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SPACE CHARGE EFFECT OF BUNCHED BEAM WITH DIFFERENT
DENSITY DISTRIBUTIONS IN LINAC

Chen Yinbao
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The nonlinear space charge effect due to the
nonuniform particle density distribution in bunched
beam of a linac is discussed in this paper. The for-
mulae of nonlinear space charge cffect are derived
for the bunched beam with different density dis-
tributions, such as Kapchinskij—Vladimirskij,
waterbag, parabolic and Gauss distribution in both
of the space charge disk model and space charge cyl-
mnder model in the waveguide of a linac.

INTRODUCTION

In high—current beam for Free Electron Laser
(FEL) and linear accelerator for high—energy phys-
ics and other applications, the space charge force is
no longer small compared with the externally ap-
plicd focusing forces. And the space charge elfect is
assumed to be one of the fundamental factors gov-
erning the beam dynamics. With regard to the cur-
rent in surroum{ing structures, many articles have
been published. ' However, most of them
studied the beam bunch with uniform density distri-
bution except the Ref.[4], in which the general for-
mulae for calculating the space charge effect in a
waveguide have been derived.

Furthermore, the nonlinear effect of the space
charge is one of the important reasons that induces

the emittance growth becausc of ﬁhe conversion of

ficld energy to kinetic energy. Theoretical
study and numerical simulation show that the
nonuniform particle distributions have more

electrostatic field energy per unit length than that of

the equivalent uniform beam with the same current
I, RMS radius, and RMS emittance, So, people
surmise that this additional field energy is converted
into particle kinetic and potential energy (and hence
emittance growth) as the distribution tends to be-
come more homogeneous. This concept has been
already accepted by some further studies. 8,91 Ho
wever, it should be pointed it out that above results
concerning the calculation of the space charge field
energy is based on the continue beam in {ree space.
Therefore, it is necessary to derive the formulae of
nonlinear space charge effect for the bunched
beam with some common space charge distributions
such as Kapchinskij—=Vladimirskij (K~V), waterbag
(W B), parabolic (PA), and Gauss (GA) distributions

in both of the space charge disk model and space
charge cylinder model in the waveguide ol a linac.

GENERAL FORMULAE

For the convenience of understanding and ap-
plication, here we review the main points of the
Ref.[4] in which the general formulae for calculating
the space charge effect in a waveguide are obtained.

Assuming the space charge bunch model is cen-
tral symmetry, we have the potential induced by the
space charge with uniform density distribution p in a
cylindrical coordinate system as follows:

po = pfolr,z;b,L /7 2), v

where band L/ 2 are the edpes of the model inrand
2 directions, respectively, f» 18 the potential in-
duced by the unit space charge density and the
subscript 0 stands for the unilorm density distribu-
tion.

Using the Eg.(1), we get the potential inducced
by the same space charge bunch model, but with
nonuniform charge density distribution p{(r) as

L 2 z, 5’1—‘ /,/ 3 :
o= [t pefelnn sl e, @)
e aE

Analogously, for the same space charge bunch
model with the nonuniform charge distribution p(7)
one finds the potential as:

NLs2 afulr,zy b.0)
9] =jn P(C)"““"“';é“”i' dg, (3)

And ,hence, for the same space charge bunch
model with assuming nonuniform charge density
distribution p(r,z) = p(rip(z) we get the potential as
follows:

Lezpy ot falr,zy &0 . ,
o=], " [0 Y (4)

Therefore, according to the Eqs.(2)——(4), the
potential induced by the space charge bunch with
nonuniform charge distribution can be obtained if
the potential induced by the same space charge
bunch moedel but with uniform charge density distri-
bution is known as the Eq.(1).
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Now we apply the Eqs.(2)——(4) to some com-
mon space charge modc! with diflerent charge densi-
ty distributions in a linac,

1. Disk model of space charge

We }lave the potential of uniform disk space

charge as

pb Jl(/wb)Jo(kJr) it sl
" toa? lz_:, kiJt(kia) ' )
where a i1s the waveguide radius and b is the disk ra-
dius, Ji(krx) is Bessel function, and k; satisfies
the equation: Jo(ksa)=0. Now, we discuss

nonuniform space charge density distribution in the
disk as follows:

1) K=V distribution

According to the Ref.[5], the charge density in
real space with the K~V distribution in phase space
is homogeneous, i.e.

p‘—“00=;%‘{, (6)

where q is the tatol charge in the disk. Then, the po-
tential induced by the K—V distribution is just as the
expression (5), or can be rewritten as:

q %J\(klb)JO(klr) — kit 12l

gomba? "l':" ktJi(kra) ) 7

Po =

2) W B distribution
The charge density in real space \riﬁh a WB dis-
tribution in phase space is parabolic:

2

-~

p=pwes(l——75), (8)

=

where pws can be expressed with the total charge

q
qas pws = ;E;
Acoording to the Eq.(2), one yields the poten-
tial induced by the WB distribution as follows :

V./z(ntl'))JO Kir) e

= 2w ‘-‘““%?J%(/&?ZS ‘
4qa Jalkib)olkir) 4o 9
T ond? 2 (kia)Jikia) ¢ @)

The disk charge with the W1 distribution be-
comes to a point charge when the disk radius & — 0,
and hence, the Eq.(9) becomes to

= "i -‘-‘"———“'(_{J'O*(l\ ! ) el kit lzi p
v “jZm:uu Uuu)Jr(k/u)L ’ (10}

which agrees with the potential of a point charge in
the Ref.[1].

3) PA distribution
The charge density in real space with a PA Fif-
tribution in phase space hus the following form : 3

p=pm(1---”"')2 (1)

where pps  can be expressed with the total charge
34
nht’

According to the Eqg.(2), we obtain the potential
induced by the PA distribution as follows :

qas peq =

= 8 ‘)‘J!_(-;\Ib)J()AI/) kel
©= 00 L bat k1 T (ki a)

_ 24ga* z.f}(/xlb).]ok/wr)
T gonb? (kia)*Ji(kia)

klll‘. (12)

The disk charge with the PA distribution be-
comes to a point charge when the disk radius # — 0,
and hence, the Eq.(12) also becomes to the Eq.(10)
of the potential {or a point charge.

4) GA distribution
The charge density in real space with a GA dis-

tribution _jn phase space can be expressed as
follows:

r?
p=pca€ i, (13)

where a? = < x?>, and pg« can be expressed

q
2na?
According to the Eq.(2), we get the potential
induced by the GA distribution as follows:

with the total charge q as pea =

£

23 Jo(klf) _ kPl
O =0 e 3
o4 soazkl./t(/\/ai

o«

o T i)(l\!l) . kbl s
Skia)tkia) : € ' (14)

e ~ ki1

2nEy 1

The disk charge with the GA distribution be-
comes to a point charge when the disk radius b — 0
, {and hence a — 0 too), and, then we have the ex-
pected point charge potential Irom the Eq.(14).

It should be pointed out thut, we expanded the
upper limit b of the integral into o« in the above
procedure. This is reasonable due to the character of
Gauss distribution of the beam.



2. Cylinder model of space charge
We Itavc the potential of this cylinder space
charge as 1]

o= e e
x (z1>%),
(2 <),

(15)

where b and L are the radius and length of the cylin-
der, respectively.

By the procedure analogous to that of deducing
the above disk model of space charge and taking no-
tice of the relationship between the charge density g
and the total charge q in the cylinder model of space
charge, we obtain the potentials of the space charge
cylinder with K-V, WB, PA, GA distributionsin the
following:

1) K-V distribution

The potential induced by the K-V charge densi-
ty distribution is just as the expression (15), or can
be rewritten as:

o2 = n.fffZL i, J(;lc(,/izl)[;)fj%()(ic;ilar))s"ktzL e ]
(I2] >%),

AT I
izl <2

(16)

2) W B distribution
The potental induced by the W B charge density
distribution is

o

_ 8ga? Jalkib)olkir) kil
O e L ,zj (kia)*Jt(kia) sh 2 ¢ ’
L.
(|Z|>§),

=

_ 8ga? ZJz(klb)Jo(klr)
P reob?L “ (kia)'Ji(kia)

ki L,
(1 —e "1 chk:z),

(2 <%).

(7
3) PA distribution
"~ The potential induced by the PA charge density
distribution is

©r2 =

T neab L < (kia)*Ji(kia)
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48ga’ Jolkib)atkir) kil
neeb’ L = (kia) JHkia) " 2 '

48ga’ ;J;(kxb).fo(klr)

(1 —e 'E""z’échk;z),

(2 <5) j
(18)

4) GA distributon

The potential induced by the GA charge density

distribution is

4 = Jolkir) L T S
U T L &k ik T2 ’
. L
(2 >7),
_q <« Jolkir) Kal o kL
3 = neo L M(k,a)2.”(k;(1)" i (Y —e "7 chkyz),

(2] <L),
a19)

Obviously, the cylinder charge becomes to a
disk charge when the cylinder length L —0. And
hence the above potential formulae Eqs.(16), (17),
(18) and (19) become to the potentials of Eq.(7),
Eq.(9), Eq.(12), and Eq.(14) of the disk space charge
density with K~V, WB, PA and GA distributions,
respectively.

It should be pointed out that all the formulae
are derived here in the frame of reference moving
with the space charge bunch in the same velocity.
However, the motion of the space charge bunch in
the longitudinal direction can be relativistic in a
linac. Therefore, the formulae should be trans-

formed into that in laboratory system according to
the Ref.[3].
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