
1331 

EQUIVALENT CIRCUIT OF A 4-ROD RFQ 

J.X. Fang and A. Schempp 
Institut fiir Angewandte Physik der Johann Wolfgang Goethe-Universittit 

Postfach 111 932, D-6000 Frankfurt am Main, Germany 

Abstract 

The 4-rod RFQ structure consists of four 
modulated quadrupole electrodes and spiral or 
straight support stems, which together form the rf 
resonator. In this paper an equivalent circuit of a 
4-rod RFQ resonator is presented on the basis of 
a well proofed equivalent circuit model of spiral 
resonators. The 4-rod RFQ resonator is simulated 
by a lumped circuit chain with both neighbour and 
second neighbour coupling. The calculated rf modes 
and perturbation of frequency and voltage are 
presented together with a comparison with 
experiments. 

1. INTRODUCTION 

Since the RFQ was swcessfully tested at LASL 
in 1980, RFQs have been widely developed [1,2,3]. 
The 4-rod RFQ developed in Frankfurt is especially 
attractive for low frequency operation. Its rf 
structure consists of four modulated quadrupole 
electrodes and spiral or straight suppport stems for 
low or high operating frequency respectively (figs. 
la, lb). This kind of RFQ has been constructed in a 
wide operating frequency range from 200 MHz 
down to 26 MHz, and also a variable frequency 
4-rod RFQ has been built. 

It is well known that the rf performance of a 
resonator cavity can be simulated very well by a 
lumped equivalent circuit [4]. Results of model 
calculations for coupled spiral resonators and 
integral split ring resonators show, that the 
calculated rf performance, such as disperion, mode 
frequencies and voltage distribution, agree with 
experiment very well [S]. The 4-rod RFQ structure 
is similar to th’e coupled spiral resonator slructure. 
They have the same spiral support stems. The only 
difference is the coupling load of spiral stems. In 
the 4-rod RFQ the coupling by the quadrupole 
electrodes replaces the coupling by drift tubes in 
coupled spiral resonators. 

From the rf point of view the spiral stems 
correspond to coupled resonant lines or the coupled 
lumped circuit, The 4-rod electrodes correspond to 
two coupled resonant lines or its lumped equivalent 
circuit, and drift tubes correspond to a series of 
coupled capacitances. In the following on the basis 
of the equivalent circuit model of coupled spiral 
resonators [s] an equivalent circuit of a 4-rod RFQ 
will be discussed. 

(a) 

b) 

Fig.1 4-rod RFQ with spiral (a) and straight (b) 
support stems 
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Fig 2 Equivalent curcuit of the j-rod RFQ 

2. EQUIVALENT CURCUIT 

A lumped equivalent circuit of a 4 rod RFQ is 
shown in fig. 2. For simplicity the 4 rod electrodes 
are regarded as two inductance chains coupled b> 
the capacitance C, and all the losses and current 
sources are neglected. In the circuit Cm stands for 
the coupled capacitance between neighbour support 
stems. The circuit equations for the currents I in 
the electrodes and currents J in the stems can be 
obtained: 
NI,+I,-l+I,+l=-PJ,; 2J,-J,-1-J,+l=MI, (1) 
N=2+2Yc/Y,+Ym(2+Yc/Y1)/Yl ; P=Y,/Yl 
M=Ys(2+Yc/Yl)/Yc; Yc= joC; Yi=l/joL 
Ym= jwCm+l/jOL m ; L,=M(l/K -1) 

K=M/L, ; Y, =joCs+l/joL< ; L’s=Ls(l+K) 
The equations (1) describe the coupled quadrupole 
electrode and support stem system. From (1) the 
independent equations can be obtained: 
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koIn + kI(Inpl + 1,,+1) + k2(In-2 + In+2) = 0 (2) 
koJn + kI(Jn- 1+ Jn+l) + k2(Jns2 + Jn+2) q 0 (3) 
k q -Ys - 2Ym-2Yl(l + 2Y /Yl)/(2 
k; = Yu,+ 2Yc/(2 + Yc/YIE k2=Yl/(2 + 

The equations (2,3) describe the currents in 
quadrupole electrodes and support stems, 

respectively. Note that the voltage between the 
electrodes V- is proportional to I_: 

vn = U’ -“ut3; +)“In/yc ” 
n 

Therefore, equation describes the voltage dist ri- 
bution V along the electrodes. The equation (2) 
reveals t PI at the 4-rod RFQ is a coupled structure 
system with not only nearest neighbour, but also 
second neighbour coupling. k and k2 are the first 
and second neighbour 1. coup ing coefficients, as 
shown in the circuit in fig. 2. 
It can bc pointed out that if Y, = 0, then k = 0, 
k*=Y , k =-Y -2Y 
degengate? to thi T’ 

and equation (2 i will 
equa ion of coupled spiral 

resonators [5]. 

3. RF-MODES 

Equation(2) describes a system of coupled 
oscillators. However, its basic performance can be 
simulated by a simple coupled system as in fig. 3. 
kl and k are the coefficients of mutual inductance 
for neig bour 2 and second neighbour coupling, re- 
spectively. The curcuit equations are 

koIo + Zkl’l + 2k212 =o 
klIo + k,I + kl12+ k213 

k2!n-2 +“:I -1 

=o 
+kI 

p 
0 n + kfn+l + k+n+2 = O 

n = 2, . . . , N-2) 

k2’N-3 + kl’N-2 + koIN-l + k{N =o 

2”2’N- 2 +2’kb[~- 1 +2koIN =o 
k. = 1 - G)/‘G) , w r = l/LC 

Ps 
solution is approximately 

I q = Acosnlpq ; n ‘pq;nq/N (n,q=O,l,..,N) 
with the dispersion relation: 

k. + 2klcos(‘:q/N) + 2k2cos(2nq/N) = 0 
which shows that the coupled resonant circuit has 
N+l modes. 
It can be concluded that the perfortnance of the 
4-rod RFQ can be simulated by the coupled circuit 
shown in .fig. 3, if the same end conditions are 
established. Therefore, mode voltage of the 4-rod 
RFQ can be expressed as 

V$) = (-,)“*I!) = (-l)“Acos(nrrq/N), (4) 

1 * 
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Fig.3 A simple coupled resonant curcuit with first 
and second neighbor coupling 

v. 
Tr , # .-.-.-.-.-.- ‘.A..--.-, :,. 

Y.. .-. 
1.; \+ - ! \ 

\ ‘1; ,I+ 1, 1 ;-i 
or 

\ ’ \ J * . \ */’ j 

(a) ~ 1 ‘,., j’.%%h ;i’-,,/ n 
0 1 a 1 I iT 11 

b) 

Fig.4 Calculated (a) and experimental (b) voltage 
distribution for a /l-rod RFQ (N=l3) 

As an example fig.4a shows the calculated Vf 
for three modes (N = 13). Fig. 4$ shows the corres- 
ponding experimental values V for comparison. 

The operating frequency on can be deduced 
ap roximately: 
wi= $1 + 4K/(l -K)]/(l + 4Cm/Cs+4C/Cs). 

w = l/L’ c 
WithSk + 2k “+ 2k = -Y the O-mode frequency can 
be dedu:ed: : = 02 the: 02= w2. Using the results 
to calculate th$ losses the!hunts impedance and the 
Q-value can also be determinedC8 1. 

4. PERTURBATIONS 

The equations for the currents can be written as: 

m;trix w,i211 be Todified: 
’ - 

w9 - wq 
+ SW 

P 
; In’ = In + 81n; T h) = -+I) + ~+d 

0 
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The matrix equation with perturbation is 
rt+ ST] [I + 511 = 0 

For operating rnode q = N the solutions are: 
h;/(,,; q (l/N) &(6w,2/wf) 

dN)/dN) = ;- n n 

Mm; (-l)m+n(2/N) ~~o~r~os(n~p~!~~~~~~~), 

N P 
As an example of N = 11, a group of M ;r”n is 

shown in fig. 5 [7]. It demonstrates that if So 10’ 
J 0, then SIm(I’r)/Im (NJ< 0. This characteristic has 
been used to make the voltage distribution flat. 
Fig.6 shows an example. The original distribution 
for a RFQ with straight stems is shown at 192 MHz. 
Then using shorting bars to make Sam > 0 
(m=O, l,Z/il, 12, 1 rding to fig.5 the 
corresponding SI . Therefore. 
voltage distributioFbecomes flat. At the same time 
the frequency is raised to 202 MHz. 

5. CONCLUSIONS 

The agreement between calculated and experi- 
mental rf performances of the 4-rod RFQ shows 
that this lumped equivalent circuit is a well suited 
model to study a 4-rod RFQ cavity, describing it as 
a coupled systlem with first and second neighbour 
coupling. 
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Fig.5 Influence of a frequency perturbation on the 
voltage distribution 
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(a) 

b) 

Fig.6 Changing of cell frequencies (a) and the 
influence on the voltage distribution (b) 


