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Abstract

By applying the perturbation method, we show in a gen-
eral way how to determine the coupling coefficient of a
waveguide cavity coupling system and as a special example
we derive the analytical expressions of the coupling coeffi-
cient for a waveguide cavity coupling system as shown in
Fig. 1. The term “cavity” in this paper stands for the cavity
in both standing wave and travelling wave structures.

1 INTRODUCTION

In the design and construction of klystrons and linear ac-
celerating structures the coupling systems shown in Fig. 1
[1][2] and Fig. 2 are the most frequently used ones. The
cavities can be standing wave or travelling wave ones. To
determine the coupling coefficient between the waveguide
and the cavity one can use different methods such as ex-
periments, numerical simulations, and analytical calcula-
tions. In this paper we will show in a general way how
to determine the coupling coefficient of a waveguide cav-
ity coupling system by using a perturbation method. As an
example a coupling system shown in Fig. 1 will be inves-
tigated in detail. The analytical treatment for the coupling
system shown in Fig. 2 has been given in refs. [3] [4] and
checked experimentally [5].

2 GENERAL THEORY

In a rectangular waveguide of width a and height b the
normalised Hnm modes can be derived from the scalar
function [6]:
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according to the following relations:
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where �0n = 1(n = 0) and �0n = 2(n > 0), Z0 =
120�(
), k2c;nm = (m�=b)2 + (n�=a)2 � k20, hnm and
enm are the transverse magnetic and electric normal mode

fields, �2nm = k2c;nm � k20, k0 = 2�=�, and the � is the
wavelength in free space. The normalisation in eq. 1 has
been chosen so thatZ a

0

Z b

0
enm � hnm � azdxdy = 1 (7)

Now we consider the case of a waveguide (see Fig. 3)
excited by an aperture (see Fig. 4) which can be equivalent
to an electric dipoleP and a magnetic dipoleM. The scat-
tered field can be expanded in terms of the normal waveg-
uide modes as follows [6]:
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where the expansion coefficients an and bn can be obtained
by the following relations according to Lorentz reciprocity
principle [6]:
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where ! = k0
c , the electric and magnetic dipoles can be

estimated as follows [6]:
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where �0 is the permittivity of the vacuum, and �0 is the
permeability of the vacuum. When the aperture is circular
of radius r, eqs. 14 and 15 can be simplified as follows:
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As a special example we consider the H10 mode in the
waveguide. The normalised mode functions for the H10

mode are:
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The peak power of the H10 mode inside the waveguide can
be expressed as:

Pmax =
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Hx;10;max =
a�10
�

Hz;10;max (31)

where Hx;10;max and Hz;10;max are the peak magnetic
fields of the H10 mode in the x and z directions, respec-
tively. If the waveguide is excited by an magnetic dipole
of an elliptical aperture as shown in Fig. 4 one can find
from eqs. 12 and 13 the expansion coefficients a1 and b1
corresponding to H10 mode as follows:
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If one side of the waveguide is terminated with a metallic
wall located at a distance of L from the center of the cou-
pling aperture the forward and the backward waves will be
added up travelling towards the other side of the waveg-
uide. Due to the boundary condition set by the above men-
tioned metallic wall one knows that the Hz;10 on the sur-
face of the metallic wall is zero.

With the above preparation one can start to establish
the analytical formulae of the coupling coefficient of the
waveguide cavity coupling system shown in Fig. 1. Ac-
cording to the definition one has

� =
P

P �0
(34)

where P is the power radiated into the waveguide from the
cavity through the coupling aperture, P �0 = P0 + Uvg=h,
P0 is the power dissipated on the coupler cavity wall, U

is the energy stored inside the coupler cavity, and vg is
the group velocity of the structure (the case of vg = 0
corresponds to standing wave cavity). In reality, if the
power taken by the accelerated beam, Pb, is comparable
to P0 + Uvg=h, one has to add Pb to P �. By using eqs. 30
and 34 one finds:
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where N is the number of the waveguides connected to the
coupler cavity (assuming that the magnetic field on each
coupling aperture is the same), H1 is magnetic field at
the location of the coupling aperture before the aperture
is opened as shown in Fig. 4 (the formula corresponding
to the case ofH2 is omitted), �g;10 is the waveguide wave-
length of the H10 mode, d is the average wall thickness
between the inner surface of the waveguide and the inner
surface of the coupler cavity, and � is the attenuation coef-
ficient which can be expressed as � = 2�

� (( �
4l1;2

)2 � 1)1=2

depending on the wave inside the aperture is H10 or H01

like. If we use the analytical expressions for P0 and U0 of
TM010 mode in a pill-box cavity as what we have done in
ref. [4], eq. 35 can be further simplified:
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where Rs is the metal surface resistance. If the aperture is
circular with radius r the attenuation coefficient should be
expressed as � = 2�

� (( �
3:41r )

2
� 1)1=2.

3 EXAMPLE

In this section we consider a coupling system of type
I shown in Fig. 1 with two waveguides (N=2) to avoid
the unsymmetrical fields in the cavity. The advantages of
this coupling system over that of type II (N=2 also) are
that the two waveguides can be combined more compactly
into one input waveguide on the one hand and the coupling
strength can be adjusted by changing the short circuit dis-
tance on the other hand. As an example, considering an
S-band travelling wave structure with h = 0:02,R = 0:04,
vg=c = 0:03, a = 0:072, b = 0:02, � = 0:1, N = 2,
d = 0:0022, L = �g;10=4, and 2l2 = h, one gets from eq.
36 that for � = 1 the coupling aperture’s length 2l1 should
be 0.035 which is very close to the HFSS simulation result
[7].

4 CONCLUSIONS

In this paper we have shown in a general way how to es-
tablish the coupling coefficient between a waveguide and
a cavity. This method can be used either for the funda-
mental mode or higher order modes [8], and the waveguide
can be either a rectangular or a circular one. As a special
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example to demonstrate the procedure we have established
the analytical expression of the coupling coefficient for a
waveguide cavity coupling system shown in Fig. 1.
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Figure 1: A waveguide cavity coupling system type I.

����
����
����
����
����

����
����
����
����
����

b

R
h

RF power

a

Figure 2: A waveguide cavity coupling system type II.
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Figure 3: Waveguide excited by an electric dipole and a
magnetic dipole.
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Figure 4: The elliptical coupling aperture with magnetic
fields parallel to the surface and the electric field perpen-
dicular to the surface.
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