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ABSTRACT

A high harmonic cavity (HHC) with a certain phase mod-
ulation frequency can Increase the longitudinal emit-
tance and smooth the density distribution within a
particle bunch. Such a cavity helps to prevent
particle losses during passage through the transition
energy. The speed of dilution and the quality of den-
sity redistribution depend on the phase modulation
program. In this report, we show how to choose such a
program which will create traveling waves which push
the front of high density from the center of the bunch
to its boundary. Supporting results from machine and
computer experiments are presented.

1. Basic Equations and Parameters
The synchrotron motion of particles within a

stationary bucket in absence of the HHC is governed by
the equations:

3H, -
-2 - 28E, = Sind,., |6E} s 1, (1.1)
de,
dH, .
- ¢, - -28Eg, [¢o] s = (1.2)
¢8E,
with corresponding Hamiltonian
%o
H, = - 6E2 - Sin? (1.3)
2
In the presence of HHC synchrotron equations are:
dH . €
22— = 286E = Sing + £Sin(N¢ - ¥), SEZ < 1 4 — |
d¢ N
1.4
dH .
— = ¢ = -28E, [¢t s = (1.5)
88 E
with Hamiltonian
? 3 No - ¥
H= -682 - 8in? — . — §in? (1.6)
2 N 2

Both systems above are written in dimensionless form,
where dimensionless time 7 = (0, t Is measured in units
of synchrotron period T, = 2n/Q,, » = d/dr,

SE = (E - E)/E, Ef - 2qV/ma = (20,/aw)?,
a=hln|/B%,, 7 = 1/4% - 1/yE & = /v,

Subscripts s, t refer to synchronous and transition
energy, subscript b refers to bucket, Ep 1is bucket
half-height, q is particle charge, V 1s (total) peak
voltage of main rf system, driven with the frequency f
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which is synchronized with the particle’s revolution
frequency w by hw = 2nf, h is the machine harmonic
number (h = 12 for the AGS), Vy 1s the peak voltage of
HHC driven by the frequency fy, fy/f —- N is HHC har-
monic number (N = 21 + 1/3 for the AGS).

Phase modulation produced by HHC {s determined
by the modulation program:

¥ = Pp(T) = alosyT, (1.7)
[multi-

with amplitude a [radians] and frequency vy
plier of synchrotron frequency 0,].

2. The Resonance Equation

The exact solution of unperturbed equations
{1.1), (1.2) for any, say i-th particle, can be writ-
ten by means of elliptic functions. To avold complex
technicalities, we will introduce an approximate solu-
tion which is more convenient for the subsequent anal-
ysis:

$oi(T) = riCos(kyT + By, 2.1
where ry 1is amplitude, Sinz(rL/Z) - GEgl(o) +
Sin2(¢oi(o)/2), By 1is initial polar angle, By =
arctg[&Eoi(o)/¢oi(o)], and ky = k(ry) is synchro-
tron frequency, which can be approximated as

K = k(r) = J1-v2/n2,

Let us assume that two particles start motion
from the same position (§Ey, ¢71). Let the first
particle move under unperturbed conditions (1.1),
(1.2), while the second particle moves under the
influence of HHC according to (1.4), (1.5). Let

(2.2)

AE = §E - 6E5, B¢ = ¢ - o, (2.3)

Subtracting (1.1), (1.2) from (1.4}, (1.5) and expand-

ing §E,¢ around SE;,,¢, to the first order of AE, 4¢,

we will get

A¢ + [Cos¢, + £NCos(Ne, - ¥)]ag = -£Sin(Ne, - ¥),
(2.4)

Ap (o) = Ag (o) = 0. (¢4.5)

Thus, for every particle in the initial given bunch,
there is a corresponding system (2.4), (2.5). Each
system ls specified by two parameters: initial ampli-
tude vy and polar angle f;.

1f we select all the particles having the same ampli-
tude, say ry = r, then we can average (2.4), (2.5)
over such an ensemble, where particles differ only by
their angles f;. Denoting that type of averaging by
angular brackets and assuming initial distribution as
stationary we find:

<Cos(Np, - ¥)> = Jo(Nr)Cosy, <Cos ¢> = Jo(izle)



<SENgy - $)> = - J (Nr)Sinp, (2.7

where J, 1s the Bessel function of zero order.
After the averaging (let us drop an angular
bracket and remember it by having Bessel functions as
reminder) Eq. (2.4) becomes

a
e
4¢ + [Jo(r) + eNI (Nr)Cosy] Ag = &J,(Nr)Simf.

(2.8)
Because Fouriler serles for Siny, Cosy are slew con-
verging, we expand them within a segment 0 £ ¢ < 4 by
the least squares method into the sums

Cosgp = co(a) + C(1) =

cola) + coladCos2yr + cyu(@)Cosbyr + c6(a)C05671,
(2.9)

Siny = S(7) =
syp(@)Cosy7 + 53(a)C0537T + sg(@)Sindy7T, (2.10)

where cy = cj{a), s; = si(a) are known (from least
squares) polynomials” of 6-th (for ¢y} and 5-th (for

sj) orders, 1 - 0, 2, 4, 6; 3 = 1, 3, 5. Then the
Eg. (2.8) becomes Hill's-type
A% + [wz +hi{cyCy + ¢4C, + cglg) o =
h(slcl + 53C3 + s5Cq), (2.11)
where C = Cosmy7T,

ho= eI (Nr), w2 = Jo(r) + hicy(a). (2.12)

The solution of (2.11), satisfying (2.5) is a sum of
homogeneous and¢ nonhomogeneous parts. Neglecting
harmonics of higher than 6é-th order, one can write a
solution as

Ap(T) = AleHt + ae ™M) (ay + G, + §p) + C

D (2.13)

where

Cq = a9Co + a,Cy + aglyq, CP = p1C1 + p3Cz + psCs,

(2.14)
Sb = b252 + bASa + bGSG, Sm = Sin my’v. (215)
The resonance strength g = up(y) is an eigenvalue of

the homogeneous equation, corresponding to (2.11);
constants A and o are determined from initial condi-
tions (2.5). A real-valued g exists for any 7y and
increases with v up to v ~ 3 after which the increase
is negligible.

3. Dilution Criterion

In phase space, the area within closed particle’s
trajectory 1is the particle's emittance. It is con-
nected monotonically with the particle’s Hamiltonian.
The bigger the Hamiltonian absolute wvalue, the bigger
the emittance. So the Hamiltonian’s derivative can be
taken as a criterion of dilution.

By differentiating (1.6) with use of (1.4), (1.5)
we have dilution criterion (local in time) for any
given particle:

dH €

e e S{n{Ne - ) P < 0. (3.1)
dr 2N
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If the modulation ¥ is just a simple harmonic as in
(1.7), then the maximal speed of dilution can be
estimated as

dai | £ . ays
— < — |p] - — (3.2)
ar | 2N 2N

By decomposing ¢ =~ ¢, + O¢ and by averaging over the
ensemble of particles having the same initlal ampli-
tude r, we can represent (3.1) as

dH £ -
<> = —— J (Nr)Sin(NA¢ - ) ¥, (3.3
dr 2N

or, for harmonic modulation (1.7), as

dH ays

O Jo(Nr)Sin(Nag - ¢)Sinyr (3.4)
dr 2N

or

dH ay £
C—> - - JO(Nr):Cos(u - y1) - Cos{u + 7)1},
dr 4N

(3.5)

where

o= uw{T) = NAp{(T) - alosyT. (3.6)

In (2.5) the expression in square brackets Ls the dif-
ference of two non-linear phase waves. Each front
moves with velocity | = 5 and | = -7 respectively.

The averaging over ensemble < > Is not good
enough to make the dilution criterion other than
instantenous, which is of little wvalue for an oscil-

lating process. In order to make a working tool, we
have to average <dH/dt> over a characteristic period
of oscillations. In other words, we have to average

over TT - 2m/y. We will denote that type of averag-
ing by a bar.

By expanding cosines in (3.5) into the power
series up to the second order and double averaging
over TY’ one can write

dH ayle
e
dr 2

Jo(Nr) T8¢, (3.7
By extracting the main term from A¢ one gets

dH
< — >~ - I (Nr)c(a)TeHlt, (3.8)
dar

where c(a) 1s a function independent of 7 yet depen-
dent on all the coefficients in (2.13). The sign of
c{a) is like the sign of Bessel function Jy(a): Jj(a)
>0if 0 <o < 3.8, Jy(a) <0 if 3.83 <a <7

The relationship (3.8) does not hold for instan-
taneous or long term behavior. It holds during
times comparable with the synchrotron period.
After that, the particles which were described by
(3.8) can change thelr amplitude r so much that r can
not be considered as independent of 7 and all appli-
cations of Section 2 should be repeated for a new r
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starting with a new v = 0.

4. Discussion of the Results

We have seen that the dilution criterion depends
on the product J,(Nr)Jj(a), where v is the particle
amplitude and @ is the phase modulation amplitude.
If a is a constant over a dilution cycle then the
sign of the product is determined by J,(Nr). Shown in
Fig. 1, the whole range of amplitudes, r is broken by
Jo(Nr) into segments in such a way that J, has oppo-
site signs for any two adjacent segments. Then the
phase space, occupied by a bunch, will be broken into
rings. If there s a diluvion in one ring (JoJp >
0) then there is a contraction in the next one, The
strength of dilutien (contraction) is proportional to
the peak amplitude of Jo(Nr) over the ring area.
The strength decreases from bunch center to the boun-
dary.

Jo )

A SE
™~

-
RN /ﬂ/g\ o \\\
A (1/\ qéh /h/u =

r

[ -

Fig. 1: An oscillating function J,(Nr) creates dilu-
ting and contracting rings.

There are three mechanisms contributing to bunch

dilution. The first is "microstatistic". Non-
linearity of the motion creates noise-like effects
which increases bunch emittance slowly. The second is
resonance., Either systematic3 or parametric (like one

was described here) resonances change particles’
amplitudes guickly. The third is "macrostatistic".
The rings of intermittent dilution create two flows of
particles, moving towards the bunch center and back
with the velocities, approaching zero at the boundar-
ies of rings. Due to decreasing dilution strength
from center-to-boundary, the flow from the center to
the boundary will always prevall over opposite flow.

However, near the bunch boundary the difference
of strengths (max]Jo(Nr)|) of two adjacent rings is
smaller than near the bunch center. This allows us to
conserve bunch emittance while dilution is in effect.
All we need to do is calculate JO(Nrb) for the initial
bunch with rp as bunch boundary amplitude. HNext we
choose a to satisfy

JoNryyJy(a) < 0. (4.1)
This will make the boundary ring contracting and bunch

emittance conserving. Figures 2 and 3 show machine“
and computer experiments.

Fig. 2: Left is "conserving" emittance, right is not.

10Ktrne
20Ktrnr

27.5ns 18Ktrny
335.1ms 20Ktrns

30Ktrns
49Ktrns
30Ktrns

82.6ms  3@Ktrns
119, 2ms 40Ktrns
137, 7ms 58Ktrns

Fig. 3: Left is “"conserving" emittance, right is not

The bottom curve Iin a Fig. 2 is the line Lnten-
sity of an initial bunch. The subsequent 5 curves
ascending, are taken during 100 ms of diluction. The
dashed lines in Fig. 3 are just the initial line den-
sity shown for comparison. The solid lines are calcu-
lated during the dilution, Within the bunches of par-
ticles, shown as dots, we can display a circle repre-
senting the Initial emittance.

Acknowledgement

I am very grateful to Leif Ahrens, Kenneth Reece,
Anne Dunbar, John Butler, and many other physicists,
engineers, and techniclans of the AGS whose efforts
made successful development and experiments on HHC.
1 am thankful to Michael Goldman for reading the manu-
sceript and for our valuable discussions.

REFERENCES
1. L.D. Landau and E.M. Lifshitz, Mechanrics, Perga-
mon Press.
2. J.M. Kats, AGS Technical Note No. 324, August 2,

1989, BNL.

3. V.A., Balandin, M.B. Dyachkov, E.N. Shaposhni-
kova, "The Resonant Theory of Longitudinal Emit-
tance Blow-up by Phase Modulated High Harmonic
Cavities", In Proceedings of the Advanced Hadron
Facility, Accelerator Design Workshop at Los Ala-
mos National Laboratory, 1989, Vol. 1, pp. 189 -
207.

[ L. Ahrens, AGS Studies Report, 1990, No. 261, pp.
1-7.



