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Abstract 

The photoinjector is presently considered as the best 
source for those low-emittance, short relativistic electron 
beams that various applications require. For high-current 
beams, the cmittance growth is dominated by the self-field ef- 
fects, and essentially located near the photocathode. In this rc- 
gion the electrons are submitted to a very strong acceleration 
so that the :self-field effects cannot be considered as spacc- 
charge ones : relativistic acceleration and retardation pheno- 
mena have 1.0 be taken into account [l]. By extending preli- 
minary results on the r.m.s. transverse emittances [2], this 
work presents a systematic study of transverse, longitudinal 
and 3D r.m.s. emittances, as a function of beam parameters 
and RF field1 intensity. 

1. INTRODUCT10~ 

As in several other applications of electron or ion beams, 
a low emittance is required in free electron lasers (FEL) ; the 
smaller the aimed laser wavrlcngth, the lower the emittancc. 
For RF-FEL,, the RF photoinjector seems presently to be the 
best low-em.ittance source. Illuminated by laser pulses in the 
ps-duration range, the cathode emits short photoelectron 
pules which are very rapidly accelerated by the RF-field to re- 
lativistic energies. Powerful FEL require intense pulses. For J 
greater than some tens of A/cm2, self-field effects are domi- 
nant in the evolution of the various rms emittances, among 
which we shall distinguish transverse, longitudinal and 3D- 
ones. 

It is near the cathode, just after the beam pulse has been 
emitted, that transverse rms emittance growth -and longitudi- 
nal rms emittancc decrease- is the most rapid. It is to this re- 
gion the present work is dcvotcrf. For a typical RF-field inten- 
sity on the cathode such as 30 MV/m, photoelectrons arc 
accelerated Ifrom a thermal velocity of the order of 5~10~~ to 
c/4 in 0.5 mm. Of course, it is impossible in these conditions 
to deduce thle rms emittanccs from a static electric field map 
calculated in any particular beam proper Lorcnlz frame. 
Moreover, due to the extreme acceleration experienced by the 
photoelectrons, electrodynamic effects of acceleration-radiation 
field, or retardation, have to be taken into account. 

In 2, we describe the theoretical model used to calculate 
the emittanc8cs, and precise definitions and assumptions. 

In 3. some sample results concerning the transverse emit- 
tance E, are given for I=T, the beam pulse duration, i.e. 

when the pulse is wholly emitted but still in contact with the 
cathode. They complete -and sometimes correct- preliminary 
results 121. 

In 4, the longitudinal emittance eZr at t=ral.so, is shown 
as a function of beam parameters, RF field intensity, and dis- 
tance to the cathode. 

In 5, the early (s<t<a few r) following evolution of P, 
and .?, are studied, and a global linear invariant, which may be 
called the 3D rms emittance, is deduced from E, and f,. 

~.THEORETICAL MODEL 

2. I. Assumptions. Definitions 

The be3m pulse is assumed to be axisymmetric (radius R), 
emitted by the cathode, from t =0 to t=z, with a constant and 
uniform current density J, in the RF field E,(r,r,t). Typical 
values will be nR2=l cm2, T =10-100 ps, J =lOO A/cm’, 
E,(0.0,0)=15-45 MV/m. 

As said before, it is the early emittance growth we are in- 
tcrcstcd in, the one expcricncul by the beam pulse during its 
extraction from the cathode : O<r<r (where 7 is the pulse du- 
ration), or during a few ‘c. The accelerating RF electric field 
E, may be considered as constant and uniform as long as, on 
the one hand : ‘c N I/v (where v is the RF frequency) , and on 
the other hand the beam radius R is small compared to the 
cavity radius. For the low-frequency photoinjector of the 
“ELSA” LEL 131 (CEA, Bruykres-le-Chltel) where w 144 
MHz, the lirst condition means T ~7 ns. 

Self-field effects being dominant in intense beams, the lat- 
ter will be treated as laminar. 

2.2. Tratwerse rms emittancr 

In cylindrical coordinates (r,&z), the radial rms transverse 
emittance &, of an axisymmetric beam is defined by (with a 
coefficient 2, in order to allow the identification with the 
phase emittance for a KV beam) : 

2 2 112 
E, = 2 [<r ><(f.q i - ok> 1 ) 

mc mc 

where p is the mechanical momentum, and < > Ihe global 
phase average over the whole beam, at a given time t : 
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<G > = s G(x,,plr)flx,plt) d: d3p, 

where f (x,plt ) is the beam normalized distribution function. 
For the considered cold beam : flx,plt) = [n(xlr)/N] S [p- 

p(xlt)], where n is the number density, N the total number of 
particles in the beam pulse. 

2.3. Longitudinal emiirance 

Although identification with some ideal W-like beam is 
no longer possible, we shall keep the factor 4 one finds in the 
Cartesian transverse emittances E, or -+ and adopt for the lon- 
gitudinal rms emiltance (Ax=x-<x>, Ap=p-<p>): 

&*= 4 [<A*:<($): - <AZ $>‘I 

112 

, 

(or a few z). are described in a companion paper [5]. Two 
assumptions -rather well verified by complete 3D 
calculations or numerical simulations- simplify the analysis : 
the beam is paraxial from the very beginning ; the electron 
trajectories, for OS&z, are straight lines at a good 
approximation. 

Besides the electron longitudinal motion : [z(r,r,), p,(! 
IQ], where t0 is emission time, one needs p,(rlr,r,) to calcu- 
late the emittances. The latter momentum is deduced, 
knowing (E,B)(r,z,f) and z(l,fO), by integration of : 

-$#lr,ld = -e{E, [r,z(riro>,t]-p (flrdrB@ ~r,z(~lrO),r]}, 

with p, (f&,@=O. 

3. TRANSVERSE RMS EMITTANCE E, AT t=z 
2.4. 30 rms ernhnce 

As long as the beam distribution function may be conside- 
red as satisfying a 6D Liouville equation (Vlasov equation), it 
is possible [41 to ‘build, from its successive moments, linear 
invariants, i.e. quantities which would be invariant during the 
transport if all the electromagnetic fields (external fields as 
well as z&-fields) experienced by the electrons were linear 
with respect to x-<x>. 

Among this infinity of linear invariants there is one, built 
with the second order moments, which is directly related to 
the ordinary rms cmittances : 

I= ~<Ax,Ax,<Apx,Ap,,> - <Axi ApX,><Ax;ApXi>. 
hi 

For a beam pulse moving along the z axis, Ax=x, Ay=y, 
Ap,=p,, Ap,=p, ; as for the couple (AZ, Ap,), it may be repla- 
ced by (At, -AH), where Al and &I denote the differential 
transit time and energy, respectively, with respect to the beam 
pulse centroid. 

For an axisyrnmetic beam : 

4v-i 
112 

---...-= 

mc 
(et+ E;+Ey2= (2E;+ Ef) , 

reduces to 42 E, for a longitudinally monokinetic beam, and 
to &, for a transversally cold beam. For any beam, we pro- 
pose for (4/mc) dr the name of 30 rmr emifrance E3,,. 

25. Self-field map and electron trajectories 

Due to the extreme acceleration the photoelectrons expe- 
rience in the RF photoinjector electric field E,, self-field ef- 
fects are not space-charge, effects one. could calculate from a 
Poisson equation written in any particular beam-pulse Lorcntz 
proper frame. As it has been previously indicated, 
acceleration-radiation field effects, as well as retardation 
effects, have to Ix taken into account. The main outlines of 
the method followed to calculate the. beam pulse self-field map 
: (E,R)(r,r.t), and the electron longitudinal motion, for 05t<z 

At I=T, the beam pulse is wholly emitted, but still in 
contact with the cathode. A sample of slice- Ed, as well as 
global- E,, rms transverse emittances had been given in 12) for 
various J, z, R, and E,. Figures l-2 show some new resulls 
about Ed, at time t=r after photoemission beginning, on the 
one hand as a function of r, for J&=15 or 30 MV/m, and on 
the olher hand as a function of ,!$ for S=l or 2 cm’, 
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4. LONGITUDINAL EMITTANCE EI~ AT f=z 

At O-order, ~,at time f=~ may be analytically expressed, 
in a reduced form : E’,(O) = lf&,(O), as a function of z’ =Hcr, 
where fi=eEJmc’ (dimension L-‘) : 

(0) ” . 2 
&‘, = 2 

C 

2’ 112 

37’ 
2(7’ +4)(1+2’ ) -2(3~’ :4) 

2 1:2 -i 112 

t6z’ [( l+z’ ) -11 sinh z’-3(1’ sinh-‘r’ )’ > 

Figure 3 shows this .c;(~)(?‘). For given E,, T’ =z, Ed’, 
=E~(O) : the longitudinal transverse emittance &,(O)(Z) increases 
rapidly with r, the behaviour being the one of Figure 3. 



734 

For given pulse duration 7, E,(~)(T) = (mc2/eEo) 

E’ (0) (eEor/mc) is an increasing function of E,. Taking the 
ldngitudinal self-field into account slightly modify E,(T) 
(Figure 4). 
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~.EARLY FOLLOWING EVOLUTION OF E,,J& 
&3,,: Z<t<A FEW Z 

.c& >r ) may also be analytically expressed at order 0 ; the 
formula is too long to be reproduced here. c’J”j (t%‘)), where 
r’=Hcf, is a rapidly decreasing function. For instance, for T 
=lOO ps, J= 100 A/cm’, E,=15 MV/m, .ezCo’ would decrease 
from about 789 t.trn at t=r , to 15 p.m at &ST, i.e. when the 
pulse centroid is only 10.6 cm away from the cathode. But 
here, taking, the longitudinal self-field into account greatly 
modifies the result. Figures 5 and 6 show E, (‘I and q as a 
function of I/T, for !?,=I5 MV/m or 30 MV/m, and for J= 100 
A/cm2, S =:I cm’. At the end, Figure 7 shows E,, E,, and .Q, 
as a function of r/q for I?,=15 MV/m, and l<t/K5. 
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