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Abstract

The fields produced by a long beam with a given trans-
verse charge distribution in a homogeneous vacuum cham-
ber are studied. Signals induced by the displaced finite-
size beam on electrodes of a beam position monitor (BPM)
are calculated and compared to those from a pencil beam.
The non-linearities and corrections to BPM signals due to
afinite transverse beam size are calculated for an arbitrary
chamber cross section. Simple analytical expressions are
given for a few particular transverse distributions of the
beam current in a circular or rectangular chamber. Of par-
ticular interest is ageneral proof that in an arbitrary homo-
geneous chamber the beam-size corrections vanish for any
axisymmetric beam current distribution.

1 INTRODUCTION

In many ion linacs and storage rings beams occupy a
significant fraction of the vacuum chamber cross section.
On the other hand, an analysis of beam-induced signals
in beam position monitors (BPMs) is usualy restricted to
the case of an infinitely small beam cross section (pencil
beam). Here we calculate, for a given transverse charge
distribution of an off-axis beam and for a vacuum chamber
with an arbitrary but constant cross section, the field pro-
duced by the beam on the chamber wall. Comparing it with
thefield of apencil beam gives us correctionsdueto afinite
transverse size of the beam.

L et a vacuum chamber have an arbitrary cross section .S
that does not change as a beam moves along the chamber
axis z, and perfectly conducting walls. We consider the
case of (wb/Bvye)? < 1, where w is the frequency of in-
terest, Sc isthe beam velocity, y = 1/4/1 — 82, and b isa
typical transverse dimension of the vacuum chamber. It in-
cludes both the ultrarelativistic limit, v > 1, and thelong-
wavelength limit when, for a fixed v, the wavelength of
interest A > 27b/~. Under these assumptions the problem
of calculating the beam fields at the chamber walls is re-
duced to a 2-D eectrostatic problem of finding the field of
the transverse distribution A(+) of the beam charge, which
occupiesregion S, of the beam cross section, on the bound-
ary of region S, see [1]. Let the beam transverse charge
distribution \(7) satisfy [ dA(7) = 1, which meansthe
unit charge per unit Iength of the beam. If we know the
field e(7, b) produced at a point b on the wall by a pencil
beam located at a point 7 of .S, the thick-beam field is

E(@,b) = ) dPA(F)e(7,b) | (1)
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where vector a is defined as the center of the charge distri-
bution: @ = [ dFFA(7). Wewill denote \(+7) = A(@ +17),
where the tilde in A\ means that the argument of the distri-
bution function \ is shifted so that the vector ' now orig-
inates from the beam center. Let us start with a particular
case of acircular cylindrical vacuum chamber.

2 CIRCULAR CHAMBER

In acircular cylindrical pipe of radius b, a pencil beam
with a transverse offset + from the axis produces the fol-
lowing electric field on the wall

b2 _ 7“2
27b b2 — 2br cos(0 — ) + 12 -

2b{1—|—22()005 = @)]},

where ¢, 0 are the azimuthal angles of vectors 7, b, corre-
spondingly. Integrating the multipole expansion (2) with a
double-Gaussian distribution of the beam charge

e(7b) = —

2

Az, y) = exp (—2*/202 — y2/205) / 2rozoy) , (3)
(assuming, of course, the rms beam sizeso ,,, o, < b), one
obtains non-linearities in the form of powers of a,, a,, as
well asthe beam size corrections, which come as powers of
02, 0y. TOOur knowledge, thiswas donefirst for a circular
pipe by R.H. Miller et al in the 1983 paper [2], where the
expansion was calculated up to the 3rd order terms. Re-
cently their results have been used at LANL to calculate
the beam emittance from the second-order beam moments
measured by BPMs [3]. In arecent series of papers [4] by
CERN authors, the results [2] have been recalculated (and
corrected in the 3rd order), and applied for beam-size mea-
surements with movable BPMs.

In fact, integrating (2) with the distribution (3) can be
readily carried out up to an arbitrary order, see [5]. The
result, up to the 5th order terms, looks as follows
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The expansion (4) that includes terms up to the decapole
ones, leads us to oneinteresting observation: al beam size
corrections comein the form of the differencec 2 — a ,and
vanish for a round beam where 02 = oj It was shown in
[5] by directly integrating the f|eld (2) in EQ. (1) with an
arbitrary azimuthally symmetric distribution of the beam
charge A() = A(r) that the beam-size correctionsin acir-
cular pipe vanish in al orders, and the resulting field is
exactly equal to that of a pencil beam with the transverse
position at the center of the finite-size beam.

Consider now a stripline BPM with subtended angle ¢
per stripline and stripline el ectrodes flush with the circular
chamber of radius b. Integrating the field (4) on the elec-
trodes, one obtains the ratio of the difference between the
signals on the right (R) and left (L) electrodes in the hori-
zontal plane to the sum of these signals:

R—-L xo sinp/2 6
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Thefactor outside{. ..} in the RHS of Eq. (5) is the linear
part of the BPM response, sothat all termsin {. ..} except 1
give non-linearities and beam-size corrections. Corrections
(5) have been plotted for a 60° stripline BPM in [5]. For a
reasonabl e transverse beam size the beam-size corrections
are on the level of afew percents.

3 ARBITRARY CROSS SECTION

For the general case of a homogeneous vacuum chamber
with an arbitrary single-connected cross section S, thefield
e(7,b) produced by a pencil beam at a point & on the wall
can be written as (e.g. see[6])

=Y ke (Ve (b) (6)

where s = (n,m) isageneralized (2-D) index, V, = V- &
is a normal derivative at the point b on the region bound-

e(r,b) =

ary 05, and k2, e, () are eigenvalues and orthonormalized
eigenfunctions of a2-D Dirichlet problemin S

(V24 k2) es(F) = 0; es(FedS)=0. (7)

The eigenfunctionsfor simpleregionscan befoundin elec-
trodynamics textbooks, or in [6]. For the circular case,
summing the Bessel functionsin (6) leads directly to Eq.
(2). For athick beam with a given transverse charge distri-
bution, from Egs. (1) and (6)

E(a,z?):—Zskjvues(*)/sﬂ(f)es(a 7)dF. (8)

Performing the Taylor expansion of e (@ + ) around point
a, and integrating in (8) leads to a series in multipoles of
the beam charge distribution. 1t was shown in [5] that for
symmetric charge distributions, i.e. when A(—7) = A(7),
the expansion takes a simple form:

E(@,b) = e(@,b) + Z 02"e(d,b) Man/ (2n)!  (9)
n=1
whered,, = 9/0x, andin the polar coordinates of the beam

Mo, = dF;\(F) 2" cos 2nyp .
Sy

(10)

Itis clear that for any azimuthally symmetric distribution
of the beam charge \(7) = A(r), i.e. A(r, @) = A(r), dl
beam-size corrections in (9) vanish after the angular inte-
gration. Therefore, arather general statement is proved: the
fields produced by a beam with an azimuthally-symmetric
charge distribution on the walls of a homogeneous vacuum
chamber of an arbitrary cross section are exactly the same
asthose dueto a pencil beam of the same current following
the same path.

Expansion (9) gives the beam-size corrections for sym-
metric beam-charge distributions in an arbitrary cham-
ber. One just has to calculate the even moments of
the distribution, Ma = [ diA(F) (22 —y?), My =
[, dPA(7) (¢* — 622y* 4 y*), etc. For the double Gaus-
sian beam (3), My = 02 — 05, My =3 (Ug — 05)2, etc.,
so that from Eq. (9) follows

- | R
E(d,b) = e(@’,b)+§(03—0§) d2e(d,b)
1 .
+ g(a;—aj) Ote(d,b) (12)
1 .
+ 45 (02— 03) (@) + 0(0") .

For a uniform beam with the rectangular cross section
20, x 20y, the corrections are
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For a round beam, o, = oy, dl corrections in (11) dis-
appear as expected, while for a square beam in (12), the
lowest correctionis o< 0%, and the next one oc 8.

A genera expansion for both the non-linearities and
beam-si ze corrections was derived by expanding in Eq. (9)
the pencil-beam field ¢(@, b) and its derivatives in powers
of a , see [5] for detail. Let region S be symmetric with
respect to its vertical and horizontal axis, and a pair of nar-
row BPM electrodes be placed on the walls in the horizon-
tal plane of such chamber. Using symmetry, the difference
over sum signal ratio of BPM signals can be expressed as

R—-L (L’()azeo
R—H = X {1+O(T8/b6,06/b6)+ (13)
1 03¢ x% 2 10%0 , 5 o
A My | — =2 - M.
+2860 Yo + M2 2 eq (xo Yo T+ 2)
1 8o [z
TR { O — 2233 + yg + 2M> (23 — 3y3) +M4}
1 5‘ e
2 O[g—Gony + Y5 + 6M> (3 yo)"‘Mzd}
eo

where the notation e = (0, b) was used for brevity. The
factor in the RHS is the BPM linear response. The non-
linearities are shown explicitly as powersof = and yq, and
beam-size corrections enter via the moments of the beam
charge distribution, cf. Eqg. (9).

4 RECTANGULAR CHAMBER

Here welist someresults for the particular case of avac-
uum chamber with the rectangular cross section w x h. For
—w/2 <xzy <w/2,—h/2 < yo < h/2,andfor the partic-
ular charge distributions considered above, the thick-beam
field (1) at point b= (w/2,y,) ontheright-sidewall is

Z sin mm ( O> sin tm (h —;hyh > (14)
g

m=1

2 sinh mm (2h + T) TMoy, TMO

h sinh (mmw/h) f( h )F( w ) '
The pencil-beam field is given by (14) with the form-
factors f(z) = F(z) = 1. For the double Gaussian beam
(3), they are f(z) = exp(—22/2), F(z) = exp(2?%/2), and
the correctionsvanishwhen o, = o,,. For the uniformrect-
angular distribution, the form-factorsare f(z) = sin(z)/z,
F(z) = sinh(z)/z, so that the corrections start from o', as
we already know.

For BPM signals, from Eqg. (13) for two stripline BPM
electrodes of width h; on side walls, the difference over
sum signal ratio, up to the 5th order, is
R—-L o o 21

= FZ—X{1+O(T8/b6,O’6/b6)+

R+1L
22 2
W__3<@_yO+M2)_
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- O (m(k+1/2) ha/h)
(2k 1
kzo Y el (ke 172)w/i]
form = 0,1,2,..., and hyp = cosh or sinh for even or

odd ms. The sums above include one more form-factor,
®(z) = sin(z)/z, that accounts for the BPM electrode
width. For narrow electrodes, when hy < h, ®(z) — 1.

Corrections (15) have been plotted in [5] for a square
chamber, w = h, and a BPM with very narrow electrodes.
In this case, the non-linearitiesturn out to be practically the
same for three different vertical beam offsets. On the con-
trary, the beam-size corrections depend noticeably on the
beam vertical offset, and range from about +3% for yo = 0
(the chamber mid-plane) to less than 1% for yo = h/8 to
about -(9-12)% for yo = h/8 (the beam is half-way to the
top wall), inthecase of o, /w = 0.1, o, /h = 0.05.

5 CONCLUSIONS

Non-linearities and corrections due to a finite transverse
beam size in beam fields and BPM signals are calculated
for a homogeneous vacuum chamber in the case when ei-
ther the wavelength of interest islonger than atypical trans-
verse dimension of the chamber and/or the beam is ultra
relativistic. It is proved that transverse beam-size correc-
tions vanish in all orders for any azimuthally symmetric
beamin an arbitrary chamber. For other beam charge dis-
tributions they tend to be minimal when the distribution is
more symmetric.

Explicit analytical expressions are derived for two par-
ticular cases, circular and rectangular chamber cross sec-
tion, aswell asfor the particular beam charge distributions,
double-Gaussian and uniform rectangular ones.

While it was not discussed here, the calculated correc-
tions to beam fields can be directly applied for calculating
beam coupling impedances produced by small discontinu-
ities of the vacuum chamber using the method of Ref. [6].

The author would liketo acknowledge useful discussions
with A.V. Aleksandrov of ORNL.
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