radiation at the third harmonic,
i.e. at 0.5 Å. The evolution of the radiation power in the
amplifier is illustrated in Fig. 1. Different from the SASE

TDA-H TDA Ref.
LCLS Fund. 14 GW 14 GW 8 GW
1.5 Å 3rd 28 MW 15 MW
LCLS Fund. 9 GW 9 GW 7 GW
4.5 Å 3rd 35 MW 40 MW

LETUL Fund. 76 MW 78 MW 70 MW
SASE 3rd 520 kW 600 kW
ATF Fund. 33 MW 35 MW 30 MW

HGHG 3rd 630 kW 350 kW

Table 1: Comparison of the results from TDA-H with those
from TDA[6] and other references. For ATF HGHG exper-
iment, we use Ref. [9]; for the others. we refer to Ref.
[5].

FEL, the electron beam in HGHG FEL is already highly
microbunched when it enters the final amplifier. Hence, the
harmonic contents have quite large initial power. This is ex-
plicitly shown in Fig. 1, though, initially, there is not much
growth for the harmonics. Basically the electron beam and
the harmonic exchange energy back and forth, but not much
net growth in the harmonic power. Later, when the funda-
mental radiation is exponentially amplified, the bunching
at the harmonics is also enhanced substantially. This is the
nonlinear region for the harmonics [5].
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Figure 1: The evolution of the radiation power in the am-
plifier. The vertical axis stands for the logarithm of the
radiation power to the base of 10. The solid line is for the
fundamental radiation at 1.5 Å; and the dashed line for the
3rd harmonic at 0.5 Å.

EMITTANCE EFFECTS

In the SASE FEL, the microbunching is produced purely
in the undulator. The path length difference induced by the
energy spread and that by the emittance are both second-
order effect. Hence, the emittance is an important effect,
which will lead to microbunch diffusion. In the HGHG
FEL, there is an external dispersion section, where the path
length difference produced by the energy modulation is a
first order effect, hence the emittance is not important[12].
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We called this the Natural Emittance Effect Reduction
(NEER) mechanism.

In an undulator, the effective energy spread due to the
emittance is

σγ

γ

∣∣∣∣
undul

eff,ε

=
ks kβ

2 kw
ε, (9)

where kβ is the betatron wavenumber.
In an idealized dispersion section, the emittance acts like

an effective energy spread of
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γ dψ
dγ

∣∣∣
disp

, (10)

where ks is the wavenumber in the radiator, and Ls = 4L1

is the total length of the dispersion section, which is as-
sumed to consist of 4 pieces of dipole, each is L1 long.

The ratio of these two effects is then
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)/ (
σγ

γ

∣∣∣∣
undul

eff,ε
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This ratio is generally small due to the huge γ. A detailed
study [13] on our cascading HGHG approach [2] shows
that the effective energy spread due to the emittance in the
dispersion section is far smaller than that in the undulators.
Hence, by reducing the undulator length, the emittance ef-
fect is greatly reduced. This NEER mechanism suggests
a new operation mode [13], i.e., we could use an electron
bunch with a higher current, though an unavoidably higher
emittance, in the Harmonic Generation stages.

INCOHERENT/COHERENT
SYNCHROTRON RADIATION EFFECT

Saldin et al. [14] pointed out that the undulator radiation
is the noise with respect to the seed laser. The Noise-To-
Signal (NTS) ratio is increased by a factor of N2

h , where Nh

is the harmonic number. Hence, for the cascading HGHG
approach [13], the worst problem comes at the first stage.
To overcome this, in the modulator of the first stage, we
increase the input seed power to 1 GW. Then the final NTS
ratio is about 14% in the 1.5 Å HGHG FEL. The first side-
band locates at 1/(2Nh Nu) [13], where Nu is the number
of undulator period. Hence, as long as this sideband is out-
side the signal bandwidth, it would not be a concern. In
the radiator, together with the HGHG FEL, there will be a
SASE FEL. In order to reduce the SASE FEL, we increase
the energy modulation ∆γ produced in the modulator, and
reduce the dispersion strength dψ

dγ in the dispersion section

accordingly to keep ∆γ dψ
dγ constant. Recall that the bunch-

ing factor

bn ≡ exp

[
−1

2
σ2

γ

(
dψ

dγ

)2
]

Jn

[
∆γ

(
dψ

dγ

)]
. (12)

Hence, by doing so, bn is increased! Now recall that the
start-up coherent emission (CE) power PCoh ∝ |bn|2 [13].

Hence the start-up CE power is in fact increased! However,
since the energy modulation is an effective energy spread,
the power e-folding length increases to be LG r = 0.9 m,
while LG r = 0.6 m for the case without energy modula-
tion [2]. Because of the larger energy spread, the satura-
tion power is reduced. At about LRad. = 4 m, the system
reached saturation. In such a radiator the SASE FEL is only
about 2 kW. Recall that the HGHG FEL has a power of 10
GW, and now Nh = 450/1.5 = 300. The final NTS ratio
is about 2%. The contribution from the other undulators
is smaller because Nh is reduced along the device. Hence,
the undulator radiation is not serious.

The dispersion section between two adjacent undulators
is essentially a bunch-compression chicane. As an esti-
mate, we assume an ideal dispersion section, i.e., a three-
dipole chicane with no drift space among the dipoles, so
that the length of the first and third magnets both to be
L1, the middle magnet length to be 2L1. The momen-

tum compaction is R56 = 4L1

(
1

cos ψ − ψ
sin ψ

)
, where ψ

is the bending angle. Now we hope to get a path differ-
ence of λr/4 for a relative energy modulation of ∆δ, i.e.
λr/4 = R56∆δ. If we assume the magnetic field to be
B = 0.5 Tesla, and L1 = 8 cm, then the bending angle is
only ψ ≈ 0.3◦. Simulation by Elegant[15] shows that the
CSR effect is essentially zero.
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