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Abstract 

Sol111 iotIs lo (tw rqu;~lio~ls of 1noLiolt 0f a ctlargrd tmrlirlr lhruugll 111v 
fringing tidd of ;I tmltlillg rnagfw1 are r~prrsr~~Iw1 hv liril, wcorld, mid 

I tlird Iwclvr tran5fc.r nwtrir+5. ‘l‘hr raw of the cxlr~ldrd fringe licld of 

;I rlil)olv wit 11 in s( raiglll inrlirircl tlr~ulbdnry is wrl\idrrwt. 

(1 
1 Introduction 

‘1’11~ otttical cll’vrt s of t.hr lirld I)ollndRri(~s of n hrltding rllngrlrt 11nvr 
irrrrt clrsc-rilwd 10 thp SCTOII~~ or&r for ltlr stlarp cutoff np)-“oxirrmtio~i 

/ 11 and to tllr first orrirr for thr rxtrntlrd fringr lirlds [2,H]. In thr 
I Ilir<l <rrder, Lllr 5harlj rul0fT at,l)roxirnnlic~li ~woduws irllillil im it1 tlv 

mnl rix rtrlrrrnts 17,!)!. 
‘I llii paper nutlinrs (hr procrdlrrr to ohlain t ransfrr nml rim< 11t) IO 

I tw I tlird or~lvr frbr tlw rxtf.ndrd fririgr tirtd of x dil)l]lc. LVl’r ronsidrr t hr 

I‘~L~c% d a tiliif0rrll field with slraight inrliurd boundnrirs. mlr tlrsirrd 
rnal ris rl~trirtil~ arc thr rrldlirirnts iI/ ttw ‘I’aytnr rxpansinn, 

S/““” -‘&lf.,.Ya t )--‘&&,Yh,VC -I );.&lJnhrdhbScSd i . ., 

(1) 
whrrr X iq thr u~u~i ‘I’l~~ZNSI’OIL’I’ I.71 6 vm-lnr, X CT, T’>?/, !I’, l,n). 

‘t‘hp Ural rims II, ‘7’. li in ( I ) rlrprnci on I iw ~iulc- hrc. rrllalinrl nngtr 

q ;~d 50~11~ f0rr11 farl0r5. ‘I’IIPIC forrli fartor’i arc tine intrgrals of 

rotl,t)tic;drd f~~r~rlinns of I t1P lirlti sl rrngth anti ils (lrrivxliws. ‘1;) 

tlmk(> I tic irll.rgrnls I rnrlahlr, OYIP can cxp~~d ttmt1 ill n t)owr wrie 

d, d/p, wtlrrr p i5 tlir insitlt= Iwntiing radius and d is R rnwsurr d- 
t h fritlgr firid pxtpilt. 

2 Transfer Matrix Calculation 

2.1 FormrrlntioIl 

\Z’r rmsjdrr t lw rrltrarlrr of l.hr twntling magrlrt shown in Pig. 1. 

‘I’tw rtrrrl d I.iw frirlgr Geld of r?tl inclinrrt Im~r~tl;~ry is mill h~rtinl i. 

rally rquiwlml IO thr thin ICIIS I>tnrrcl rlf-xl. 10 I tw rltagnrl fare tbormiit 

ICI thr &sign trajwtnry /l,Hi. ‘I’hr transfer ~IVLII~X fljr qllrh R 1~1s is 
givrrl I)y IL jlr~durl d 1 tIrw I rnnsforrnnliws, 

M”’ ., M2’ ‘,Ml’ .2M,” . I, 
(2) 

WJWP 

I M”’ ” is a tr;ilrsf,lrrlr;rliliri from the rrfrrcsrlw planr (0 ltlr t)r,girl 

fling d- (hc frinqr rrgion through 111~ ,,urr drift lic>ld; 

2. M” ** is LhP transformalion through the fring? rrgi0n; 

3. M” ‘I is I Iw I ransfr)rrnalion from lhr cn~l crf I lw frirtigp rrgion bark 
lo thr rc~fwrrm plnnr Illrough tllr purr II~IIII lirlcl. 

I’IIW drift an<1 Iwr~d ~rmps :LIT wdl klwwzl IO I hr l hirri ord<sr j:lJ. \\‘r will 
ralrulatr I hr rlort-trivial map M” *’ Iwrr. ‘rtlr rompldr rnntl MD’+{ 

ic f~rrrrd in /!I]. 

‘\‘t’<,rk r~~,~,c~rtr<l by tl,r I: s Ilr,“l’lr*,rnl < I I:ncrg, illl<lr.r <rll,lril‘ L 1111111larr 
I)OE-~~;IlMlI,A1~-91587~1. 

‘Oprrntrd hy llnivrrsity Ilrrrnrrh hsrocialinn Inc. UIICIC~ ronlrnrt rrorrl the 
IT S. I)rpartrnr~~t 01 I!nrrgy 

L (0) 
I 

B-(ir-----, 
.- -\---I--- --___ --.. 

IA 

reference 

plafle 

magnet pole face 

l*‘igilw I: ivl~d~~lanr g~~rnrlrg. Itrrrrrrlrf ptanr is t~ormnl Lo thr drs~gn lrn 
jectury. 

‘1‘11~ nt)prmcll ii 11s rdtoas. I:irsl, WP CillCUlnLr ttw lrnllsfrr Illi,, llta~ 

I,F~X rlc~irir~~lts ror ltlr rnnonirnl 5rt d Lt)r phnsr sp.3~~ vnrinhlrs fdl0wirlp 
Lir algrbrair ap~)roach d 151. ‘i‘11~i1. WV 1 r;wsf0rm lo I iw ‘I’H A h!i I’0 11’1 

vnriatltrs ol)txirlirlg thr drsirrrl rlrrrwnts in (I). What remailis is Iirr 

forming matrix rn~~llit)iir;rlion (2) and rxtimdiiig the forrrl fxtors in a 

power wrirs d I. 

2.2 Fringe Region Mop 

‘i‘hr g~ou~rtrv rrf I hr ~~rol~lrr~~ is shown in Fig. 2. WC w~wlcl likr 16 
r(*liil P I tIr c41orllitlillv’i ill d s2 n,il Ii I IIIISC at d 3,. Vi’r aSS,illlf I hnl 

111~ magrwlir firId gors srnwdtll~ frclrri mro a1 .s, L~I I tw n,i~slanl valor 

U,] a1 .‘2. 

BY = B, 

ITigliw 2: l‘r~ng~ rr~i~m ~1 Il~r rnlrtm-P of R d~p~vlr 

‘fhr map M” ” tms a llili(lur l,ic Algclimic fartorinntion [4,5], 

M .fTp(: I, :)rrp(: /, :)wp(: f1 :)% (:t) 

wllrrr rnch j”(Z) is 61 honqrrwous ~~0lynon~inl of rlrgrw 71 in %, % 

z a”, z - (~,ll)l,aZ,~,2r9,,1,3) is a gi-nwalizd roordinatc rrwmr~~lun~ 
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6 vcrtor, and zd is thr rirsigrl trajrrlory. Lie l’ransf~~rmntion czp(: f :) 

is tltlinrd ill IWIIIS nf I ltr I’oissun tlracket ntwra~nr, 11, 1, 

tvp(: / :)!I ‘x’-:J:“s 
-4f ?I! 

g I IJ,gl I ;lJ,‘J.sll I “’ 
7, 

I’<>lyr$orliiill’i ,fz, J1, jj sill i5fy 1111. r~lI~aliorls of Illoli~lll givrll ill 17;. 

‘l‘ttcv nrr drl rrmirld Ii\, I tie sYstrlr1’5 llnr~lill otli;ui anIl (lir first ord(‘r 
lrulfix dl givc’rl 1)) (,rp(: /2 :)Z nrz. 

2.2.1 Fringe Region Hnnliltoninn 

Ililt~lillot~iati [or lt)P rringr rrgiorl wil h s as art i~~dt~tw~~df~~l variatllc 

can lw writ lm as follows, 

K I( I I h)Z (p7 CL)2 ,$‘:2, (1) 

wlwrr 
61 2 h 4 

(17 11 I 11 
2y #I’ 

I ..‘. 

h L 
r 

h(.5’)d.S’, 6, -~ h’, h,, r/c,, 

, “’ 

h(a) 
I f?,(O, II, s) 
p Ilo 

N O\V, ~6~ rrwrilt. ttlr Il;ur~ill4,llinll itI lvr1115 111 dr~vialioi8h fr<jrll Itlc~ 

higIl Irajwl~rry. \Vta (Irlili(- v~clor x (T Td,pr d 
l’*?Yll’“>T 

r”. h) , wl~rr(~ iljjtrrsc-ripI c/ rc*rvrs IO I tlr drsigll cw)r6linal~5. Sirlcc (IIf 

Ilactlilluni;u~ tl~ws 11(11 vxplicilly tlrprl~rl oii z, p$ COll.51 Sill l/J. U’r 

crlu wsrilr I hr fll!l Ilar~~iltor~im~ to IlIp Ifh order, 

K /I / 22-s I i7: (r2 t airi$r b , t :z: i vz:)’ z:j”‘. (5) 

Ihfinitlg 

Y sirId> b 1, n 
j, 

q2. 

ivc 1111Iain, 

K T!il 1.1 1; I ‘:, 1;j’j*, (“1 

ifhrrr \‘, ,:> (!iQ 1 (i j. I.2 ,;; (T; b gh,i-,; ’ r: ri). I’., $h,EZT.ZI’ 

I :, 2!,1(gh., I “j )z:. ICxpnnditlg (6), WP gel llir Ilarrlillculiarl K(x,a) 

for ltbr rvotuIi0u d x 171, 

h K2 I I<, I K4 I “1, (7) 

WIIPl-c eat-h K,, is au VI II clrgrrr pdvtlmnial in x. 

2.2.2 Calculation of Ar 

‘I’hp liwar map M is hd frolrl the quadratic par1 of I lw IInrniltoniru~ 

k, 
Kz 1 ( ‘!r; + gh,l’i: ;L;xps I =: 1 ,yi’i’. 

211 111 (8) 

Flvtlowitlg 171 WP <vIIlairl 111~ rq11ali11115 fur AI., wl~ir-II I~~grllwr wilh tllr 

inil ial rorldilions givr I tlr fdhif~g solutions matrix, 

nr 

I Al, 2 0 0 II A/, p, 

0 1 0 n 0 0 

0 0 Al:,, nr:,, 0 1) 
II 0 hl( 7 Al4 1 II 0 
0 nr, 1 0 0 1 ilf&@ 
rl 0 0 0 n I 

(9) 

(11’) 

‘I‘hr rrmailling lnatrix ~~lrm~uI5. AI,,:,, A&, 4, A[, 7, /\r, 4, nrr givrll IJy, 

Uld 

Al4 3 
i^ 

g(djb,(d) 
A&,( .(hlP’ 

* “’ 11( s’) 
(IX) 

\‘l’r rim writ? thr rollowing rqiial.ions hr 11f7? ;LII~ Af,, , 

A G R ( .5 1 
I 

4.5) / 
g(sy$) nry ,(P’)dS’, (14) , “I 

44(J) 
!l(s)hb) 

n,(s) 
r 

’ 
, 8, ,,(.5’) 

nr, ,( .S’)dJ’ (15) 

Ihluatioris (Id), (15) call br snlvrtl tly il(~ri~liotl, 

Al,,(s) ~~ I /J ’ dJ”MC d,q!,d,q! , 
( l t *I n( .5’)n( s”) 

Jl[‘l 

‘I’ s(~“)~‘(~“)s(~““~~l~~~~~15,,,~d~,~,~f,5~~,~~, , 

71(,5’)71( .5”)n(s”‘)rL( .s”“) 

( ,6) 

Af44(.s) I 

// 

’ g(.5’)bl(.5’)ds”ds’ , 

, II *I n(.5’)n(s”) 

Lll’i 

I” g(S’)D,(J’)g(S”‘)b,(s”‘) 
-ds”“d.5”‘d,5”d,5’ t 

A( d)rr( s”)n( P)n( s”“) 
( I?) 

M3, md A/, 3 we llirn given by (tZ), (13). 
It should br remarked that the itrralrd solulious (l(j), (I 7) arc jrlsl 

Illr power writs expansions ill thr “friuge PxtrnI paranwler” r. 

2.2.3 Cnlculntiorl of /:, and /d 

Lir Aigrhrair poly~~omials I:1 autl 1.1 arr drtrrrliilld I)y llw linear map 

Al nrltl 11w norl-quadratic trrrns in ttw Ilarr~ill~~t~i;~rr ti [7], 

J3(4) = ~~ 
J 

h-3( M( a’)x)ds’, (18) 
0, 

Jd ( .5 ) --- 

J 
fi4( M(s’)x)ds’ 

I 

0, 2 J 
II : jl(.5’) : K,(M(s’)x)d.s’. (I!)) 

We wile. 

/3(w) ~$T&*jG~,. 

1 I 

J4Cs2) - ~$&~ijk(~2)~i~j~k? (2’) 

whrrp T,~(J~) arltl v,>k(az) ar~ some line inlrgrals givw in [9 ; thcw arr 
II) *1011~zcro T’S alld I9 ,,o,,-zero Y’S. 

2.2.4 Cnnonicnl Matrix Representation 

We ran expand txponentials in (3) to ol,t,ain a poww series, 

.G - a .““p(: 1, :)k?Xp(: /s :)bf,,,,rb 

-. (Ii :/a t . ..)(1t :/3: i;:p I .~.)hl,& 

hf&‘b t : fJ : kfd,Fb t (: fd : i ; : js ?)!&,Tb i ” (22) 

We cm also write a hrmal Taylor expansion, 

x1 -. MxO n = ,,‘f,,,Xb / Qa,,rEbt, i b’,,hrdf,,XrZ,, 4 ” ., (23) 

wlwrp WC sum over 111~ rqmded indirrs md take d < c < 6 - I,. . ,G 

lo avoid lhr occurrnce of 11~2 5ame lrrrns in 11~ sum. 

The lerms ill (22) can be idrnlihl with the matrice of (23), 

: J3 : nfobrb ’ ) Q&“b2cr (24n) 

(: J,: i ; : fa :‘)hf,&b ( * !t’&,,Tb++?,,. (21h) 

hfRh’8, 20 Q,& 6, And ‘,o bv&d ‘R. ‘f)IPY drpend 0” 7ij’S And Uijk’(l. 4 Jh 1 
J 

,,i’.,) Ai4 4(.5’jd.q’ 
II ~ 

(12) 
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2.2.5 Tmnsfornlntion to TRANSPORT coordinntes 

1x1 X (ICHOIC IIIV ‘I’ll ANSI’Oll’l’ ro(,rhnnlps, X ir 2, TI 
pi , y, y’, I, - I,“, 14). \t’r ran rclnlr S,‘s IO t tic carlorlirnl v;rriabics as 
Fr~llows Ifi , 

T’ 
)dl I r/(i”n= fL,)Z ,‘$ 

!I’ VA I t i)’ ;Er -a,)? J<’ 

‘l‘hrw rxprrssiofls rrlny Iw invrrtrd by solving for p, arltl py, 

1’1 (b t 
(1 I 6)+’ 

VA ’ 
T!2 + Y’l’ 

I’” ,‘;g,;;, 

(25(L) 

(25b) 

Pa) 

(21;6) 

\Vc, 110iv ~val~~alr c~qllatirlrls (25), (26) al II IP rrillRcs rrgiw’s litlal and 

irii( ial j)oilll 5, s1 anal .s2 rrsprrtivrty. 

I. AI lhr lirlnl Jminl .5*: 

4 h, 6, b3 -- I), rl,(.Q) -~ 6 l(Q) : 
s 

1 b( s’)da’. 
*I 

I(rr;lllillg I llnl pT 2.2 I 5111 $1, g sin u’s h , and denoting 

crwrrlillnlrs al ,s2 wil ti I IIC 511prrwripl j, we grl. 

x( - r[, 

s- g t 4 t 9 __--.-.--, 
” &I t z,‘y --- ~~~-~ -- (4 I !7Y (4Y 

s,’ - T{, 

I 
s,’ x4 

\jG r,‘)2 (z{ t g)Z (r{)Z 

2. AI Ihr iuitiai poirlt 31: 

If 0, n,(s,) (I. 

Ilcmwril>rring tlml E ‘d 7 tnu 7+fl init.inlly, wc p-1 

TI x t , 

sirl$ t 
(I I Ss)(S, t tan 111) 

r’z 

J 
1 +-((Sz f tanQ)2 1 Xi’ 

23 ,\.1, 

(I i XB)X.f 

14 J-- 
1 t (X2 t tan $1)’ t A-: 

2.2.0 TRANSPORT transfer matrices 

(27a) 

(276) 

(27e) 

(274 

(2Ha) 

(286) 

(2Hc) 

(2Rd) 

are obtnirlrd as f~~llwvs, 

I I:xpand (27) in a powpr swim to obtairl, 

I,/ ~ f,,pi t N&T;Ef t f’“hrd~.h T,T,+ J I f + . (29) 

2. Sulmtitulr Illr poww expar~sion (23) for zf iI1 (29) lo obtain, 

s,! &,.T,, 1 &,r,,r, f ?&,-,,T,,~r~d i ‘.. (30) 
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